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SOME NEW RESULTS ON IMPLICIT TEMPERED-CAPUTO FRACTIONAL
VOLTERRA-FREDHOLM SYSTEM

A. A. HAMOUD

ABSTRACT. Our study focuses on tempered-Caputo implicit fractional Volterra-Fredholm systems
(TCIFV-FSs) with retarded and advanced delays in Banach spaces (BS) with nonlocal conditions.
We use Sadovskii’s fixed point theorem (FPT) and measure of noncompactness to prove that TCIFV-
FSs in BS have solutions under nonlocal conditions, given appropriate assumptions. Furthermore, we
show that the solution is Ulam-Hyers stable (U-HS). These results add valuable insights to the existing

research on this sector. Finally, we present an example to highlight the key findings.

1. Introduction

Fractional differential equations (FDEs), with and without delay, occur naturally in a variety of
scientific and engineering applications. These include, but are not limited to, physics, engineering
methods, mechanical systems, atomic energy, economics, control theory, chemistry, harmonic, biology,
medicine information theory, applied sciences and nonlinear oscillators, conservative systems, the
stability and instability of geodesics on Riemannian manifolds, and Hamiltonian system dynamics [,9—

|. The qualitative analysis of linear and nonlinear FDEs has garnered significant research attention,
as indicated by the publications cited in [17,19,23], and their references. Tempered fractional calculus
(FC) is a unique approach to fractional derivatives (FD) that includes functions with exponentially
decaying tails. This concept has been rediscovered at least twice, under several titles [5, 12, 13]. Tt’s
interesting since it’s the only place where FC with analytic kernels and weighted FC intersect. It
has been utilized in Lévy processes such as Brownian motion and to study turbulence in geophysical

flows. Furthermore, it is especially useful in applications where memory effects are critical, such as
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viscoelastic materials, nonlocal models in physics, and fractional-order control systems. The tempered-
Caputo derivative is a variation on the classical Caputo FD in which the underlying convolution kernel
is exponentially shortened [1,8,15,16,21].

The tempered FD provides a more realistic depiction of the underlying dynamics, including both
long-range memory and fast-decaying tendencies. Further details on this subject can be found in
[3,5,14,15]. U-HS is an area of mathematics that studies the stability of specific functional equations.
The U-HS theory examines how functional equation solutions behave when input parameters change
somewhat. The U-HS theory often answers the following question: If an equation holds generally, how
close to the exact solution can it get? The theory provides a framework for investigating the stability
of functional equations from several disciplines of mathematics, such as number theory, differential
equations, and functional analysis. In the 1940s, Ulam and Hyers independently developed the U-HS
theory, which bears their names. Since then, numerous research have looked at the stability of various
differential and integral equations. For more information, please refer to [14,22] and its references.

In [15], the authors presented innovative solutions for nonlinear implicit FDE with boundary con-
ditions and delay:

DLW (e) = U (e, Wyew,), DWW (e)) ;e € G

W(e) = p(e), ee€[=9,0]

W(0) + W (w) = o
where 0 < ¢ < 1,6 > 0,§D?¢° is the Caputo tempered fractional derivative, ¥ : G x C([~¢,0],R) x R
is a continuous function, p € C([—¢,w|,R),0 < w < +00,t,, 0 are real constants, and ¢ > 0 is the
time delay.

Rahou [18] examined the existence of solutions for the implicit nonlinear tempered-Caputo FDE
with delayed and advanced arguments in BS with nonlocal conditions:

SDEW (e) = W (e, We,DEW(e)), e€G:=][0,3],
Wi(e) = Ai(e), e€[—w,0],
Wie) = Aa(e), e € [, +4],
where OCDg’Q represents the tempered-Caputo FD of order ¢ € (0,1),0 > 0,20, > 0,¥ : G X
C([—w,d],U) x U — U is a given function, A; € C([—w,0],U), and Ay € C([»,5 + J],U). The
authors used FPT for condensing maps to get their conclusions on existence and stability.
In this study, inspired by the aforementioned research, we investigate the following nonlinear

TCIFV-FSs with advanced and retarded arguments in BS with nonlocal conditions:

¢
CDEPA(H) = X (u, A § DA, [ " 31,5 A(s))ds, | s A(s))ds) HET=[0d]
0 0
(11) A(p) + (F1A) (p) = Ar(p), p € [=7,0]
AL + (F28) (1) = Aa(ja). € (616 + 6]

where §'D;;” represents the tempered-Caputo FD of order ¢ € (0,1),p > 0,t,h > 0, and X : J x
C([—t,b],R) xR xR — Risa given function, 3 : JXIXR = R, F 1 : C([—t, ¢+b],R) = C([—r,0],R)
and f o : C([—t,0+b],R) = C([p, d+b],R), F1 and F o are explicitly bounded operators between the
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stated Banach spaces, which is exactly what the fixed-point argument on C([—t, ¢+ bh],R) . Moreover,
Ay € C([-t,0],R) and Ay € C([¢, d + b, R).

For each function A defined on [—t,¢ + h] and for any p € J, we denote by A, the element of
C([-r, b],R) defined by

AF(t) = A(u+t),t € [, b).

Three axes-the derivative operator, the issue structure, and the analytical methodologycan be used
to describe the exact innovation of this work in comparison to the closest references. Rahou and
colleagues. [18] investigated implied Sadovskii’s fixed point theorem is used to show existence and
stability for tempered-Caputo fractional differential equations with delayed and advanced arguments
in Banach spaces. In contrast, the current study addresses a integro-differential problem and intro-
duces a Volterra-type integral operator in addition to the implicit structure and the retarded-advanced
delay terms. Additionally, the current study uses a nonlocal condition within the integro-differential
context, which requires a different approach of the measure of noncompactness, whereas Rahou et
al. [18] applied traditional nonlocal requirements. Regarding the author’s own earlier works, Haoues
et al. [7] used Krasnoselskii’s fixed point theorem and the Banach contraction principle to study im-
plicit Hadamard fractional differential equations with delayed and advanced arguments and nonlocal
conditions. The author [15] tackled nonlinear Caputo-Hadamard fractional delay differential equations
in a later study. In this study, the Hadamard-type operator is replaced by the tempered-Caputo de-
rivative, which generalises the classical Caputo derivative by incorporating an exponential tempering
parameter . The tempered derivative modifies the memory kernel and related semigroup features,
which in turn impacts the hypotheses needed for the fixed-point argument and the stability analysis.
This change in the underlying fractional operator is not only aesthetic. It is instructive to compare
conclusions and hypotheses with the nearest references. Rahou et al. [13] conclude Hyers—Ulam sta-
bility under a boundedness constraint on the perturbation, assuming Lipschitz-type requirements on
the nonlinear term and establishing existence by Sadovskii’s theorem. The current paper follows a
similar general approach, but it also needs to control the integral operator. As a result, the stability
constant explicitly depends on both the tempering parameter and the delay bounds, and the growth
assumptions on the nonlinearity are paired with an integrability condition on the kernel. Haoues et
al. [7], on the other hand, relies on Krasnoselskii’s theorem and the Banach contraction principle,
which necessitate stronger Lipschitz assumptions and produce uniqueness as part of the conclusion.

The present work deliberately weakens the Lipschitz requirement to a compactness-type condition,
sacrificing uniqueness for greater generality, while retaining the stability conclusion. The Caputo-
Hadamard delay equations studied by the authors earlier [7] exhibit stability under a contraction-
mapping framework; here, the tempered operator introduces an additional exponential weight that
modifies the stability estimate but does not alter its qualitative nature. Collectively, these differences
position the present contribution as a natural yet non-trivial extension of both the Rahou et al. [15]
framework and the author’s prior work, extending the reach of tempered fractional calculus to implicit

integro-differential problems with mixed delays and nonlocal conditions.
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Structure for the paper. The work is organized as follows. In Section 2, we provide notation and sup-
plies required for our job. In Section 3, we convert (1.1) to an integral equation and apply Sadovskii’s
FPT to demonstrate the existence results. Section 4 focuses on getting U-HS and generalized U-HS

results for (1.1). Finally, we present an example that demonstrates the achieved results.

2. Preliminaries

This section provides an introduction to the terminology, background material and definitions used

in this study. The BS containing all continuous functions with the norm

[Alloe = sup{[|A(w)[| : 0 < p < ¢},
is represented by C([0, ¢],R). Let C([—t,0],R) be the BS with the norm
[A[[[=c0) = sup{[[A(w)]| - 1 € [, 0]}
Consider C([¢, ¢ + b],R) the BS with the norm

IA]

po+) = SuP{[A(w)]| : 1 € [p, ¢ + B},
and C([—t, ], ) the BS with the norm
[A][—ep) = sup{[|A(p)] - p € [, b]}.
Set
Qo = {2t [=v,6 4+ b] = KAl p.g) € C@R), Al € C1=,0, %), and Al ) € Cl(6, 6+ ], %) |
We note that Qg is a BS with the norm

[Alloy = sup [|A(u)]
MG[—I‘,¢+b]

Definition 2.1. Suppose that the function X € C(J,R) and p > 0. Then, the Riemann-Liouville

tempered fractional integral of order € is defined by

(2.1) OIZvP%(,u) = €_p“OIZ (ePX (1)) = F(lg) /0” e—p(u—a)x((,)(ﬂ _ U)E_lda,
where OIE denotes the Riemann-Liouville fractional integral [11], defined by

1 ©
(2.2) oLiX(n) = 15 /0 X(0)( — o) do.

The Riemann-Liouville FI (2.2) is the obvious reduction of the tempered FI (2.1) if p = 0.

Definition 2.2 ([20]). For j —1 < e < j,j € N, and p > 0, the tempered-Riemann-Liowville FD is
defined by

;ﬁ /M P X(0)(u — o) do,
L(j—e)dw Jo

where oDy, (e?#X(p)) denotes the Riemann-Liouville FD [11], is defined as

0D (i) = P, (X (1)) =
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1 d

i /# (e”7%(0)) (n — o) do
I'(j—e)dp Jo '

oDy, (e”X(p)) =

Definition 2.3 ([20]). Forj—1<e < j,j €N, and p > 0, the definition of tempered-Caputo FD is

§ D2P () = e~ Dy, (™2 ()

=e P¥ ! /“ ! ﬁ (e’”X(0)) do
a I'(j—e)Jo (n—0) 9t do ’
where

e () — F(jl_ 5 /O ' — (f)E_jH (o x(0)) do,

Lemma 2.4 ([20]). For a constant C,

QDZ’pC = Ce_puoDzepM,

Cpepry — —puC e pp
ODM C—Ce D'ue .

Obviously,

0D?(C) # G DR?(C).

Moreover,

gDZ’p(C) is no longer equal to zero, differing from OCDZ(C) =0.

Lemma 2.5 ([20]). Let X € C7(u,R) and j — 1 < e < j,j € N. Then, the Caputo tempered FD and
the Riemann-Liouville tempered FI satisfy the composition properties
u=0] ,

Jj—1 k k
€ 5 _ 1% d
og%&m%w»—ﬂm—EkﬂgﬂLM@Wﬂm>
k=0 ’

and

§D5P (oI5 X(1)) = X(n),  fore € (0,1).

Definition 2.6 (Kuratowski measure of noncompactness). [2] Let X be a BS and let Fx be the family

of bounded subsets of X. The Kuratowski measure of noncompactness is the map Q : Fx — [0,00)
defined by

m
QD) =inf{E>0:Dc | JD;, meN, D;CX, and diam(D;) < E 5,
j=1

where D € Fx and the diameter of a set D; is given by

diam(D;) :=sup{||U = V|x : U,V € Dj}.
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Definition 2.7 ([2]). The map Q satisfies the following properties:
- Q(D) =0 <= D is compact (i.e., D is relatively compact);
- Q(D) = Q(D);
- If D1 C D2, then Q (D1) < Q (D2);
- Q(D1+ Do) <Q(D1)+Q(D2);
- Q(cD) = ||Q(D), for c € R;
- Q(conv D) = Q(D).

Lemma 2.8 ([0]). Let E C Qx be a bounded and equicontinuous set. Then:
(1) The function S — Q(E(S)) is continuous, and

Qon(E) = sup  Q(E(S)).

Se [_t7¢+h]

Q <{/O¢ A2)dz: A € E}) < /O¢Q(E(z))dz,

where E(S) ={A(S): A€ E}, Se€3J.

(2)

Theorem 2.9 ([0]). Let K be a convex closed, non-empty, and bounded subset of a BS W, and let
G : K — K be a condensing mapping. Then G has a fixed point in K.

Definition 2.10 ([2]). Let W be a BS and G : W — W be a continuous mapping. G is said to be a
condensing mapping if for each bounded set B with P(E) # 0, we get

P(G(E)) < P(E).
3. Existence results

To justify our existence results, let’s make some assumptions:

(R1) The function X : J x C([—t, b],R) x R — N be continuous.
(R2) There exist constants x1, x3, x5 > 0 and 0 < x2 < 1, such that

1 (1,7, 90,0, w) = X1, 7, 6,0, W) | < xally = All—eip) + X2l — 6l + x3llv — ]| + x3[lw — ],
for any 7,5 € C([—t,b],R), p,v,w, §,0,w € R, and p € J.
(R3) There exist constants 0 < x4 < 1 and xs, xi > 0:
1F1A1 = F1lsll(—0,m) < X4 llA1 = Dol pr),2) -
and
13 (ks 8,u1) = 3 (s 8, u2) || < X5 [lus — ual|-
19 (11, 8,u1) =B (1, 8, u2)|| < X5 [lur — uel|-
(R4) There exist constants My, > x4 > 0 and My, > 0:
1F1 A g < My, and [F2Ally g1 < Mo
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(Rs) For each p € J and bounded sets By C C([—t, b],R), Ba, B3, B4 C R, we get

C(X(u, B1, B2, B3, By)) <11 sup ((B1(0)) +12¢ (B2) + 3¢ (Bs) + 4¢ (By) -

O'E[—l‘,b]

(Rg) There exist functions n,n* € L'(J,R), such that

" ¢
/ 13, 5, u)|ds < n(p)(1 + [ul), / [B(p, s, w)ds <" (p) (1 + |ul)
0 0

Lemma 3.1. Let 9 denote a continuous function. Then the system

SDRA(u) =9(p), peJ=[0,¢],
(3.1) A(p) + (F1A) (p) = A (p), p € [, 0],
A(p) + (F28) (1) = Ao(p), pelo <I5 + b,

offers a unique solution that is provided by

Ai(p) — (F1A) (1),  p € [=x,0]
(3:2) Ap) = ¢ (A1(0) = (F1A) (0)) e + 15 fo' e P 9(0) (= 0)*'do,  p€J:=0,9]
Az(p) — (F24) (1), p€lp,¢+b]

Proof. Assume that A fulfills (3.1). Using the tempered FI of Riemann-Liouville with order e and

Lemma (2.5), we have

oI PC5 DR A (i) = oI 9 (1)

Then
A = 8O = = [ e 9(0) (o)
W) — ePP=—— 1] ¢ o)(p—o o.
I'(e) Jo
Thus,
1 1
A() = A0)e P 4 / P =0)9(0) (11 — o)\ dor
I'(e) Jo
Finally,
1 p
A = (04(0) = (11 2) ) + 175 [* e 00(0) (= o) o
0
Using Definition 2.1, Lemma 2.4, and Lemma 2.5, it is possible to show that if A verifies (3.2), the
problem (3.1) is also satisfied. O

Theorem 3.2. Suppose that (R1)-(Re) are true. If

(X1 + x3x59 + X3X50) ¢°
(I=x2)T(e+1)
where A = sup,,cy xa€” ¥, then there exists at least one solution of (1.1).

A+ <1
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Proof. Let the operator T : Qg — Qg given by

Ai1(p) = (F1A) (1), 1 € [, 0]
(3.3) TA(u) = { (A(0) = (F1A) (0)) e + i Jo e P H=IN (o) (1 — o) do, p € J := [0, ¢)]
Ao(p) — (F2A) (1), 1 € [¢, ¢ + b]

where N € C(J,9R) is such that

@
(3. N = (i A% N [ 30005 A0, [R5, Ae)ds).

Therefore, the fixed points of operator T" are the answer to the system (1.1). The proof is separated
into three steps.
Step 1. We prove that T is continuous.
Let u,, be a sequence such that u, — u in Q. If 4 € [—¢,0] or p € [¢,d + b], then

[(Tun) (1) = (Tw) ()] = 0.

For y € J we get

() (1) — (Tu)()] < |(F 1um) (0) — (F 1u) (0)] +F(1) /0 " P19 |\ (0) — N (0)| (u—0 )~ Ldor

where N,,, N € C(J,R) are such that

No() = % (u,uwnw), |3t as, | %(u,s,un(s))ds) ,

and

N = % (o N, [ 30050, [ u(s)as).

By (R2)-(R3), we get
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W) =N (w0
= (0, [ 3 ) s, [ (5 )

=% (s . [ 30 u(os, [P o)as) |

< xaflufy — 'l e+ X2 Vo (k) = N(w)]
m ¢
s /0 13 (1 5, wn(5)) — 30105, u(s))| ds + X3 /0 B (11,5, un(3)) — R, 5, u(s)| ds
m )
<t et — g+ X W) = N ()] + xs /0 s ltim — ) ds + X} /0 & ltn — ul ds

m o)
< xa = ey + 0 Nai) — M)+ x5 ( / ds) ot — )+ 2 ( / ds) et — ]
Thus,

N () — N()| < X2 + X3xsi + X5X50
n —
I —x2

ln =l ey -
From (R3) we get

[(F1un) (0) = (F1u) (0)] < xa flus — uPll Z¢ gy -
So, V u € J, we get

[(Tun) (1) — (Tuw) ()]
) X1+ x3Xsp + X5x5¢ [
< el — Ml e gy + 1—x2 - 0

The dominated Lebesgue convergence theorem indicates that

e P (= o) lul — u ||y do

[(Tun) (1) — (Tu) ()] = 0 as 1 = .

Hence

[Tun — Tullg,, — 0 as n — oo.

Consequently, T" is continuous.
Choose

(x5 +xalnlle, +x5lIn* e, )8
R o A O) | + My, + =
- 1 _ ¢ Catxslinlie, +x5ln"l, )
(1—x2)I'(e+1)

My, + HAlH[—t,O] s M, + HA2H[¢7¢+M !

and define the set
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Dr = {A € Qn : |Allo,, < R}

It is evident that Dpg be a closed, convex, and bounded subset of g.
Step 2. We prove that T (Dg) C Dg.
If p € [—v,0], thus

ITAW) < [[F1Al 1y 0 + [A1llZr 0
< M, + (| Al g
<R.

If 4 € [¢, 6+ b], then

ITAW < 1F2Allg g5 + [[Az]

[#,4b]
< M, + [1A2ll(s 641
<R.
For each p € J := [0, ¢], hence
1 M
ITA()| < (|A1(0)] + |(F1A) (0)]) e " + F(a)/o PN ()| (s — 0)F\do,

From (R3), we get

N ()] = \ae (1A [ 3005, | "pin su(9)ds ) \

u 6
< X1(p) + xa Aoy +X2W(u)\+><3/0 S(M,S,A(S))ds+x§/0 1B (1, 5, A(s))|ds

< X+ xallAllas + x2lN ()] + Oen(e) + xan™ (1) (1 + Allay)
< X7+ xR+ X2l N ()] + (xsllnlle + X310 [le) (1 + R),

where X] = sup,,c3 X1 (1) = SUp,e5 X(1,0,0) and ||n]|co = SUp,,cy n(w)
Thus,

V()] < 211X (xslInlloe + X3 17"[|o0)( )

1—xe

Then,
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TAG)] < (1M (0)] + |(F14) (0)]) e~

n X5+ xaR + (xslnlloo + X510 ]00) (1 + R)
(1—x2)I(e)

ITA(w)] < ([A10)] + [(F1A) (0)) e +

w
/ e—P(n—0) (1 — o) do,
0
(X7 +x1R + (xslnlloo + X517 ]00) (1 + R)) ¢°
(1—-x2)(e+1)

(X7 + xaR + (xsllnlloe + X5 ]loc) (1 + R)) ¢°
(1—=x2)T(e+1)

ITA(w)] < [[AL0)]] + M, +

<R.

Then,

T(DR) C Dg.

Step 3. T is condensing.
Let B be an equicontinuous subset of Dg.
If u € [—t,0], thus

C(T(B(w))) = ¢({TA(n), A€ B}
= ({A1(p) — F1A(p), A€ B}

SMFl

and if p € [¢, ¢ + ], then

AT(B(w)) ={TA(n), A€ B}
= ({A2(p) — F2A(n), A€ B}
< MF2>

YV u e J, we get

(T(B(w)) ={TA(p), Ae€Bj}
1

— {<A1<o> —(F18) )¢ + s / N et (- )N (0)do, A B}

<¢C{(A1(0) = (F1A) (0)) e, A€ B}

. {F(le) /0“ == (14 — o) IN (0)do, A€ B}

<xae PHCA(B) + F(le) /O (- o) N (0))do, A € B

From (Rs)
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e = (% (X, [ 3055605, [ B 265 )

< s €04 xacW )+ xac [ 3t aas) i " Als))ds)

ue[_t7h]

S s GG +xabWn) s ([ ats) +xi ( ’ (A )

ne [*f,¢+h]

Thus,

CN () < FXXO T XG0 (0 (Aq)
L —=X2 HE[—r,¢+b]

Thus,

(1—x2)L(e) 0 pE[—t,d+b]

(X1 + X3X50 + X5xE0) <Z5E>
0oty )P

CT(B()) < xae P Ca(B) + KT X0 T XG0 7 e { sup C(A(w)do, Ae B}

§<)\+

Hence,

Gon(7(8) < (34 WTXOELXEDT) ¢ (1) < G, (5

Hence, we get oy (T(B)) < (ax(B). By the smallness condition assumed in theorem (the same one
used for existence and stability). Therefore, T' is a strict contraction with respect to the Kuratowski
measure of noncompactness, which means 7T is condensing.

According to Sadovskii’s FPT, the operator T has at least one fixed point, which solves the system
(1.1). O

4. Ulam-Hyers stability
We use the concepts of U-HS and generalized U-HS provided in [14,22].

Definition 4.1. We claim that the system (1.1) has U-HS if there exists a real number xx > 0,
Ve>0,if A€ Qy satisfies

¢
CDIPAG) — X (u, am,§ Dz, | " 3015, Als))ds, | s A<s>>ds)

then 3 A € Qu a solution of the system (1.1) such that

IA() = Al < xxe, peT:=[0,0].
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Definition 4.2. We claim that the system (1.1) possesses generalized U-HS, if there is a function
px € C(RT,RY) with px(0) =0, for all € > 0, if A € Qu satisfies

¢
CDEPAG) — X (u, am,§ Dz, | " 3015, Als))ds, e A<s>)ds)

then there exists a solution A € Qg of the system (1.1) such that

Theorem 4.3. Assume that the requirements (R1)-(R2) are true and that the condition

Cne C e a ¢ ~
0 D;ij(M) -X :uaAM’O D/ij(:u’)a/O 3(“73? A(s))ds7/0 m(/%sv A(3>)ds < € HES = [07 (b]

is met for each € > 0.
Then the system (1.1) is U-HS.

Proof. Assume A € Qi be a solution of

¢
och;PA(u)—ae(M,N,S‘Dzmm /”3<u,s,A<s>>ds, / w,s,A(s))ds) <e pe3=[04]
0 0

and A € QA the solution of the system (1.1). Then there exists a function ya € C(J,R) (depending
on A ) such that

lya(w)ll <€, peJ:=1[0,¢]

and

6 D’ A(p) = X (M, AF G DSPA(p / 3(, 8, A(s / B, s, Als ))d8> +ya(p), pe€JI:=[0,4]

Lemma 3.1 shows that A satisfies the fractional IE.

A ( )_(FlA) (M)a ne [—t,O]
(A(0) — (F18) (0)) e + 1l [ =PI (o) (1 — )~V
+

A =
W o Ji e B ya(o)(u— o) do, pei=[0,9]
Ao(p) — (F2A) (1), p€[¢. 9+l
Thus
_ 1 H
A1) — A(p)|| = [ (F1A) (0) = (F14) (0))6”“+F(6)/0 e P (N (o) — M(0)) (1 — o) do

1

" T(e) /0 e Py (o) (1 — o) do|
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hence

1AG) - A@)]| < [[(F1A) (0) — (F1A) (O] ¢ + P(l) / "D N (0) — M) — o) do

t5E /H e P |lya ()| (n — o) do
L'(e) Jo

<2 O = (Fd) O+ 17 " DN (0) — M(0)(1 — o) do
P

ety

where the functions N and M are defined so that they satisfy different sets of functional equations.

N() = % (M, Am NG, [ 3005, (s ds. [ " (s A(s))ds) ,

and

M(p) = 3€<M,N‘M / 3o, s, As / PBa(p, s, As >
From (R3), we get

[(F18) (0) = (F1A) (0| < xa [|A" = A™[| _ -

From (R2), we get

M ¢
V(o) - M) =[x <u, A" N (), / 31(p, 5, A(s))ds, / mlm,s,A(s))czs)
—3€<M,A M(p / 32(ps s, As / Pa(p, s, As ))d>H
<xa [|AF = A+ XV (0) = M(o)]
w
JrX3/ |31 (1, 5, A(s)) — 32, s, A(s))| ds
0
)
3G [ 5. M) = Bl A ds
<x [[AF = AH| o + x|V (o) — M(o)]|
w _ ¢ 3
T xaxs /0 1A — Allds + it /0 |A = Alds
<xa || A = AR+ XN (0) = M(o)]

u _ ¢ _
T xsxs (/0 ds) 1A = A + it (/O ds) TN

< X1t Xsxsp x3x5¢ 1A~ Al
< .

Hence
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IA®) = A®)]
_ < X1+ X3X51 + X3X50 /“ —p(u—0) e 1 A
<e Phyy ||AF — AF PH - d A— Al
=€ X4 H H[—t,(ﬁ—‘,—h} + (1= x2) () 0 e (N U) o H H[ t,h]
Pe
ENCETR
- X1+ x3xsue” + xixge ! X e
< Pl 4 A—A + .
= (e X (1—x2)T(e+1) | loa 7
Thus
Pce
A I'(e+1) o
||A AHQER — A\ n X1+X3X5#¢8+X*X*¢€+l = Xx¢.
(1—x2)I'(e+1)
Then, the system (1.1) is U-HS. If we set ¢, (€) = x,¢€, then ¢,(0) = 0, which proves that the
system (1.1) is generalized U-HS. O
5. Example

Let we examine the following nonlinear TCIFV-FSs with advanced and retarded arguments in
Banach spaces with nonlocal conditions:
(5.1)
CDIPA(p) = x(u, AR EDEPA), [1 3 (1,5, A(s)) ds, [P ,u,s,A(s))ds), ped =14,
A(p) + (F1A)(p) = A(p), p € [-v,0],
A(p) + (F2A)(p) = Aa(p),  p €[, ¢+b],

where R = R, and parameters

6:%, p=1, t=h=1, ¢ =1, 6=10"
With
x( = O+ ot
00,0 = g 1Y 7 100" " 100"
3(k, s,u) = dou,
’B(%S,U) = du,
1
(F1A)(p) =3 arctan(A(=1)), p€[-1,0],
1
(F2A)(p) = §arctan(A ), we L2,
A (N) =0, pe [_170]’
Ao(p) =0, pell,2].
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the system (5.1) reduces to

1 1 1o ta o [F
CDE'A(p) = 2A() + 2§D AW + — [ A(s)d / As 1
A(p) + - arctan(A(=1)) =0, p € [-1,0],
A(p) + - arctan(A(1)) =0, p e [1,2],
equivalently,
3ol _
ZODM A(u)— 100/ A(s ds+100/ A(s

Ap) = —% arctan(A(—1)), p € [-1,0],
Alp) = —% arctan(A(1)), e [L,2).

The function X is continuous as a linear combination of continuous evaluation maps

For any ~v,5 € C([-1,1],R) and p, @, v, 7, w,w € R,

|%(u,'y, 2,0 ’UJ) - %(:uv;ﬁ @76 QI})|

< 31(0) = 5O + 7o — 6l + 75lv — 2l + o= fw — )
=37 =P 100 v 0¥ Y
< 31 = Alica + 3lo — 6l + szl — o] + 7w — a
- — —|w —w
= g = ey + 10 =01+ 750 100
Thus (R2) holds with
1 1 1

X1217 X2:17 X3:X3:m'

Since arctan is 1-Lipschitz,
1
[F1A1 = F1ls—10) *|A1( 1) = Az(=1) < 5l[A1 = Aolli-1,9-

So x4 = 3 € (0,1). Hence,
13( s, u1) — 3k, 8, u2)| = 0lur — ugl,
and for P, then
Xs=Xi=06=10"%.

Since |arctan(z)| < 7/2,

1F1Afl210 < [F2Al,g <

il T
4’ 4’
Then,

™
M/12M12:Z>0.

Because R = R, the Kuratowski measure of noncompactness for any bounded set is 0. Hence for
limited sets Bl, Bg, Bg, B4,
Q(%(H, Blv B27 B37 B4)) = 07

SO

:m.
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For 3,
n
[ 1305001 s = udul < 501+ ),

so n(p) = o € L'([0,1]). For %P,
1
/0 B (1 5, w)| ds = 8Jul < (1L + [u]),

so 7" () = 6 € LV([0, 1)).

Thus, all hypotheses (R; — Rg) are satisfied.

We compute the constant under the existence condition. We have ¢ =1, ¢ = %, and F(%) =
0.8862. Then,

o
0

1 1
A= sup yse P = sup —eH=_.
pel0,1] pef0,1] 2 2
Thus,
1 1
SEh=—4 — . 1073+ — - 103 = 0.25002.
Furthermore,
O+ xsxs +x3x56) ¢° 025002 oo
= : ~ 0. .
(I —x2)T(e+1) (1—7)-0.8862
Therefore,

A+0.3762 =~ 0.5 4+ 0.3762 = 0.8762 < 1.

The requirement of Theorem 3.2 is strictly met. According to Theorem 3.2, the system (5.1) with the
aforementioned data has at least one solution.

The inequality in Theorem 4.3 is

¢
gDZ’pA(M)_x(#vA“angij(M),/M?)(M,&A(S))d&/ m(u,s,A(s))dS>H <e,
0 0

for every € > 0. We have already confirmed (R;) and (Rz2), and the above inequality defines the class

of e-approximate solutions.

Consequently, all hypotheses of Theorem 4.3 are satisfied and problem (5.1) is Hyers—Ulam stable.
Note that this is a special case and that the general framework allows for infinite-dimensional

Banach spaces.

6. Conclusion

The existence of solutions to a class of TCIFV-FSs with retarded and advanced delays in Banach
spaces under nonlocal conditions has been demonstrated in this paper, along with the U-HS of these
solutions. Sadovskii’s FPT and the measure of noncompactness were used in the study, and a real-
world case was used to demonstrate the theoretical findings. These results provide a substantial
contribution to the body of knowledge already available on tempered fractional calculus and its use
in postponing integro-differential problems.

This work naturally opens up a number of research directions. One approach is to use alternative
FPTs, such Mdénch’s theorem, which has already shown success in analogous boundary-value contexts,

to loosen the compactness assumptions placed on the operator. Expanding the class of admissible
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systems by adding impulses or indefinite delay is another possible extension. From an application-

oriented standpoint, the current framework is well suited to viscoelastic models, nonlocal physics,

and fractional-order control systems, where it would be beneficial to validate the theoretical results

against numerical simulations due to the tempered-Caputo operator’s ability to capture both long-

range memory and exponential decay.
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