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MAXIMAL SPACEABILITY OF THE SET OF NON-ABSOLUTELY SUMMING
OPERATORS IN QUASI-BANACH SPACES

D. ARAÚJO

Abstract. For every 0 < p < 1, we establish maximal spaceability of the bounded operators on ℓp

which fail to be (r, s)-absolutely summing for all 1 ≤ s ≤ r < ∞, using the coordinate-disjointization
construction and Maddox’s theorem. We give detailed isometric estimates and prove a corresponding
maximal spaceability theorem inside the compact operators. The compact result is based on an explicit
diagonal multiplier and a single weakly 1-summable sequence witnessing the simultaneous failure of
all admissible absolute summability conditions. A diagonal characterization, a logarithmic compact
example, and extensions to operators with values in quasi-Banach spaces containing a copy of ℓp are
also obtained. The constructed subspaces are isomorphic to ℓp and have maximal algebraic dimension
whenever the ambient operator spaces have dimension c.

1. Introduction and preliminaries

The study of linear structures inside nonlinear sets has become a central topic in modern analysis.
In particular, the concepts of lineability and spaceability, introduced by Gurariy in [26] and further
developed by Aron, Gurariy and Seoane-Sepúlveda in [5], provide a powerful framework to detect
large algebraic and topological structures within sets that, at first glance, may appear highly irregular.
Since then, this theory has experienced significant development, with deep connections to several areas
such as Functional Analysis, Operator Theory, Complex Analysis, Linear Dynamics, Measure Theory,
among others (see, for instance, [4, 7, 11, 12, 17, 19, 20]) and the references therein. A comprehensive
account of the subject can be found in the monograph [6]. Additional examples involving dimension
constraints and hypercyclic subspaces can be found in [9, 10].
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In the context of Operator Theory, the investigation of lineability and spaceability phenomena for
classes of bounded linear operators has attracted considerable attention. In particular, the structure of
non-absolutely summing operators has been extensively studied in Banach spaces, where several results
ensure the existence of large linear subspaces under suitable geometric assumptions (see [14, 23, 34]).
Notably, Kitson and Timoney [30] established important spaceability results relying on properties such
as local convexity. However, the quasi-Banach setting presents a fundamentally different landscape.
Spaces such as `p for 0 < p < 1 lack local convexity, and many classical tools are no longer available
(see [28, 29]). As a consequence, the behavior of operator ideals in this context is markedly different
and often exhibits genuinely pathological features.

In this direction, several recent works have explored lineability and spaceability beyond the Banach
framework (see [15, 16]). These contributions highlight the richness of the quasi-Banach setting and
reveal new phenomena that cannot be obtained by classical methods. In recent years, new approaches
to lineability and spaceability have been developed, providing more flexible and constructive methods
to produce large linear structures (see [3, 13, 18, 24, 25]). Moreover, refined notions such as pointwise
lineability and pointwise transversal lineability have been investigated in sequence spaces, revealing
new structural phenomena (see [2, 32]). These developments highlight the growing interest in un-
derstanding linear structures beyond classical settings. More recently, the investigation of lineability
and spaceability phenomena within classes of operators has gained renewed attention. For instance,
large linear structures have been identified in classes of summing operators and related operator ideals
(see [1]), as well as in sets of operators defined by geometric or norm-attaining properties (see [21]).
These results reinforce the richness of the operator-theoretic perspective in the study of lineability.
In particular, Tomaz [35] obtained a c-dimensional linear subspace of non-(r, s)-absolutely summing
operators on `p for 0 < p < 1 . The bounded-operator construction below is included with a detailed
isometric proof, and serves as the basis for the compact-operator results and the extensions developed
here.

The principal purpose of the present work is to describe closed subspaces of operators on `p, 0 <

p < 1, whose nonzero elements fail every (r, s)-absolute summability condition with 1 ≤ s ≤ r < ∞.
For bounded operators, the disjointization argument transfers the failure of absolute summability of
the identity, as established by Maddox [31], to a closed subspace isometric to `p. We preserve this
construction and provide the full operator quasi-norm estimates, including uniform convergence of the
defining series and closedness of the range.

The compact-operator case poses a separate difficulty. A diagonal multiplier is compact when its
coefficients tend to zero, but this fact alone does not imply non-absolute summability. We overcome
this difficulty with an explicit sequence which is weakly 1-summable yet whose images under a compact
diagonal operator have quasi-norms uniformly bounded below. Thus the same operator and the same
sequence work simultaneously for all (r, s). We further obtain a sharp characterization of the diagonal
multipliers with this property, together with a rigorous treatment of the slowly decaying logarithmic
example. The Orlicz summability theorem for `1, recalled below as in [22, Chapter 1, p. 13], provides
the complementary implication in the diagonal criterion.
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Finally, we use isomorphic embeddings of `p into arbitrary quasi-Banach spaces to transfer both the
bounded and the compact constructions. The argument takes the exact disjoint-support identity before
applying the embedding; consequently, no preservation of coordinate supports in the new codomain
is required. The corresponding two-sided estimates also ensure closedness. The paper has the two-
section organization: Section 1 contains the introduction, notation and basic geometric construction;
Section 2 contains the principal results, examples and extensions.

Notation and basic facts. Let E and F be Banach or quasi-Banach spaces over K = R or C. We
denote by L(E,F ) the vector space of bounded linear operators, endowed with the operator quasi-norm
(see [27, p. 322])

‖T‖ = sup{‖Tx‖F : ‖x‖E ≤ 1}.

We write K(E,F ) for the compact operators. This is a closed vector subspace of L(E,F ): the uniform
operator quasi-norm limit of compact maps is compact, since a sufficiently fine finite net for the image
of the unit ball of an approximating compact map remains an approximate finite net for the limiting
map.

A quasi-norm on E is a positive-definite, absolutely homogeneous function ‖ · ‖ such that, for some
constant C ≥ 1,

‖x+ y‖ ≤ C(‖x‖+ ‖y‖) (x, y ∈ E).

If E is complete for its induced topology, it is a quasi-Banach space. A quasi-norm is a p-norm,
0 < p ≤ 1, if

‖x+ y‖p ≤ ‖x‖p + ‖y‖p.

Throughout, we work with the p-Banach space `p, 0 < p < 1, and its standard p-norm

‖x‖p =

( ∞∑
n=1

|xn|p
)1/p

.

In particular, ‖x‖1 ≤ ‖x‖p and `p embeds continuously into `1. Moreover, the topological dual (`p)′

identifies with `∞: every f ∈ (`p)
′ has the form (see, e.g., [28, p. 21])

(1.1) f(x) =
∞∑
n=1

bnxn, b ∈ `∞, |f(x)| ≤ ‖b‖∞‖x‖1.

Indeed, the inequality gives continuity of each such functional; conversely, the scalar sequence bn =

f(en) is bounded and the density of finitely supported vectors yields the representation.
For 1 ≤ s ≤ r < ∞ we denote by Π(r,s)(E,F ) the set of (r, s)-absolutely summing operators. Thus

A ∈ L(E,F ) belongs to Π(r,s)(E,F ) if

(1.2)
∞∑

m=1

‖Ax(m)‖rF < ∞ whenever
∞∑

m=1

|f(x(m))|s < ∞ for every f ∈ E′.

A sequence satisfying the condition on the right is called weakly s-summable. We use the standard
sequential definition in the quasi-Banach framework; for the Banach case see [22] and, for `p, see [31].
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We write (for simplicity of notation)

(1.3) N (E,F ) = L(E,F ) \
⋃

1≤s≤r<∞
Π(r,s)(E,F ).

It is important that A ∈ N (E,F ) means the failure of (r, s)-absolute summability for each admissible
pair, and not merely for one pair.

We recall the notions of lineability and spaceability from [5, 8]. If A is a subset of a vector space
V , then A is α-lineable if A ∪ {0} contains a linear subspace of Hamel dimension α. If V is also a
topological vector space, it is α-spaceable if this subspace may be chosen closed. We say that A is
maximal spaceable in V when α = dimV .

For a set A, we denote its cardinality by |A|, and we write c := |R| for the cardinality of the
continuum. The dimension calculation used below follows from the exact general result of Popoola
and Tweddle [33, Proposition]: every infinite-dimensional complete metrizable topological vector space
has Hamel dimension at least c, and if it is separable then its dimension is precisely c. In our setting
one obtains

(1.4) dim `p = dimK(`p, `p) = dimL(`p, `p) = c.

For completeness, `p is infinite dimensional, separable and complete, so the cited proposition gives
dim `p = c. Since each operator `p → `p is determined by the images of the standard unit vectors,
whose possibilities form a set of cardinality c, we have |L(`p, `p)| ≤ c. On the other hand, the injection

`p −→ K(`p, `p), z 7−→
(
x 7→ x1z

)
shows dimK(`p, `p) ≥ c; both operator spaces therefore have dimension exactly c. This also explains
precisely where the Popoola–Tweddle dimension theorem is used rather than attributing the operator-
space dimension to it without the accompanying cardinality argument.

Theorem 1.1 (Maddox [31, Theorem 4]). Let 0 < p < 1 and 1 ≤ s ≤ r < ∞. Then the identity
operator i : `p −→ `p is not (r, s)-absolutely summing.

In particular, for every fixed admissible pair (r, s) there exists a weakly s-summable sequence (x(m)) ⊂
`p such that

(1.5)
∞∑

m=1

‖x(m)‖rp = ∞.

This sequence may depend on the pair (r, s); a common sequence will be constructed later for the
compact result. The following form of the classical Orlicz theorem will be used only in the diagonal
characterization; see [22, Chapter 1, p. 13].

Theorem 1.2 (Orlicz). For every weakly 1-summable sequence (z(m))m≥1 ⊂ `1 one has
∞∑

m=1

‖z(m)‖21 < ∞.

Equivalently, idℓ1 ∈ Π(2,1)(`1, `1).
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Disjoint-support operators. Let (Nk)k≥1 be a partition of N into infinitely many pairwise disjoint
infinite sets (see, e.g., [6, p. 127]), and write

Nk = {n(k)
1 < n

(k)
2 < · · · }, `(k)p = {x ∈ `p : xn = 0 if n /∈ Nk}.

For every k, define u(k) : `p → `
(k)
p by(

u(k)x
)
n
(k)
m

= xm (m ≥ 1)

and let ik : `
(k)
p ↪→ `p be the canonical inclusion. We consider

(1.6) uk = ik ◦ u(k) : `p −→ `p, ukx =

∞∑
m=1

xme
n
(k)
m
.

For any x ∈ `p, since the correspondence m 7→ n
(k)
m is injective and exhausts Nk, we have

(1.7) ‖ukx‖pp =
∑
n∈Nk

|(ukx)n|p =
∞∑

m=1

|xm|p = ‖x‖pp.

Thus uk is a linear isometry and its range is `
(k)
p . If k 6= j, the supports of ukx and ujy are disjoint

for any x, y ∈ `p. Consequently, for each finite set F ⊂ N and scalars (aj)j∈F ,

(1.8)

∥∥∥∥∥∥
∑
j∈F

ajujx

∥∥∥∥∥∥
p

p

=
∑
j∈F

∑
n∈Nj

|aj(ujx)n|p =
∑
j∈F

|aj |p
∞∑

m=1

|xm|p =

∑
j∈F

|aj |p
 ‖x‖pp.

This exact equality, rather than a quasi-triangle inequality, is the foundation of the following isometric
constructions. The operators (uk)k≥1 are linearly independent: if

∑
j∈F ajuj = 0, apply (1.8) to

x = e1 to obtain
∑

j∈F |aj |p = 0.

2. Main results

Theorem 2.1. For every 0 < p < 1, the set

L(`p; `p) \
⋃

1≤s≤r<∞
Π(r,s)(`p; `p)

is maximal spaceable. More precisely, it contains, except for the zero operator, a closed subspace of
Hamel dimension c which is linearly isometric to `p.

Proof. We proceed in five steps, explicitly verifying all convergence and isometry assertions.

Step 1: Convergence in the operator quasi-norm. Fix a = (aj) ∈ `p. For N ∈ N, put

SN (a) =
N∑
j=1

ajuj ∈ L(`p; `p).

Applying (1.8) with F = {N + 1, . . . ,M}, we obtain for every M > N and x ∈ `p,

‖(SM (a)− SN (a))x‖pp =

 M∑
j=N+1

|aj |p
 ‖x‖pp.
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Taking pth roots and then the supremum over ‖x‖p ≤ 1 gives

(2.1) ‖SM (a)− SN (a)‖L(ℓp;ℓp) =

 M∑
j=N+1

|aj |p
1/p

.

To see that this is an equality, not merely an upper bound, substitute x = e1, which has unit p-
norm. The right-hand side tends to zero as M,N → ∞. Because L(`p; `p) is complete in the operator
quasi-norm, (SN (a)) converges to a bounded linear operator, denoted

(2.2) S(a) =
∞∑
j=1

ajuj .

This also proves that the infinite operator series converges uniformly on the unit ball of `p.

Step 2: An exact pointwise norm identity. For each fixed x ∈ `p, the operator convergence implies
SN (a)x → S(a)x in `p. From (1.8),

‖SN (a)x‖pp =

 N∑
j=1

|aj |p
 ‖x‖pp.

The quasi-norm is continuous, and the sum on the right tends to ‖a‖pp. Passing to the limit therefore
yields

(2.3) ‖S(a)x‖pp = ‖a‖pp‖x‖pp (a, x ∈ `p).

In particular, for each x, the vector S(a)x is obtained from the absolutely coordinatewise disjoint
family (ajujx) with no cancellation between blocks.

Step 3: Linear isometry and closedness. Linearity of S follows from linearity of all partial sums and
continuity of the limit. Equation (2.3) gives for ‖x‖p ≤ 1,

‖S(a)x‖p = ‖a‖p‖x‖p ≤ ‖a‖p.

Taking the supremum, and once again evaluating at x = e1, we obtain both inequalities needed for
the norm equality:

(2.4) ‖S(a)‖L(ℓp;ℓp) = ‖a‖p.

In particular, if S(a) = 0, then ‖a‖p = 0, so a = 0. Moreover, for a, b ∈ `p,

(2.5) ‖S(a)− S(b)‖ = ‖S(a− b)‖ = ‖a− b‖p.

Let (S(a(m))) converge to some A ∈ L(`p; `p). It is Cauchy, and by (2.5) the coefficients (a(m)) form
a Cauchy sequence in `p. Completeness supplies a ∈ `p with a(m) → a. By the same isometry,
S(a(m)) → S(a), so A = S(a). Thus S(`p) is a closed linear subspace, not just a dense subspace of its
closure.
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Step 4: Failure of all absolute summability conditions. Fix a ∈ `p \ {0} and an arbitrary pair
1 ≤ s ≤ r < ∞. By Maddox’s theorem (Theorem 1.1) there exists a weakly s-summable sequence
(x(m)) ⊂ `p satisfying (1.5). Applying (2.3) to each x(m) yields

‖S(a)x(m)‖p = ‖a‖p‖x(m)‖p.

Since ‖a‖p > 0 and r is finite,
∞∑

m=1

‖S(a)x(m)‖rp =
∞∑

m=1

(
‖a‖p‖x(m)‖p

)r
= ‖a‖rp

∞∑
m=1

‖x(m)‖rp = ∞.

Hence S(a) /∈ Π(r,s)(`p; `p). The pair was arbitrary and S(a) is independent of its choice. Therefore

S(`p) \ {0} ⊂ N (`p, `p).

Notice that the choice of a witness sequence may depend on (r, s) here; no unjustified assumption of
a common Maddox witness has been made.

Step 5: Dimension and maximality. Because S is injective, dimS(`p) = dim `p = c. The ambient
dimension identity (1.4) gives dimL(`p; `p) = c. The closed subspace S(`p) thus has full Hamel
dimension, completing the maximal spaceability proof. □

This result extends and complements the results established in [35].

Corollary 2.2. For every 0 < p < 1, the set L(`p; `p) \
⋃

1≤r<∞Π(r,r)(`p; `p) is maximal spaceable.

Proof. By definition, the union over (r, r) is contained in the union over 1 ≤ s ≤ r < ∞; hence the
closed subspace in Theorem 2.1 is also contained in this complement, apart from zero. It has ambient
maximal dimension by (1.4). □

Remark 2.3. The isometric structure of the above proof is crucial. Since the uk have disjoint target
supports, the pth power of the quasi-norm splits exactly, and the operator quasi-norm of the series
is determined by the `p-norm of its coefficients. In particular, closedness is a consequence of the
isometry (2.5); it cannot be deduced merely from the coordinatewise convergence of coefficients. This
construction is related to methods used in quasi-Banach sequence spaces [15,35], and does not require
local convexity or operator-range spaceability criteria such as [30].

Lemma 2.4 (A common witness). Let 0 < p < 1, let X be a quasi-Banach space, and let A ∈ L(`p, X).
Suppose that

(2.6) sup{‖Ax‖X : x ∈ `p, ‖x‖1 ≤ 1} = ∞.

Then there exists a sequence (x(k))k≥1 ⊂ `p such that

(2.7)
∞∑
k=1

‖x(k)‖1 < ∞, ‖Ax(k)‖X ≥ 1 for every k.
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Consequently A fails to be (r, s)-absolutely summing for every 1 ≤ s ≤ r < ∞, with the same sequence
witnessing all failures.

Proof. For each k, choose y(k) ∈ `p with ‖y(k)‖1 ≤ 1 and ‖Ay(k)‖X ≥ 2k, possible by (2.6). Define
x(k) = 2−ky(k). Then ‖x(k)‖1 ≤ 2−k and ‖Ax(k)‖X ≥ 1. For every f ∈ (`p)

′, formula (1.1) yields∑
k

|f(x(k))| ≤ ‖b‖∞
∑
k

‖x(k)‖1 ≤ ‖b‖∞ < ∞.

Therefore (x(k)) is weakly 1-summable. A scalar summable sequence belongs to `s for every s ≥ 1, so
(x(k)) is also weakly s-summable for all such s. On the other hand, for every finite r ≥ 1,∑

k

‖Ax(k)‖rX ≥
∑
k

1 = ∞.

No choice in this argument depends on r or s. □

Proposition 2.5 (A sharp diagonal criterion). Let 0 < p < 1, put q = p/(1−p), and let λ = (λn) ∈ `∞.
For the diagonal operator

Dλ : `p −→ `p, Dλ(xn) = (λnxn),

the following conditions are equivalent:

(i) λ /∈ `q;
(ii) sup{‖Dλx‖p : x ∈ `p, ‖x‖1 ≤ 1} = ∞;

(iii) Dλ /∈
⋃

1≤s≤r<∞Π(r,s)(`p; `p).

If λ ∈ `q, then Dλ ∈ Π(2,1)(`p; `p). Also, Dλ is compact if and only if λ ∈ c0.

Proof. First, λ ∈ `∞ guarantees boundedness, and for every x ∈ `p,

‖Dλx‖pp =
∑
n

|λn|p|xn|p ≤ ‖λ‖p∞‖x‖pp.

Equality for the operator quasi-norm is obtained by evaluating at en and taking the supremum over
n, so ‖Dλ‖ = ‖λ‖∞.

Suppose (i). For any nonempty finite F ⊂ N, set HF =
∑

n∈F |λn|q. Whenever HF > 0, define a
finitely supported vector zF by

zFn =

|λn|q/HF , n ∈ F,

0, n /∈ F.

Then ‖zF ‖1 = 1. The algebraic identity p(q + 1) = q gives

‖Dλz
F ‖pp =

∑
n∈F

|λn|p
|λn|pq

Hp
F

=
1

Hp
F

∑
n∈F

|λn|p(q+1)

=
1

Hp
F

∑
n∈F

|λn|q = H1−p
F .

Since (1− p)/p = 1/q, this yields

(2.8) ‖Dλz
F ‖p = H

1/q
F .
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If λ /∈ `q, the values HF are arbitrarily large. Hence (ii) holds. The common-witness Lemma 2.4
implies (iii).

Conversely, suppose λ ∈ `q. Let x ∈ `1 and apply Hölder’s inequality with the conjugate exponents
1/(1− p) and 1/p to the nonnegative sequences |λn|p and |xn|p. We obtain

‖Dλx‖pp =
∑
n

|λn|p|xn|p

≤

(∑
n

|λn|p/(1−p)

)1−p(∑
n

|xn|

)p

= ‖λ‖pq‖x‖
p
1.

Thus Dλ extends to a bounded linear operator B : `1 → `p with ‖B‖ ≤ ‖λ‖q, and on `p we have
Dλ = B ◦ ι, where ι : `p ↪→ `1 denotes the canonical inclusion.

Let (x(m)) ⊂ `p be any weakly 1-summable sequence. Every continuous functional on `1 restricts
along ι to a continuous functional on `p; hence (ιx(m)) is weakly 1-summable in `1. By Orlicz’s theorem
(Theorem 1.2), ∑

m

‖ιx(m)‖21 < ∞.

Consequently, ∑
m

‖Dλx
(m)‖2p =

∑
m

‖B(ιx(m))‖2p ≤ ‖B‖2
∑
m

‖ιx(m)‖21 < ∞.

This proves Dλ ∈ Π(2,1)(`p; `p) and contradicts (iii); hence (iii) implies (i). It also proves directly that
(ii) fails when λ ∈ `q.

For compactness, let Dλ,N be the operator obtained by retaining only the first N diagonal entries.
It has finite rank, and from the exact diagonal norm identity,

‖Dλ −Dλ,N‖ = sup
n>N

|λn|.

Thus λ ∈ c0 implies convergence in the operator quasi-norm to finite-rank operators, hence compact-
ness. Conversely, if Dλ is compact, the sequence (Dλen) = (λnen) must have a convergent subsequence
whenever the coefficients stay bounded away from zero. But if infinitely many |λn| ≥ ε > 0, then for
distinct such indices n,m,

‖λnen − λmem‖pp = |λn|p + |λm|p ≥ 2εp,

so no subsequence can converge, a contradiction. Therefore λn → 0. □

Corollary 2.6 (The logarithmic compact example). For every 0 < p < 1, let λn = (log(n+ 1))−1/p.
Then the diagonal multiplier Dλ is compact and satisfies

Dλ /∈ Π(r,s)(`p; `p) for all 1 ≤ s ≤ r < ∞.

Proof. Since λn → 0, the multiplier is compact. For q = p/(1− p),
∞∑
n=1

|λn|q =
∞∑
n=1

1

(log(n+ 1))1/(1−p)
.

For sufficiently large n, (log(n + 1))1/(1−p) ≤ n, so the terms eventually dominate 1/n. Their sum
therefore diverges, and Proposition 2.5 proves the result. □
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Lemma 2.7 (An explicit compact operator and a single witness). Let 0 < p < 1 and q = p/(1 − p).
Put wn = n−1/q and define

(2.9) K : `p −→ `p, K(xn) = (wnxn)n≥1.

Then K is compact, has operator quasi-norm ‖K‖ = 1, and belongs to N (`p, `p). In fact, there exist
pairwise disjoint finite intervals Ik ⊂ N and x(k) ∈ `p supported in Ik such that

(2.10)
∞∑
k=1

‖x(k)‖1 = 1, ‖Kx(k)‖p ≥ 1 (k ≥ 1).

The same sequence (x(k)) works for every pair (r, s).

Proof. The scalar weights satisfy 0 < wn ≤ 1, w1 = 1 and wn → 0. As in the preceding proposition,
the finite-rank truncations KN satisfy

‖K −KN‖ = sup
n>N

n−1/q = (N + 1)−1/q −→ 0.

Thus K is compact, and the equality ‖K‖ = 1 follows from evaluating at e1.
The harmonic series diverges on every tail. We may therefore inductively choose disjoint consecutive

finite intervals Ik, each to the right of the preceding one, such that

Hk :=
∑
n∈Ik

1

n
≥ 2kq.

Define x(k) = (x
(k)
n ) by

(2.11) x(k)n =


2−k

Hkn
, n ∈ Ik,

0, n /∈ Ik.

Each vector has finite support, so it belongs to `p, and

‖x(k)‖1 =
∑
n∈Ik

2−k

Hkn
=

2−k

Hk
Hk = 2−k.

Next, 1/q = (1− p)/p, so p+ p/q = 1. Therefore

‖Kx(k)‖pp =
∑
n∈Ik

n−p/q

(
2−k

Hkn

)p

=
2−kp

Hp
k

∑
n∈Ik

n−p(1+1/q)

=
2−kp

Hp
k

∑
n∈Ik

1

n
= 2−kpH1−p

k .

Taking pth roots and using Hk ≥ 2kq yields

‖Kx(k)‖p = 2−kH
(1−p)/p
k = 2−kH

1/q
k ≥ 2−k2k = 1.
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This proves (2.10). If f ∈ (`p)
′, by (1.1),

∞∑
k=1

|f(x(k))| ≤ ‖b‖∞
∞∑
k=1

‖x(k)‖1 = ‖b‖∞ < ∞.

Consequently (x(k)) is weakly 1-summable and hence weakly s-summable for each s ≥ 1. In contrast,
for every finite r ≥ 1,

∞∑
k=1

‖Kx(k)‖rp ≥
∞∑
k=1

1 = ∞.

The simultaneous non-summability follows for all 1 ≤ s ≤ r < ∞. □

Theorem 2.8 (Maximal spaceability of compact operators). Let 0 < p < 1. Then

K(`p, `p) \
⋃

1≤s≤r<∞
Π(r,s)(`p; `p)

is maximal spaceable in K(`p, `p) and contains, apart from zero, a closed subspace linearly isometric
to `p. This subspace has dimension c, so it is also of maximal dimension in L(`p, `p). Every nonzero
operator in it has infinite rank, and the same weakly 1-summable sequence witnesses the failure of
every admissible (r, s)-condition for every such operator.

Proof. Let K and (x(k)) be as in Lemma 2.7. Set

SK(a) = S(a) ◦K =

∞∑
j=1

aj(uj ◦K), a = (aj) ∈ `p,

where the identity between the two expressions follows from the operator quasi-norm convergence of
the series defining S(a).

Compactness of the whole operator series. Since K is compact and every uj is bounded, ujK is
compact. For any M > N , equation (1.8) applied to the vector Kx yields∥∥∥∥∥∥

M∑
j=N+1

ajujKx

∥∥∥∥∥∥
p

p

=

 M∑
j=N+1

|aj |p
 ‖Kx‖pp.

Taking the supremum over the unit ball, we obtain the exact tail operator quasi-norm∥∥∥∥∥∥
M∑

j=N+1

ajujK

∥∥∥∥∥∥ =

 M∑
j=N+1

|aj |p
1/p

‖K‖.

Thus the partial sums form a Cauchy sequence of compact operators. Since K(`p, `p) is closed in
L(`p, `p), their limit SK(a) = S(a)K is compact.

The second exact isometry. Applying (2.3) to y = Kx gives, for every x ∈ `p,

(2.12) ‖SK(a)x‖pp = ‖S(a)(Kx)‖pp = ‖a‖pp‖Kx‖pp.

Consequently,
‖SK(a)x‖p ≤ ‖a‖p‖K‖‖x‖p = ‖a‖p‖x‖p.
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Since Ke1 = e1 and ‖e1‖p = 1, the lower bound is attained at x = e1:

‖SK(a)e1‖p = ‖a‖p‖Ke1‖p = ‖a‖p.

Thus

(2.13) ‖SK(a)‖K(ℓp,ℓp) = ‖a‖p.

Linearity follows immediately from the construction. For a, b ∈ `p,

‖SK(a)− SK(b)‖ = ‖SK(a− b)‖ = ‖a− b‖p.

Therefore, if SK(a(m)) is Cauchy or convergent in K(`p, `p), then (a(m)) is Cauchy in `p, has a limit a,
and SK(a(m)) → SK(a). This proves that SK(`p) is closed and isometric to `p.

One witness for all pairs and all nonzero operators. Fix a 6= 0. By (2.10) and (2.12),

‖SK(a)x(k)‖p = ‖a‖p‖Kx(k)‖p ≥ ‖a‖p > 0 (k ≥ 1).

The sequence (x(k)) is weakly 1-summable and hence weakly s-summable for all s ≥ 1. Therefore, for
every 1 ≤ s ≤ r < ∞,

∞∑
k=1

‖SK(a)x(k)‖rp ≥ ‖a‖rp
∞∑
k=1

1 = ∞.

The same sequence works simultaneously for every admissible pair, with no dependence on a except
through the positive factor ‖a‖p. Moreover, K is injective and has infinite-dimensional range (all its
weights are positive), while S(a) is injective whenever a 6= 0 by (2.3); hence SK(a) = S(a)K has
infinite rank. Finally, the isometry and (1.4) give

dimSK(`p) = c = dimK(`p, `p),

proving maximality. □

Remark 2.9. The logarithmic multiplier in Corollary 2.6 could also be used instead of K in the proof
of Theorem 2.8. Writing SDλ

(a) := S(a) ◦ Dλ for this alternative construction, the exact operator
quasi-norm is ‖SDλ

(a)‖ = ‖a‖p‖Dλ‖. Dividing by the nonzero constant ‖Dλ‖ yields an isometric
embedding. The power-weight choice (2.9) has the advantage that its norm equals 1 and the common
witness can be given by the explicit formula (2.11). The compact examples are operator quasi-norm
limits of finite-rank maps, but this does not imply they are absolutely summing: the summing classes
in question need not be closed for the ambient operator quasi-norm.

Theorem 2.10 (Isomorphic extensions to quasi-Banach ranges). Let 0 < p < 1 and let X be a
quasi-Banach space containing an isomorphic copy of `p. Then

L(`p;X) \
⋃

1≤s≤r<∞
Π(r,s)(`p;X),

and
K(`p, X) \

⋃
1≤s≤r<∞

Π(r,s)(`p;X)
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are c-spaceable in their respective ambient spaces. Both contain closed subspaces isomorphic to `p. If
X is separable, both conclusions are maximal spaceable.

Proof. Let T : `p → X be an isomorphic embedding. By definition, there are constants 0 < c ≤ C < ∞
such that

(2.14) c‖y‖p ≤ ‖Ty‖X ≤ C‖y‖p (y ∈ `p).

Let S(a) be the operator from (2.2) and K the compact diagonal operator in (2.9). Define

Φ(a) = T ◦ S(a) ∈ L(`p;X), Ψ(a) = T ◦ S(a) ◦K ∈ K(`p, X).

Both maps are linear in a, and Ψ(a) is compact because K is compact and the remaining factors are
bounded.

Uniform convergence and two-sided operator bounds. For the bounded family, the partial sums
ΦN (a) =

∑N
j=1 ajTuj converge in the operator quasi-norm because

‖ΦM (a)− ΦN (a)‖ ≤ C

 M∑
j=N+1

|aj |p
1/p

.

Similarly, ΨN (a) =
∑N

j=1 ajTujK converge in the operator quasi-norm and are compact. Most im-
portantly, the inequalities (2.14) are applied to the entire vector S(a)x before any attempt to estimate
individual summands. From (2.3) we obtain

c‖a‖p‖x‖p ≤ ‖T (S(a)x)‖X ≤ C‖a‖p‖x‖p.

Taking the supremum over ‖x‖p ≤ 1 and evaluating at x = e1, we get

(2.15) c‖a‖p ≤ ‖Φ(a)‖ ≤ C‖a‖p.

Applying the same argument to S(a)(Kx), we find

c‖a‖p‖Kx‖p ≤ ‖T (S(a)(Kx))‖X ≤ C‖a‖p‖Kx‖p.

Because ‖K‖ = 1 and Ke1 = e1, taking the supremum and testing at e1 gives

(2.16) c‖a‖p ≤ ‖Ψ(a)‖ ≤ C‖a‖p.

These are the correct estimates in arbitrary X: no assumption is made that T preserves coordinate
supports or the exact p-norm equality.

Closedness. If Φ(a(m)) converges in L(`p;X), it is Cauchy; the lower bound in (2.15) applied to
differences gives

‖a(m) − a(n)‖p ≤ c−1‖Φ(a(m))− Φ(a(n))‖.

Thus (a(m)) is Cauchy in `p, and its limit a satisfies Φ(a(m)) → Φ(a) by the upper bound. The range
of Φ is closed. Repeating this with (2.16) proves the range of Ψ is closed in K(`p, X). Both are
topologically isomorphic to `p, because the two-sided inequalities also imply injectivity and bounded
inverses on their ranges.
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Simultaneous non-summability. Use the common witness (x(k)) of Lemma 2.7. Since ‖K‖ = 1 and
‖Kx(k)‖p ≥ 1, one has ‖x(k)‖p ≥ 1. If a 6= 0, then

‖Φ(a)x(k)‖X ≥ c‖S(a)x(k)‖p = c‖a‖p‖x(k)‖p ≥ c‖a‖p,

‖Ψ(a)x(k)‖X ≥ c‖S(a)(Kx(k))‖p = c‖a‖p‖Kx(k)‖p ≥ c‖a‖p.

Since the sequence is weakly s-summable for every s ≥ 1, the lower bounds yield divergence of the
sums of the rth powers for every finite r ≥ 1. Thus all nonzero operators in both closed ranges belong
to the asserted complements, simultaneously for all pairs.

Dimension and maximality. Each range has Hamel dimension c. If X is separable, then |X| ≤ c. An
operator in L(`p;X) is determined by its action on the countable set (en), so

|L(`p;X)| ≤ |X|ℵ0 ≤ cℵ0 = c.

Both ambient operator spaces contain the constructed c-dimensional subspaces and therefore have
Hamel dimension exactly c. This establishes maximality when X is separable. □

Remark 2.11. The separability hypothesis in the maximality assertion cannot be omitted without
further information on the dimension of X. Indeed, if Γ is an index set with |Γ| > c and X = `p(Γ),
then X contains a copy of `p, but its Hamel dimension exceeds c. The injection

X −→ K(`p, X), z 7−→ (x 7→ x1z)

shows that both ambient operator spaces have dimension greater than c. The theorem accordingly
asserts c-spaceability for all such X, and maximal spaceability when the dimension is known to be c.
The norm estimates (2.15)–(2.16) also resolve the subtlety raised by arbitrary quasi-Banach codomains:
it would be incorrect to infer closedness only from coordinatewise convergence of coefficients, or to use
support disjointness after applying T .

Remark 2.12. For each admissible pair, every finite-rank operator A : `p → X is (r, s)-absolutely
summing: writing Ax =

∑N
i=1 fi(x)yi with continuous fi ∈ (`p)

′, a weakly s-summable sequence
has each scalar image (fi(x

(k)))k ∈ `s ⊆ `r, and a finite-dimensional quasi-norm estimate gives∑
k ‖Ax(k)‖rX < ∞. Thus the compact operators in our constructed subspace cannot have finite rank.

They are nevertheless uniform operator quasi-norm limits of finite-rank operators, which explains why
compactness alone does not force absolute summability here.
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