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BEST PROXIMITY POINT RESULTS FOR GENERALIZED MULTIVALUED
GERAGHTY-TYPE F-CONTRACTION

P. LO'LO’, M. R. HEIDARI TAVANI* AND M. SHAMSIZADEH

ABSTRACT. In this work, we define the concept of generalized multivalued F-contraction for two
multivalued non-self-mappings and we prove the existence of a common best proximity point for such
multivalued non-self-mappings in complete metric spaces. Then, we provide some interesting results
and examples to illustrate our main theorem. We generalize the concept of Geraghty contraction and
define generalized multivalued Geraghty-type F-contraction. Finally, as a result of the main theorem,
we prove that if a pair of multivalued non-self-mappings apply in such a contraction, then they will

have a common best proximity point.

1. Introduction

Let S be a non-empty subset of a metric space (X,d), and let £ : S — X be a mapping. A point
s € § is called a fixed point of K if s = s, equivalently, (s, Cs) = 0. When the fixed point equation
Ks = s admits no solution, we have d(s,Ks) > 0 for all s € S. In this case, the natural goal is to find
an element s € S that minimizes the distance (s, Cs) in some meaningful sense. This direction of
research is precisely the focus of best approximation theory and the theory of best proximity points.
The following classical best approximation theorem, due to Ky Fan [11], serves as a foundational result

in this area.
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Theorem 1.1 ([11]). Let S be a non-empty compact convex subset of a normed linear space X, and

let K:S8 — X be a continuous mapping. Then there exists s € S such that
IIs — Ks|| = dist(Ks,S) := inf{||[Ks — s*|| : s € S}.

Such a point s is called a best approximation point of K in S.
It should be noted that if s € S is a best approximation of a mapping K : § — X, then the quantity
||s — Ks|| need not attain the global optimum. Best proximity point theorems are precisely designed

to provide sufficient conditions under which the minimization problem
min [|s — Ks||
seES

admits at least one solution. To establish a concrete lower bound, consider two non-empty subsets
S, T of a metric space (X,d) and a non-self-mapping K : S — 7. The natural question is whether
there exists an element sg € S such that
d(s0,Ksp) = mind(s, Ks).
seS

Since for every s € S, we have §(s, Ks) > §(S,T), where
5(S,T) :=inf{é(s,t) : s €S, t €T},

the optimal solution to the minimization problem over the domain § is precisely the one for which
the lower bound 4(S,T) is achieved.

Definition 1.2. Let S and 7 be non-empty subsets of a metric space (X,0) and let £ : S — T be a
non-self-mapping. A point s € S is called a best proximity point of S if §(s,Ss) = §(S,T).

Observe that when §(S,7) = 0, a best proximity point coincides with a fixed point of K, thereby
generalizing the classical fixed point theory to the non-self-mapping.
Nadler [28] introduced a Hausdorff-type notion based on the distance between two arbitrary sets, and
thereby extended the Banach fixed point theorem from singlevalued maps to multivalued contractive
maps. Prior to presenting this fundamental result, we first establish some basic notation.
Let (X, ) be a complete metric space and let CB(X') defines the category of all non-empty closed and
bounded subsets of the non-empty set X'. For S, 7 € CB(X), the map H : CB(X) x CB(X) — [0, c0)
denote by

H(S,T) = max{sup A(¢,S),sup A(s, T)}
teT seS

where A(s,T) = infie7 (s, t), is a metric on CB(&X'). H is called the Hausdorff metric induced by 4.
It is well Known that (CB(X'),H) is a complete metric space, whenever (X, J) is a complete metric

space.

Remark 1.3. Let K : X — CB(Y) be a multivalued mapping, where (X,0), (), p) are two metric
spaces and H is the Hausdorff metric on CB()). The mapping K is continuous with respect to the
Hausdorff metric H at © € X if §(zp,x) — 0 in X, then H(Kzy, Kx) — 0 as n — oo.
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Let S and T be any two non-empty subsets of the metric space (X, J). The following concepts will

be used in all over of the paper:
5(S,T) :=inf{é(s,t): s € S,t € T},
Sop:={se€8:0(s,t) = (S, T) for some t € T},
To:={teT:0(s,t) =05(S,T) for some s € S}.
For S, T € CB(X), it is obvious that
§(S,T) <H(S,T).

Definition 1.4. Let £,R : S — CB(T) be two multivalued functions. An element s € S is said to
be a common best proximity point of K and R if A(s,s) = A(s,Rs) =0(S,T).

If S =T, then s € Ks N Rs, since A(s,Ks*) =0, if and only if s € Ks* for all s,s* € S. Then, we
say that s is a common fixed point of I, R : § — CB(S).

Important best proximity point theorems for singlevalued and multivalued mappings can be found

il’l[,, 9 9 9 9 9 9 9 a ) ]

In [30], Sankar Raj introduced one of the basic concepts for proving the best proximity point theorems.

Definition 1.5 ([30]). Let S and T be two non-empty subsets of a metric space (X, d) with Sy # 0.
The pair (S,7) is said to have the P-property if for any s1,s2 € Sp and t1,t2 € Tp

(5(81,t1) = 5(8,T) = 5(82,t2) - (5(81,82) = (5(t1,t2)
The following important lemmas are used in proving the main theorems of this paper.

Lemma 1.6 ([7]). Let S, 7 € CB(X). Then
i) A(s,T) <d(s,t) forallt € T and s € X;
ii) A(s,7) <H(S,T) foralls € S.

<
<
Lemma 1.7 ([28]). Let S, T € CB(X) and let s € S. For all p > 0, then there exists t € T such that
d(s,t) <H(S,T)+ p.
On the other hand, we may not be able to find t € T such that
5(s,t) <H(S,T)
Moreover, when T is compact, there exists t € X such that d(s,t) < H(S,T).

Wardowski gave the following definition of F-contraction, see [31].

Definition 1.8 ([31]). Let F : (0,4+00) — (—00,400) be given mapping such that:

(F1) F is strictly increasing, i.e
s<t= F(s) < F(t) Vs, t € (0,00),
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(F2) For each sequence {s;, }nen of positive numbers

lim s, =0 <= lim F(s,) = —o0,

(F3) There exists a € (0,1) such that lim+ s“F(s) = 0.
5—0

Suppose F defines the set of all such mapping F. IF (X, 0) is a metric space, then G : X — X is said
to be an F-contraction, if for all s,t € X there exists n > 0 and F € F such that

0(Gs,Gt) >0 = n+ F(6(Fs,Gt)) < F((s,1)).

Lo'lo’ et al. [21] extended the F-contraction for four mappings and proved the common best prox-
imity point theorem for four non-self-mappings in complete metric space.

In [6], Altun et al. introduced the concept of multivalued F-contraction.

Definition 1.9 ([6]). Let (X, ) be a metric space. A multivalued function K : X — CB(X) is said
to be a multivalued F-contraction if there exist n > 0 and F € F such that

for all s,t € X with Ks # Kt = n+ F(H(Ks, Kt)) < F((s,t)).

Subsequently, Acar et al. [1] introduced the concept of generalized multivalued F-contraction map-
pings and presented a fixed point result that constitutes a genuine generalization of several well-known

multivalued fixed point theorems, including Nadler’s theorem.

Definition 1.10 ([!]). Let (X,d) be a metric space and K : X — CB(X) be a mapping. Then K is

said to be a generalized multivalued F-contraction if there exists n > 0 and F € F such that
for all s,t € X with Ks # Kt = n + F(H(Ks, Kt)) < F(M(s,t)).
where
1
M(s,1) = mmax {8(s, 1), A(s, K), At K1), 5 [A (s, Kt) + AL, Ks)]}

Then, Debnath et al. [11] generalized the multivalued F-contraction for two functions as follows.

Definition 1.11 ([11]). Let (X,0) be a metric space. The pair of multivalued functions ,R : X —
CB(X) is said to be a multivalued F-contraction if there exist n > 0 and F € F such that

for all s,t € X with Ks # Rt = n+ F(H(Ks, Rt)) < F(d(s,t)).
Geraghty [18] introduced the concepts of a Geraghty function and a Geraghty contraction as follows.

Definition 1.12 ([18]). A function v : [0, 00) — [0,1) is called a Geraghty function, if li_>m v(pn) =1
n—oo
implies lim p, = 0.
n—oo

Clearly v(p) = e~ 2P for t > 0 and (0) € [0,1) is a Geraghty function.

Definition 1.13. Let (X,§) be a metric space and G : X — X be a self-map. If there exists a
Geraghty function v such that

6(Gs,Gt) < ~(0(s,1))d(s, 1),
for all s,t € X, then G is called a Geraghty contraction.
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Many researchers generalized the Geraghty contraction and proved the fixed point theorems, see
2,3,8,9,15].
In this article, we introduce the notions of generalized multivalued JF-contraction and generalized
multivalued Geraghty-type JF-contraction for pairs of multivalued non-self-mappings. Building on
these concepts, we establish several new common best proximity point theorems that not only unify
many known results in the literature but also provide significant generalizations within the setting of

complete metric spaces.

2. Main result

Definition 2.1. Let S and 7 be two non-empty subsets of a metric space (X, ). The pair of mappings
K,R:S — CB(T) is said to be a generalized multivalued F-contraction pair if there exist n > 0 and
F € F such that

for all s,t € S with Ks # Rt = 1+ F(H(Ks, Rt)) < F(Q(s, 1)),

and

A(s, Rt) + A(t,Ks) 5

Q(s,t) = max{0(s,t), A(s,Ks) — 6(S,T), A(t, Rt) — 6(S,T) 5

(S,7)}.

Note that while some individual terms in €(s,t), such as A(s, Ks) — (S, T ), may be negative, the
maximum operator guarantees that (s,t) > 0, as d(s,t) > 0 is always included. This ensures that

the expression is well-defined for the function F.

Theorem 2.2. Let S and T be non-empty closed subsets of a complete metric space (X,0) with
So # 0. Let the multivalued mappings K, R : S — CB(T) satisfy the following conditions:

i) the pair {S, T} has the P-property;
ii) K and R satisfy the generalized multivalued F-contraction;
iii) Ks C 7o and Rs C Ty for all s € Sy;
iv) Ks and Rs are compact for all s € S;
v) K and R are continuous with respect to the Hausdorff metric H on CB(T).

Then K and R have a common best proximity point.
Proof. Let sqg € Sy and choose tg € Ksg C To. Then there exists s; € Sy such that
(2.1) d(s1,t0) = (S, 7).
If tg € Ks1 N Rsq, then
(S, T) < A(s1,Ks1) < d(s1,t0) = 6(S,T), since t, € Ksq,

(S, T) < A(s1,Rs1) < d(s1,t0) =0(S,T), since t, € Rsy.

Therefore 6(S,T) = A(s1,Ks1) = A(s1,Rs1), then s; is a best proximity point of K and R. Thus,
assume that ¢y ¢ Ksp N Rsy.
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Let to ¢ Rsy. Since Rs; is compact, Lemma 1.7, there exists t; € Rs; C 7g such that
(2.2) 0 < d(to, t1) < H(Ksp, Rs1).
Since F is strictly increasing, by (2.2), we have
F((to,t1)) < F(H(Ksp,Rs1))
F

(2.3) (€2(s0, 1)) = n,

IN

and also, there exists so € Sy such that
(2.4) 6(s2,t1) = 0(S, 7).
Since s1, 82 € Sg and tg,t1 € Tp, and the pair (S, T) has the P-property, from (2.1) and (2.4) we obtain
(2.5) d(s1,82) = d(to, t1).
By (2.3) and (2.5) we have
F(0(s1,82)) < F(d(to, t1)) < F(Qs0,51)) —n.

Using the triangle inequality of §, the facts that ¢y € Ksg and ¢; € Rsy, the identities 6(s1,t0) =
0(s2,t1) = (S, T), from (2.1) and (2.4), and (2.5) we can bound the terms of (s, s1) as follows:

Q(s0,51) = max{d(so,s1), Also, Kso) — (S, T), Als1, Rs1) — 6(S,T), Aso, Rs1) ; Als1, Kso)

0(s0,t1) +(s1,t0) _ &
’ 2

(S, 7)}

IN

max{5(30, 81), 5(80,t0) - 5(8, T), 5(81,t1) — 5(8, T)

max{5(30, 51), 6(50, 51) + 5(31,t0) — 5(S,T),6(51,t0) + 5(t0,t1) — 5(8,T),
5(5 ,Sl) + 5(81,52) + d(SQ,tl) + 6(51775 )

2 5 58, 7))
max{d (s, 1),9(s0,81) +0(S,T) — (S, 7),0(S,T) + d(s1,82) — (S, T),
5(80,81) + 5(81,82)2+ 5(5,7-) —+ 6(8,7-) . (S(S’T)}
< max{d(so, $1),0(s1,52)}.

(S, 7)}

IN

IN

Then Q(sg, s1) < max{d(so, s1),0(s1,52)}. If 6(s0,51) < d(s1,52), then we have
F(0(s1,82)) < F(0(to, 1)) < F(8(s1,82)) — n,

therefor n < 0, which is a contradiction. Then §(s1, s2) < d(so, $1), or Q(sp,s1) < d(so, 1), and we

have
(2.6) ,F(&(Sl, 82)) S .F((S(to,tl)) S .F((S(S(), 81)) —n.

If t1 € Ksy N Rsa, in the same way as above, we can show that sg is the best proximity point of I
and R.

Thus, assume that ¢; ¢ sy N Rsa. Let t; ¢ Ksy. Since Ksg is compact, Lemma 1.7, there exists
to € Kso C T such that

(27) 0< 5(t1,t2) < H(,CSQ,RS]_).

DOL https://dx.doi.org/10.30504/jims.2026.575408. 1323


https://dx.doi.org/10.30504/jims.2026.575408.1323

J. Iran. Math. Soc. 7 (2026), no. 2, 155-166 P. Lo'lo’, M. R. Heidari Tavani and M. Shamsizadeh 161

Since F is strictly increasing, by (2.7), we have

T
(2.8) < F(Q(s2,51)) =,
and also, there exists s3 € Sy such that
(2.9) d(s3,t2) = (S, T).
Since s2, s3 € Sp and t1,t2 € Tp, and the pair (S, T') has the P-property, from (2.4) and (2.9) we obtain
(2.10) d(s2,s3) = d(t1,t2).
By (2.8) and (2.10) we have
F(8(s2,53)) < F(6(t1,t2)) < F(Q(s2,51)) =1,

Using the triangle inequality of J, the facts that to € Ksy and ¢; € Rsy, the identities §(s1,t9) =
0(s2,t1) = d(s3,t2) = 6(S,T), from (2.1) and (2.4) and (2.9), and (2.5) we can bound the terms of

Q(s1, s2) as follows:

Q(s2,51) = max{d(ss, 1), A(sa, Kso) — 8(S,T), Als1, Rs1) — 8(S, T), As2,Rs1) ; Alsy, Kso)

masx{0(sz, 1), 8(s2, £2) — (S, T), 8(s1, 1) — 8(8, T), 2210 ; Onts)
max{é(sz, 81), 5(82, 53) + 5(83,t2) — 5(S,T),(5(51,t0) + 5(t0,t1) — (5(8,T),
d(s2,t1) + 0(s1,82) + d(s2,s3) + (s3,t2)

5 : 2258, T}
max{d(sz2,51),d(s2,83) +0(S,T)— (S, 7),5(S,T)+ d(s1,82) — (S, T),
(S, T)+ d(s1,82) +0(s2,83) + (S, T)

: 2 —8(8,7)}
< max{d(s1, $2),0(s2,53)}.

(87}

IN

(87}

IN

IN

Then Q(s2, s1) < max{d(s1,s2),(s2,53)}. If (s1,52) < I(s2,s3), then we have
F(0(s2,83)) < F(0(t1,12)) < F(d(s2,83)) — m,

therefor n < 0, which is a contradiction.
Then 6(s2,s3) < d(s1,s2), or (s2,s1) < d(s1,52), and we have, by (2.6)

]:(5(52,83)) S .F((;(tl,tg)) S f(6(81,52)) —n S ]:((5(50,81)) - 27’]‘

In general, for all n in N, there exists two sequence {S,} C Sp and {t,,} C 7o such that

(A1) ton € Ksap and ton+1 € RSop41;

(A2) 8(snt1,tn) = 6(S,T);

(A3) 3(snsSn+1) = 6(tn—1,1n);

(Aq) F(0(sn,sn+41)) < F(0(tn—1,tn)) < F(d(s0,51)) — nm,
for all n € NU {0}.

o
o
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Put 3, := d(sp, Spt+1) for alln =0,1,2,---

By (A4), we conclude that
lim F(5,) = —oc.
n—oo

From (F2) we have

(2.11) lim 3, = 0.
n—oo

Also from (F3), there exists o € (0, 1) such that

(2.12) lim 57 F () = 0.

On the other hand, using (A4)
F(Bn) = F(Bo) < —nn,
then we have
B F(Bn) — BrF (o) < —nfyn < 0.
If n — oo in the above inequality by (2.11) and (2.12), we conclude that

lim ng, = 0.
n—oo
So there exists A € N such that n8% <1 for all n > N, i.e, for all n > N
1
Bn < —.
na

Therefore, we conclude that the series Y .-, §; is convergent, so, for all € > 0 there exists N € N such
that for all m,n € N with m > n > N we have

(2.13) i Bi <e.

By the triangular inequality and (2.13)

i=m—1

5(5ma3n) < 5(5m 175m) + ...+ 5 3n35n+1 Z 6@ <e.

Then {s,} is a Cauchy sequence in Sy C S. Since S is a closed subset of the complete metric space
(X,9), then there exists some s € S such that lim s, = s. Since K and R are continuous with respect
n—o0

to the Hausdorff metric H, therefore

(2.14) 1i_>rn H(Ksyn,Ks) =0,
and
(2.15) li_}In H(Rsn, Rs) = 0.

Using (A4), the same as above, we can prove that {t,} is a Cauchy sequence in 7. Since 7 is a closed
subset of the complete metric space (X, ¢), there exists t € 7 such that lim ¢, =t.

n—oo
Using (Ag) we have

(2.16) lim (spi1,tn) = 0(s,t) =06(S,T).

n—oo
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Now, we show that ¢ € s N Rs.
Using to, € Ksop, and (2.14), we have

lim A(ta,, Ks) < lim H(Ksap,, Ks) =0,

n—oo n—o0

then A(t,Ks) = 0. Therefore t € Ks, since Ks is closed.

Again, since to,+1 € Rsop+1 and (2.15) we have
lim A(topt1, Rs) < lim H(Rsont1,Rs) =0,
n—oo n—oo

then A(t,Rs) = 0. Therefore ¢t € Rs, since Rs is closed.
We conclude that

(2.17) t e KsNRs.
Now, by (2.16) and (2.17), we have
0(S,T) < A(s,Ks) <d(s,t) <(S,T) = A(s,Ks) =9(5,T),

and
(S, T) < A(s,Rs) < d(s,t) <6(S,T) = A(s,Rs) = 46(5,T),
therefore
A(s,Ks) = A(s,Rs) = 6(S,T).

Then s is a common best proximity point of the mappings K and R.

The following fixed point result is an immediate consequence of Theorem 2.2 with S =7 = X.

Corollary 2.3. Let (X,d) be a complete metric space, and Let K, R : X — CB(X) be multivalued
mappings satisfy the following conditions:

i) There exist n > 0 and F € F such that for all s,t € X with Ks # Rt.

A(s, Rt) + A(t, Ks)

n+ F(H(KLs, Rt)) < F(max{d(s,t),A(s, Ls), A(t, Rt), 5

})7

ii) Ks and Rs are compact for all s € X;
iii) K and R are continuous with respect to the Hausdorff metric H on CB(X).

Then there exists an element s in X such that
A(s,Ks) = A(s,Rs) = 0.
That is, s is a common fixed point of K and R.

The following result is a special case of Theorem 2.2 when K and R are singlevalued non-self-

mappings. Also, it is a special result of Theorem 2.1 in [21].

Corollary 2.4. Let § and T be two non-empty closed subsets of a complete metric space (X,0) with
So# 0 and let K, R : S — T be non-self-mappings satisfy the following conditions:
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i) There exist n > 0 and F € F such that for all s,t € S with Ks # Rt.

n+ F(6(Ks,Rt)) <

d(s,Rt) +6(t,Ks)
2

F(max{d(s,t),d(s,Ks),d(t, Rt), 138

ii) the pair {S, T} has the P-property;

iii) K(So) € To and R(So) C To;

iv) K and R are continuous.
Then there exists an element s in S such that §(s,Ks) = d(s, Ts) = 0(S,T). That is, s is a common
best proximity point of IC and R.

Example 2.5. Let X = R? and § be the Euclidean metric. Let S = {(—1,0),(-1,3),(-1,6),(=1,9)}
and T = {(0,-1),(0,2),(0,5),(0,8)}. Then 6(S,T) = V2, So =S and To = T. Clearly, (S,T)
satisfies the P-property.

The multivalued functions K, R : S — CB(T) are defined by

- {(0a8)7(075)}7 ifs= (_170)7 an s =
K= { (0,8), otherwise. I Rs=10.8)}

We can easily prove
H(KCs, RE) < %[A(s, Ks) — 8(S,T)]
for all s,t € S with Ks # Rt, therefore H(Ks, Rt) < %Q(s,t) for all s,t € § with Ks # Rt.

Clearly K and R are generalized multivalued F-contraction with n = ln(%) and F : (0,00) = (—00,00),
F(t) = Int. Therefore, all hypotheses of Theorem 2.2 are satisfied and (—1,9) is common best proximity
point of K and R, that is A((—1,9),K(—1,9)) = A((—1,9),R(—1,9)) =2 =6(S, 7).

In the following, we generalize the concept of multivalued Geraghty-type F-contraction from Deb-

nath [10].

Definition 2.6. Let S and 7 be non-empty closed subsets of a complete metric space (X,0). A pair
of mappings K, R : S — CB(T) is called a generalized multivalued Geraghty-type F-contraction pair
if there exist a Geraghty function v, a constant > 0, and F € F such that

(2.18) for all s,t € S with Ks # Rt = n+ F(H(Ks, Rt)) < v(d(s,t))F(Q(s,1)).

Theorem 2.7. Let S and T be non-empty closed subsets of a complete metric space (X,0) with
So # 0. Let the multivalued mappings K, R : S — CB(T) satisfy the following conditions:

i) the pair {S, T} has the P-property;

ii) IC and R satisfy the generalized multivalued Geraghty-type F-contraction;

)
iii) Ks C Ty and Rs C Ty for all s € Sy;
iv) Ks and Rs are compact for all s € S;
v) K and R are continuous with respect to the Hausdorff metric H on CB(T).

Then KC and R have a common best proximity point.
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Proof. We know (p) € [0,1) for all p € [0,00), then, using (2.18), we get

forall s,t € S with Ks # Rt = n+ F(H(Ks, Rt)) < F((s, t)).

Therefore, I and R is an generalized multivalued F-contraction, and therefore, from Theorem 2.2 it

follows that K and R have a common best proximity point. O
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