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ON Z,-CONVERGENCE OF COMPLEX UNCERTAIN DOUBLE SEQUENCES

A. HALDER AND S. DEBNATH*

ABSTRACT. In the context of the uncertainty theory of Liu, we extend the notion of Z-convergence
of complex uncertain sequences for a single sequence to that of Zs-convergence for double sequences.
We compare (uniformly) almost surely Z,-convergence with convergence in measure, in mean, and in

distribution. In each case, we either show a deductive relation or provide a counterexample.

1. Introduction

Uncertainty theory of Liu [18] discusses circumstances of unavailability of samples and uncertainty
in which conventional statistical methods are inadequate. Liu investigates how an uncertainty theory
based on the degree of confidence could replace probability theory, which is based on the frequency of
events. As in classical probability theory, several types of convergence for uncertain sequences exist,
such as convergence in measure, convergence in mean, convergence in distribution, and almost sure
convergence. Later, You [25] added uniformly almost sure convergence to this list. Peng [21] extended
the theory from real to complex uncertain variables, and Chen et al. [1] investigated the convergence
of complex uncertain sequences.

On the other hand, the characteristics of various types of sequence convergences significantly in-
fluence the field of mathematical analysis. Statistical convergence, an extension of the usual idea of
convergence for single sequence. An important generalization of this concept, called ‘Z-convergence’,
was introduced by Kostyrko et al. [17] based on the concept of ideal(Z) which is defined as follows:
Let X be a non-empty set. A family of subsets Z C P(X) is called an ideal on X if and only if
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(i) for each A, B€eI = AUB¢€TI;
(ii) foreach A€ Zand BC A = BeT.

An ideal 7 is called non-trivial if Z # {¢} and X ¢ Z.

A non-trivial ideal 7 is called an admissible ideal in X if and only if {{z}:2 € X} C T.

For example (i) Z/ := The set of all finite subsets of N forms a non-trivial admissible ideal.

(ii) Z¢ := The set of all subsets of N whose natural density is zero forms a non-trivial admissible ideal.
The concept of statistical convergence for single sequence was further extended to statistical con-

vergence in double sequences explored independently by Mursaleen and Edely [20], Tripathy [24] in

the year 2003 based on the notion of two-dimensional analogue of natural density.

Let K C N x N be a two dimensional set of positive integers and let K (n, m) be the numbers of (i, j)

in K such that i < n,j < m. If the sequence (M

nm )n,mGN
say that K has double natural density and is denoted by

has a limit in Pringsheim’s sense then we

do(K) = lim M
oo LM

In these airticle, the authors also introduced the notion of statistical convergence of double sequences.
A double sequence (wmn)m,nEN of real numbers is said to be statistically convergent to ¢ € R if for

every € > 0,
da (A(e)) =0, where A(g) = {(m,n) € NXN: |2y, — €] > }.

Then this study further studied by Sahiner et al. [22] and Méricz [19]. Dems [3] introduced the
notion of Zs-convergence of double sequences based on the notion of two-dimensional analogue of
idel(Z2). A nontrivial ideal Zo of N x N is called strongly admissible (also admissible ideal) when
{z} x N and N x {z} belongs to Zy for each = € N.

Let I8 = {BCNx N: (I3m(B) € N),(i,5 > m(B) = (i,5) ¢ B)}. Then I3 is a nontrivial strongly
admissible ideal and clearly an ideal Z; is strongly admissible if and only if Z§ C Zs.
The authors also defined the concept Zs-convergent, A double sequence (xmn)m,neN of real numbers

is said to be Zo-convergent to £ € R if for every € > 0,
{(m,n) e NX N : |z, — ¥l >c} € T.

In uncertainty theory, the notion of statistical convergence of complex uncertain sequences was
introduced by Tripathy et al. [23] and further studied by several authors [6,7,11-15]. Das et al. [2]
introduced the notion of statistical convergence for complex uncertain double sequences; see also
[ D ]

In this article, we extend the notion of Z-convergence of complex uncertain sequences from single
sequences to that of Zs-convergence for double sequences. We define the notions of (uniformly) almost
sure Zo-convergence, as well as Zs-convergence in measure, in mean, and in distribution, and study
the relationships among them. In each case, we either establish a deductive relationship or rule it out

by providing a counterexample.
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2. Definitions and Preliminaries

To develop the notion of Zs-convergence of complex uncertain double sequence, we first recall some
basic definitions from uncertainty theory. In uncertainty theory, Liu [18] introduced the notion of
uncertain measure which is defined as follows: Let £ be a o-algebra on a nonempty set I'. A set
function M on I' is called an uncertain measure if it satisfies the following axioms:

Axiom 1 (Normality): M{I'} = 1;
Axiom 2 (Duality): M{A} + M{A°} =1 for any A € L;
Axiom 3 (Subadditivity): For every countable sequence of {A;} € £,

M{ A<D M)
j=1 j=1

The triplet (I', £, M) is called an uncertainty space, and each element A in £ is called an event. To

obtain an uncertain measure of compound event, a product uncertain measure is defined by Liu as:
oo oo
M{T Ak} = A M{A).
k=1 k=1

An uncertain measure M is called continuous if for any sequence of events A, with & — oo, we have
M {klggo Ak} = kli_)rgoM{Ak}, which is explore by Gao [10)].

Peng [21] defined the notion of complex uncertain variables in the year 2012. A variable ¢ = £ + in
from an uncertainty space (I', £, M) to the set of complex numbers is a complex uncertain variable
if and only if £ and n are uncertain variables, where £ and n are the real and imaginary parts of (,
respectively. Peng also introduced various types of definitions, out of which we have included some
definitions here which will be used throughout the article.

Let ¢ = £ 4 in be a complex uncertain variable, where & and 7 are real and imaginary part of (,
respectively. Then the complex uncertainty distribution of ¢ is a function from C to [0, 1] defined by
D(z2) = M{¢ < s,m < t} for any complex number z = s + it.

Let ¢ = £+ in be a complex uncertain variable. If the expected value of £ and 7 i.e., E[¢] and E|[n]
exists, then the expected value of ( is defined by

E[¢] = E[§] +iEn].

Recently, Halder et al. [11] introduced the notion of various types of Z-convergence of complex
uncertain sequences such as

A complex uncertain sequence ((,) is said to be Z-convergent almost surely to , if for every € > 0,
there exists an event A with M{A} = 1 such that

{neN:{|Gu(y) =CONI = e} € Z, for every vy € A.

A complex uncertain sequence ((,) is said to be

(i) Z-convergent in measure to ( if for every ,0 > 0

{neN:M([|Gn—(ll =) >0} €T
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(ii) Z-convergent in mean to ( if for every ¢ > 0,
{neN:E[|¢G— (]l et T
(iii) Z-convergent in distribution to ( if for every € > 0,
{neN:||P,(2) —P(2)|| >} €T

for all z at which ®(z) is continuous, where ®, ®1, @5, ... be the complex uncertainty distributions of
complex uncertain variables (, (1, (2, ..., respectively.
A complex uncertain sequence ((,) is said to be Z-convergent uniformly almost surely to ¢, if for

every &,d > 0, there exists a sequence of events (A,,),
{neN: | M(A,)| >t el

such that {n € N: ||(o(7) = ((7)]| > 0} € T for all v € I' N\ A,,.

Ts-convergent almost surely of complex uncertain double sequence first explore by Kisi and Giirdal
in the year 2023 which is defined as follows:
A complex uncertain double sequence ((,y,) is said to be Zy-convergent almost surely to ¢, if for every
e > 0, there exists an event A with M{A} = 1 such that

{(m,n) e NXN: ||Gnn(v) = C(V)|| =€} € Io for every v € A.

Throughout the paper, we consider Zs to be a non-trivial admissible ideal of N x N.

3. Main Results

In this section, we introduce various modes of Zs-convergence of complex uncertain double sequences.
These concepts extend classical convergence notions to the framework of uncertainty theory under
the ideal Zo and play a crucial role in understanding the interrelationships among different types of

convergence.

Definition 3.1. Let (¢nn) be a complex uncertain double sequence and let  be a complex uncertain

variable defined on an uncertainty space. Then (Cmn) s said to be

(i) Za-convergent in measure to ¢ if for every e,6 > 0,
{(m,n) e NXN: M([[¢mn — (Il = €) > 6} € Io.
(ii) Zy-convergent in mean to ¢ if for every e > 0,
{(m,n) ENXN: E |G —Cl) > £} € T,
(iii) Zy-convergent in distribution to ¢ if for every e > 0,
{(m,n) e NXN: || ®p(2) — P(2)|| > e} € Ly

for all z at which ®(z) is continuous, where @y, ® be the complex uncertainty distributions of complex

uncertain variables (nyn and C, respectively.
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Definition 3.2. A complex uncertain double sequence (Cmn) s said to be Zy-convergent uniformly

almost surely to ¢ if for every ,0 > 0, there exists a sequence of events (Amn),
{(m,n) e Nx N: |M(Apyp)| > €} € Iy,
such that {(m,n) € NX N : [|Gun(y) = C(Y)|| = 6} € Zs for all v € T N A

Theorem 3.3. If a complex uncertain double sequence (Cmy) is Zo-convergent in mean to (, then it

is Ly-convergent in measure to C.

Proof. Let the complex uncertain sequence ((y,) be Zo-convergent in mean to ¢, then for every § > 0,
{(m,n) e NX N: E[||{mn —C||] =6} € To.

Using Markov inequality we can see that for given ¢ > 1, we have

iMﬂmm—mﬂzg}gEﬂm?—cm

Therefore {(m,n) € N x N: M (||Gnn — (|| > €) > 0}
C {(m,n) € NX N E[[Gmn — Cll] 2 6} € T,
Thus {(m,n) € NX N : M (||{n —C|| =€) >} € Ts.

Hence sequence ((ny) is Zo-convergent in measure to (. O

< El¢mn — ¢l -

But the converse is not true in general. For example, we consider the uncertainty space (I', £, M)
to be {v1,72,- -} with power set and M{I'} =1, M{P} =0 and

1 . 1 1
Sup o if sup oo <3
Ym4n €A Ym+n €A
M{A}=q1— sup Ao, if swp Ao <g formn=123.--.
'YernEAC ’ym+n€AC
%, otherwise.

Also we defined the complex uncertain variables ¢, by

i(m-+n), ¢ =
Cmn(’Y) - ( ) f 7 Tt fOT' m,n = 172737"'

0, otherwise
and ¢ = 0. Take Zr=7¢.
Then for every £,0 > 0 and the values of m,n such that (m +n) > 3, we obtain
{(m,n) € Nx N: M([|Gmn — ¢l =€) = 6}
={(m,n) e NXN: M(7: [|Gun(7) = ¢Vl = &) = 6}
= {(m,n) € NXN: M (msn) > 6} = {(m,n) ENxN: ! 25} €D,

m—+n

Therefore sequence the ((py) is Zo-convergent in measure to (.

However, the complex uncertainty distribution of ||(;., — (|| is as follows

0, if s<0
Ppn(s) = l—min, f0<s<m-+n
1, if s >m+n.
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for the values of m,n such that (m +n) > 3.
So for the values of m,n such that (m +n) > 3, we have
{(m,n) €N X N: E [[Gun — ] = 2}
={(m,n) e NXN: [[{7 (1= Ppp(x))ds] >}
:{( )eNxN: [f"””( 1—m+n))ds} }¢12.
Hence the sequence (Cmn) is not Zy-convergent in mean to (.

Theorem 3.4. The complex uncertain double sequence (Cmp) where (mp = Emn +iNmn s Za-convergent
in measure to ¢ = & +in if and only if the uncertain sequence (&mn) and (Nmyn) are Ia-convergent in

measure to & and n, respectively.

Proof. Let the uncertain double sequence (&) and (9, ) are Zo-convergent in measure to & and 7,

respectively, then for every ,6 > 0, we have

{(m,n)eNxN:M(\gmn—g|z\j§> zg}ezg

and{(m,n)eNxN:M(\nmn ) g}EIQ

Note that ”Cmn - CH = \/|€mn - £|2 + |77mn - 7]‘2‘
Thus we have {|Gnn — Il 2 €} € {|gmn — €1 = 5 } U {lnmn 1l = 5}

S0 M {Gmn = Il = et <M Jn — €1 > 55} + M I =1l > 55}
Therefore {(m,n) € N x N: MA{||Gnn — || > &} > 6}
C {(m,n) 6N><N:M<|§mn—§| > %> > g}
U{(m,n) GNXN:M(an—n! > %) > g} € I.
Hence the double sequence ((py) is Zo-convergent in measure to (.

Conversely, let the double sequence ((ny) is Zo-convergent in measure to ¢, then for every €, > 0,
{(m,n) e NX N : M (||¢un — C|| =€) =8} € Ts.

Note that [€mn — & < [(Emn — &) + i(mn — M)| = |Emn + Nmn) — (€ +i0)| = [|Cnn — C||-
Thus we have {|§mn — €] > e} C{||Gm — (]| > €}

So MA[&mn — &l = e} < MA[Gmn — Cl| > €} -
Therefore {(m,n) € Nx N: M (|&nn — & > ) > 6}
C{(m,n) e Nx N: M{||Cnn — || =€} > 6} € I.
Hence {(m,n) € Nx N: M (|&nn — €| > €) > 6} € To.
Similarly {(m,n) € N x N: M (|nmn —n| > ) > 0} € Is.
This completes the proof. O

Proposition 3.5. Assume that a complex uncertain double sequence ((pmyn) with real part (&mn) and
imaginary part (Nmy) are Iz-convergent in measure to § andn, respectively. Then the complex uncertain

double sequence (Cmn) is Za-convergent in distribution to ¢ = & + in.
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Proof. Let z = s+t be a given continuity point of the complex uncertainty distribution ®. Addition-
ally, for any a > s, 8 > t, we have
{émn < 8, Mmn < t}
= {Smn <8 Nmn <, < a,n < /B}U{fmn <8 Mmn < 4,6 > a,m > /8}
U{&mn < 8,1mn < 6,6 < a,n > BHU{&nn < 8, 0mn < ,€ > a,n < B}
C{<an<BYU{l&m =& > a—stU{[nmn —n| > B —t}.
Then from third axiom of uncertain measure, we have

D (2) = Prn(s+it) < P(a+if) + M{|&mn — &l = a— st +MA{|nmn —n| > 5 —t}.

Since (§mn) and (my) are Zo-convergent in measure to £ and 7, respectively, so for any small § > 0,
we have
{(m,n) e NX N : M (|§n —&| > a—s) >0} €Dy
and {(m,n) e Nx N: M (|nmn —n| > —1t) >0} € Is.

Thus we obtain Zy — lim sup ®,,,,(2) < ®(a+ i) for any a > s, 8 > t. Letting a + i — s+ it, we get

m,n—0o0

(3.1) Ty — lim sup @, (2) < ®(2).

m,n—00

Additionally, for any v < s,k < t, we have
{€<vn <k}

= {&mn < 8,0mn < 1,E <Y, < KU {Gmn > 8, 0mn > 1,6 < 7,0 < K}

U{&mn > 8:0mn < 6,6 <9,n < kU {&nn < 8,0mn > £,§ < 7,m < K}

C{&mn < 8, 1mn <t U{[&mn — €l = s =7} U{Inmn — 0| =t — K}
Then from the subadditivity axiom of uncertain measure, we have
O(y +ik) < Prn(s +1t) + M{|§mn — &l = s — v} + M{|Nn — 1| >t — K}
Since (&mn) and (M) are Za-convergent in measure to £ and 7, respectively, so for any small 6 > 0,

we have

{(m,n) e NXN:M(|§, —&| >s—7) >} €Ty
and {(m,n) e Nx N: M (|npmn —n| >t — k) >} € To.

Thus we obtain ®(vy + ik) < liminf ®,,, (s + it) for any v < s,k < t. Letting v + ix — s + it, we get

m,n—00
(3.2) ®(z) <Zp — liminf &, (2).
m,n—oo
It follows from (3.1) and (3.2) that the sequence ((my) is Zo-convergent in distribution to (. O

But the converse is not true in general. For example, we consider the uncertainty space (I, £, M)

to be {71,792} with M (71) = M (v2) = 2. Now a complex uncertain variable can be define as

= [ =
2 foY:’YQ-
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Additionally, we define (y, = —C for m,n = 1,2, --- . Take Zo=Z7¢.

Thus, the sequence ((y,) and ¢ exhibit the same distribution as follows:

0, if s<0,—0c0<t<—+00
0, if s>0,t<—1

D (2) = Prn (s +it) =
s ifs>0,-1<t<1

1, if s>0,t> 1.

SO (Cmn) is Zo-convergent in distribution to (.

Now, for a given €,§ > 0, we have
{(m,n) e NX N: M(||{n — || =€) >0} & Lo.
Thus the sequence ((ny) is not Zs-convergent in measure to (.

Proposition 3.6. A complex uncertain double sequence (Cmp) s

(i) Za-convergent almost surely to ¢ if and only if for every e,d > 0,

) eNxN:M[ () U UJlGmn—Cll =} | =6 €T

k,t=1m=Fk n=t

(ii) Za-convergent uniformly almost surely to ¢ if and only if for every e,6 > 0,

{(k,weNxN:M(U U{||<mn—<||25}) 25}612.

m=k n=t

Proof. (i) Let ({mn) be Zo-convergent almost surely to ¢, then for every e > 0,

{(m,n) e NxN: [[Gun(7) =Ml > €} € Iy,

for every v € A with M {A} = 1.
Also, for every e greater than 0, 3 k, ¢ such that ||(nn — || < € where m > k,n > ¢ and for any v € A,

i.e., equivalent to

(k,t) e NxN: M [j ﬁﬁ“g‘mn—fu<a >1p el

kt=1m=kn=t

It follows from the duality axiom of uncertain measure that

{(k,t>eNxsz<ﬁ ¥ t‘w_w)za}%.

ket=1 m—k n=t
(73) Let (Gnn) be Zo-convergent uniformly almost surely to ¢, then for every ,0 > 0, 3 a sequence of

events (A,y), we have
{(m,n) e NX N: |[M(Apyp)| > e} €1y

therefore{(m,n) € Nx N: ||(mn(v) —C(Y)|| = 6} € I for all y € T\ Apypn-

Then for every small positive value of ¢, there exists k,t > 0 such that ||, — (|| < € where m >

DOIL: https://dx.doi.org/10.30504/jims.2026.573153.1320


https://dx.doi.org/10.30504/jims.2026.573153.1320

J. Iran. Math. Soc. 7 (2026), no. 1, 53-66 A. Halder and S. Debnath 61

k,n>tand for all y € T' \ Ay,
This can be rewritten as |J U {/|¢mn — ¢l = €} C Ay

m=k n=t
By subadditivity property of uncertain measures, we derive the conclusion that:

M ( U U lémn =<l = e}) < M (An) -

m=k n=t

Then for every d > 0, we have

{tnoyenxnane( 0 0 tlom -cl2 ) 23]

C {(m,n) € Nx N: [M(Apn)| > 6} € To.

To prove converse part, let us take for any ¢, > 0,

{(k,t)eNxN:M<U U{Hémn—CHZa}) 26}622,

m=k n=t

ie., {(k,t) eNxN:M< U U {llcmn =<l ze}> <5} €T (Ty).

m=k n=t

Then for given § > 0 and in particular if ¢ = %(g > 1), there exists k; and t, such that
M 0l L] —I>1 9
U U Jlémn—=Cllz5¢ ] <sgs-
m:kjg n:tg

If we take A = U U U {Hgmn—CHE%},then

g=1m=ky n=tq

M(Akt)SZM U U {HCmn_CHE;} <Z£ig:(5-
g=1 g=1

m=k, n=ty
So for every § > 0, we have
{(m,n) € Nx N : | M(Apn)| > 6} € Io.
Furthermore, for every € > 0 and m > kg, n > t, (g9 > 1), we have
{(m,n) e NXN: ||{mn(y) —C(y)|| > €} € I for all v € T' \\ Ay O

Theorem 3.7. If a complex uncertain double sequence ((mn) is Lo-convergent uniformly almost surely

to (, then it is Io-convergent almost surely to (.

Proof. Let (Gnn) is Zo-convergent uniformly almost surely to ¢, then from proposition 3.5, we can say

{(k,weNxN:M(G G{ucmn—cnza}) za}e:@.

m=k n=t

smm(ﬁ U G{ucmn—<\|ze}>savt<8 Gt{ucmn—cuze}),

so we have {(k,t)eNxN:M( ﬁ G Ej{”(mn—CH 25}) 25}

kt=1m=kn=t

c{wn <0 U tlom-clza) 23},

m=k n=t
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Thusweget{(k,t)eNxN:M<ﬁ U E'j{ugmn—guze}) za}ezg.

k,t=1m=Fk n=t
By proposition 3.6, ((mn) is Za-convergent uniformly almost surely to (. O

But the converse is not true in general. For example, we consider the uncertainty space (I', £, M)
to be {71,72, ...} with power set and M{I'} =1, M{®} = 0 and

(m+n)Bmn . (m+n)Bmn
SUP o n)+1° if sup e
Ym+nEA Ym+nEA

_ (m+n)Bmn - (m+n)Bmn 1
M{A}=<1— sup mtn)+1° if sup min)+l <2
Ym+n €A Ym+n €A

1
<3

otherwise,

N[ =

n, if m is odd
where 5, = form=1,23,---.
0, if m is even

Also, the complex uncertain variables are defined by

m+n+ 1), 1 =
Cn () = ( Jis f 4 = Y form,n=1,23,---
0, otherwise
and ¢ = 0. Take Zo=7¢.
For any € > 0 and there exists an event A with M{A} = 1, we have

{(m,n) e NXN:[|Gnn(y) =N = e} = {(m,n) € NXN: [[Gnn (V)] = €} € Ta.

Also for every € > 0, we have

M < U U {7 el: HCmn(V) - C(V)H > 5}) =M ( U U {7m+n}> :

m=kn=t m=k n=t
Then for every ¢ > 0,

{onm enxrviat( G U tverslomm -cmlz ) 2}

m=k n=t

oo o0
= {(m,n) 6NXN:M< U U {’ym+n}) 25} ¢ T.
m=k n=t
Hence the sequence ((ny) is Zo-convergent almost surely to ¢ = 0 but it is not Zy-convergent uniformly

almost surely to ¢ = 0.
Remark. A complex uncertain double sequence ((,,) defined on the continuous uncertainty space is

Ts-convergent uniformly almost surely to ( if it is Zs-convergent almost surely to (.

Proof. Let the complex uncertain double sequence ((,y,) be Zo-convergent almost surely to ¢, then for

every £,0 > 0, we have

() eNxN-M [ () U Ul —Cll =} ] 26 €T

k,t=1 m=kn=t
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Let (p,q) € {(k,t) ENXN:M< U U {ISmn — <]l 26}> 25}, then

M(U U {11¢mn — <l zé}) >
m=pn=q

m=pn=—q

this implies liLn M ( U U {lI&nn =<l > 5}) > hm e=¢
p,q—0 —00

therfore M ( hm U U {||Gmn = ¢|| > 5}) > ¢, since uncertainty space is continuous

X m=pn=q

p,q=1 m=pn=q

som(ﬁ U U {||<mn—<||za}> >e

therfore (p,q) € {(k,t)eNxN:M( ﬁ Ej Ej {11k — <] 25}) ZE}.

kjt=1m=kn=t

thus { () € Nx N3 (§ 0 Uem - <12 0)) 2

m=k n=t

Q{(kat)GNXN¢M< N U Ej{’YEF3HCk—CH25}>25}612-

kt=1m=kn=t
Hence the sequence ((py) is Zo-convergent uniformly almost surely to (. O

Theorem 3.8. If a complex uncertain double sequence ((mn) is Za-convergent uniformly almost surely

to ¢, then it is Is-convergent in measure to C.

Proof. Let the complex uncertain double sequence ((ny,) be Zo-convergent uniformly almost surely to
¢, then for every €, > 0, we have

{(k,t)eNxN:Jvt(fj fj{ygmn—guza}) 25}612.

m=k n=t

Since M A{||¢mn — ¢l =6} <M ( U U {|¢mn — €| > 5}), then for any € > 0,
m=k n=t

{(mun) € Nx N M {[Gn — (| 2 8} > €)
{(kt)eNxN M(u G (¢ — C||25}>25}€I2-

m=k n=t
Thus the sequence ((np) is Zo-convergent in measure to (. O

But the converse is not true in general. For example, we consider the uncertainty space (I', £, M)
to be {71,72, ...} with power set and M{I'} =1, M{®} = 0 and

(m+n)ﬁmn ; (m+n)ﬁmn 1
SUP  S0mtn)+1° if sup Srrgtt < 2
Ym4n€ Ym4n€A
M{A} =4 1- sup Stmanyeis f sup ooy < 3
'7m+neAC 'Ym«l»nEAC
%, otherwise

n, if m=k*>keN
where B, = form=1,2,3,---.
0, otherwise
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Also, the complex uncertain variables are defined by

m+n+1)i, i =
Cmn(Y) = ( Jis i 7= e for myn=1,2,3,---
0, otherwise
and ¢ = 0. Take Zo=T¢.
It can be shown that the sequence ((y) is Zo-convergent in measure to ¢ = 0 but it is not Ze-convergent

uniformly almost surely to { = 0.

Proposition 3.9. Suppose (¢mn) where Cnn = Emn + iNmn be a double sequence of complex uncertain
variables and ¢ where ¢ = £+1in be a complex uncertain variables such that iyt > Cmn > ¢ in the sense
that

Eot = &mn =& and Mg = Nmn 20 for m = k,n >t

Then (Cmn) is Io-convergent uniformly almost surely to ¢ if it is Zo-convergent in measure to (.

Proof. Let &gt > Emn > € and Mg > Nin, > 1 for m > k,n > ¢, then
[[Gmn = CIl < [[Cre — ¢l for m =k, n > t.

Now for every € > 0, we have

{lGmn = Cll = €}  {llGmn — Il = e}

Therefore Ut{IICmn — ¢l = 6} = {l¢mn — <l = 6}

m=kn=
Since the complex uncertain double sequence ((my) is Zo-convergent in measure to ¢, then for every

g,0 > 0, we have
{(m,n) € N X N: M({[Gmn — Cl| > 2}) > 6} € T

:»{(m,n)eNxN:Jvt(U U{Hgmn—guza}> za}ezg.

m=k n=t

Hence the sequence ((py,) is Zo-convergent uniformly almost surely to (. g
Corollary 3.10. Let ((nn) be a complex uncertain double sequence defined on a continuous uncertainty
space and let ( be a complex uncertain variable. Then the following statements hold:

(1) If (Cmn) is Za-convergent uniformly almost surely to ¢, then it is Ia-convergent in distribution
to G;
(ii) If (Gmn) s Ia2-convergent almost surely to ¢, then it is Io-convergent in measure to (;

(iii) If (Gmn) s Zo-convergent almost surely to ¢, then it is Io-convergent in distribution to (;

(iv) Suppose (Gnn), where Cmn = Emn + mn, and = & +in, satisfy
Eit = &mn =& and Mgy 2 Nmn 21 for m =k, n >t
If (Gnn) is Io-convergent in measure to C, then it is Iy-convergent almost surely to (.
Proof. The results follow directly from theorems 3.4, 3.5, 3.7, 3.8, and 3.9. O

The various types of Zs-convergence for complex uncertain double sequences discussed above are
closely interconnected. The overall relationships among these convergence concepts may be summa-

rized in the following diagram.
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1. Zo-convergence almost surely

2. Zs-convergence in measure

3. Is-convergence in mean

4. Tr-convergence in distribution

5. Ty-convergence uniformly almost surely

4. Conclusion

This paper has been mainly devoted to the discussion of some newly introduced Zo-convergence con-
cepts of complex uncertain double sequences. We initiate the notion of Zs-convergence almost surely,
Is-convergence in measure, Zo-convergence in mean, Zo-convergence in distribution, Zs-convergence
uniformly almost surely of complex uncertain double sequences and include some interesting example
related the notion. Also, in this paper, we try to establish the relationships among the above Z5-
convergence concepts of complex uncertain double sequences but we see that some of them are not
related to each other. This is an open problem for further study and it may attract future researchers

in this direction.
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