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IDENTIFYING CODE NUMBERS FOR SOME MIDDLE GRAPHS

H. NADIMI DAFRAZI AND E. VATANDOOST*

ABSTRACT. Let G = (V, E) be a simple graph. A subset C of vertices of G is an identifying code
of G if for every two vertices x and y the sets Ng[z] N C and Ngly] N C are distinct and non-empty.
Given a graph G, the smallest size of an identifying code of G is called the identifying code number
of G and is denoted by v/P(G). In this paper, we show that for every graph G, the middle graph of
G is an identifiable graph. We prove that the identifying code number of the middle graph of G is at
most |V (G)|. Also, we determine the identifying code number of the middle graph of some graphs. In

particular, we determine the identifying code number of the middle graph of a bipartite graph.

1. Introduction

In this paper, we assume that all graphs are finite, simple, and undirected. We will often use
the notation G = (V, E) to denote the graph with a non-empty vertex set V' = V(G) and edge set
E = E(G). The order of a graph G is the number of vertices and is denoted by |G|. An edge of G
with endpoints v and u is denoted vu. For each vertex x € V(G), the open neighborhood of vertex x
is denoted by Ng(x) and defined as Ng(z) = {y € V(G) : zy € E(G)}. Also, the closed neighborhood
of vertex © € V(G) is Nglz] = {z} U Ng(x). A bipartite graph G is a graph whose vertex set V' can
be partitioned into two nonempty subsets X and Y (i.e.,, X UY =V and X NY = ) such that each
edge of G has one endpoint in X and one endpoint in Y. The symmetric difference of set A and set B
is denoted by AAB and defined as AAB = (A\ B)U (B\ A).

Hamada and Yoshimura in [5] introduced the concept of the middle graph M (G). The middle graph of
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G is denoted by M (G) whose vertex set is V(M (G)) = V(G)UVE(G), where Vg (G) = {z. : e € E(G)}.
The vertex a is adjacent to vertex b in M(G), if

i) a =z, b=, e =wvvj; and € = v;vy, or

ii) a =z, and e = v;b.
A subset S of the vertices of G is a dominating set of G, if for every v, either v € S or there exists

s € S with v € Ng(s). The domination number of G, denoted by v(G), is
Y(G) = min{|S| : S is a dominating set of G}.

A subset C of V(G) is an identifying code of G, if C is a dominating set of G and for every pair u, v
of vertices of G, Ng[u] N C # Ng[v] N C. The graph G is an identifiable graph, if G has an identifying
code. For the graph G, the identifying code number of G is denoted by v/P(G) and defined by

FIP(G) = min{|C| : C is a identifying code of G}.

Two distinct vertices u and v are called twins, if Ngu] = Ng[v]. It is clear that G is an identifiable
graph if and only if G is twin-free. Recently, the domination theory is an interesting branch of
graph theory. The domination extended to signed domination, 2-rainbow domination, total Roman
domination and identifying code. For more information on this subject, the reader can see [1,9-13].
Karpovsky et al. [8] in 1998 introduced the identifying code concept. Later, several various families
of graphs have been studied, such as paths and cycles [3,4], trees [2], triangular and square grids [7].
Also, the identifying codes have found applications in various fields.

In this paper we study the identifying code number of the middle graphs. In Section 2, it is shown
that for each graph G, M(G) is an identifiable graph and the identifying code number of M (G) is at
most |G|. In Section 3, we prove that the identifying code number of the middle graph of bipartite
graph G is equal to |G|. In Section 4, we determine the identifying code number of the corona products
C,® K, C,® Ky and C,, ® K,.

2. Preliminaries

In this Section, we will point out some facts that will be needed in the following Sections. We
denote the open neighborhood of vertex x in the middle graph M (G) by Nys(x).

Lemma 2.1. Let G be a graph and C be an identifying code of G. If Ng[z]ANg[y] = B, then
|IBNC| > 1.

Proof. If |BNC| =0, then Ng[z] N C = Ng[y] N C, which is not true. O
Theorem 2.2. Let G be a graph of order n > 2. Then M(G) is an identifiable graph.

Proof. Let y and z be two arbitrary and distinct vertices in M (G).
If {y,z} C V(G), then y ¢ Nar[z]. So Nuy[y] # Nulz].
Let {y,2} C Vi(G), y = . and z = ., where e = ab, €/ = cd.
If {a,b} N {c,d} =0, then y is not adjacent to z in M(G). Thus Nas[y] # Nulz].
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If {a,b} N{c,d} # 0, then |{a,b} N {c,d}| = 1. Without loss the generality, we can assume that
b=c. Then a € Nys[y] \ Nas[z]. So Narly] # Naslz].

Let y € V(G), z € Vg(G), where z = 2 and €’ = cd.

If y=c (or y=d), then d € Npys[z] \ Np[y] (or ¢ € Nar[z] \ Narly)).

If y # c and y # d, then d € Ny[z] \ Naly]. However Nasly] # Naslz]. Therefore, M(G) is an
identifiable graph. O

Theorem 2.3. If G is a graph of order n > 2, then v'P(M(G)) < n.

Proof. Let C = V(G). It is clear that C is a dominating set of M (G). We claim that C' is an identifying
code of M(G). For this purpose, let y and z be two distinct vertices in V(M (G)). We consider the
following cases:

Case 1) Let {y,z} C V(G). Then y € Ny [y|NC and y ¢ Na[z]NC. Hence, Ny [y]NC # Nylz]NC.
Case 2) Let {y,z} C Vg(G), y = z. and z = z¢, where e = ab, €/ = c¢d with {a,b,c,d} C V(G).

If {a,b} N{c,d} =0, then d € Nj[z] N C and d ¢ Ny[y] N C.

If {a,b} N{c,d} # 0, for example a = ¢, then d € Nys[2z] N C and d ¢ Nys[y] N C.

However Nyly] N C # Ny[z] N C.

Case 3) Let y € V(Q), z € Vg(G), z = z., where ¢’ = cd.

Ify=c(ory=d),thende Nylz]NC and d ¢ Nyfy] N C (or c € Ny[z] N C and ¢ ¢ Ny[y] N C).
If y# cand y # d, then d € Nj[z] N C and d ¢ Npsly] N C. Thus Ny [y] N C # Np[z] N C.

Hence C = V(G) is an identifying code of M(G). Therefore, v/?(M(G)) < |C| = n. O

3. Identifying code number of the middle graph of bipartite graphs

Let G be a bipartite graph such that V(G) = X UY, X ={v; [ 1 <i <7}, Y ={u; | 1 <j < s},
XNY =0and r > s. Also, let V(M(G)) = V(G) U{zi;j | viuj € E(G), 1 <i<r, 1<j<s}andif
viu; € E(G), then Ny(xi5) N V(G) = {v;, uj}.

We introduce the following table consisting of the vertices of M (G).

V1 () e Up
U | T11 | T21 | -.- | Tl
up | T12 | T22 | ... | T2
Us | T1s | 25 | +++ | Tps

TABLE 1. Vertices of M(G)

Suppose that C; = {z;; | viu; € E(G), 1 < j < s} U{v} and R; = {z; | viu; € E(G), 1 <

i < r}U{u;}, where 1 < i < rand 1 < j < s. By definition of M(G), we have Ny[v;] = Cj,

|Ci| = dega(vi) + 1, Nuluj] = Ry, |R;| = degg(uj) + 1 and Nys[zij] = C; U R, where 1 <4 < and
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1<j<s.
For example the table of the vertices of M (Py) is:

U U2 us3

x11 Z21 x22 32 33 43
U1 V2 U3 V4

FIGURE 1. M(Pr)

U1 V2 U3 V4

Uy | 11 | T21

U2 T22 | T32

us X33 | T43

TABLE 2. Vertices of M (Py)

We have, C1 = {vi, 211}, Co = {va, %21, 222}, C3 = {v3, 232,233}, Cs = {4,243},
Ry = {u1,z11, 221}, Ro = {u2, w22, 232}, R3 = {us, 33,243}
Theorem 3.1. Let G be a bipartite graph. Then ~'P(M(Q)) = |G].

Proof. Let C be an identifying code of M (G) such that v/P(M(G)) = |C|. By Theorem 2.3, |C| < r+s.
By the above notation, we have the following two Claims:

Claim 1: If z;; € C, for some 1 <i<rand 1< j <s, then |[C;NC|>2and |R;NC| > 2.

For proof of Claim 1, we assume that |C;NC| =1 and C;NC = {x;;}. Then Nps[u;)NC = Nplzi)NC,
which is a contradiction. Similarly, we have |R; N C| > 2.

Claim 2: If |C;| = 2 for some 1 < i < r, then v; € C.

For proof of Claim 2, if |C;| = 2 and v; ¢ C, then z;; € C, for some 1 < j < s, and based on Claim 1,
it is not true. So v; € C. Similarly, if |R;| = 2 for some 1 < j <'s, then u; € C.

On the contrary, let |C| < r + s. We have the following three cases:

Case 1: Let X C C. Since C is a dominating set of M (G), |[R; NC| > 1, for every j, 1 < j < s. Thus
|C| > r + s. It contradicts this fact that |C] < r + s.

Case 2: Let X N C = (). Since C is a dominating set of M(G), for every i, 1 < i < r, we have
(C;\X)NC| > 1.

Suppose there exists i, 1 < i < r such that |C;| = 2. Then based on the above Claim 2, it is not true.
Thus for every i, 1 < i < r, we have |C;| > 3. By the above Claim 1, |C| > 2r > r + s, which is not
true.

Case 3: Let [ XNC|=k>1and X NC = {vy | 1 <€ <k}. Then for every h, h ¢ {if | 1 < ¢ < k},
by the Claim 2, |C}| > 3. We have three following subcases:

DOIL: https://dx.doi.org/10.30504/jims.2026.538124.1271


https://dx.doi.org/10.30504/jims.2026.538124.1271

J. Iran. Math. Soc. 7 (2026), no. 2, 25-34 H. Nadimi Dafrazi and E. Vatandoost 29

Subcase 1: Suppose that Y C C. From the dominating set of C' and the above Claim 1, we have
IC|>2(r—k)+k+s=2r—k+s=r+s+(r—k)>r+s.

Which is false.

Subcase 2: Suppose that Y NC = (. Since C is a dominating set of M(G), for every j, 1 < j <'s,
we have [(R; \Y)NC| > 1.

Suppose there exists j, 1 < j < s such that |R;| = 2. Then based on the above Claim 2, it is not true.
Thus |R;| > 3 for every j, 1 < j < s. By the Claim 1, |C| > 25+ k and |C| > 2(r — k) + .
Ifr—k<s,then |C|>2s+k>2s+r—s=r+s.

Ifr—k>s, then |C|>2(r—k)+k=2r—k=r+(r—k)>r+s.

Which is not true.

Subcase 3: Suppose that Y NC| =¢ > 1and YNC = {vj | 1 < ¢ < t}. Then for every
h, h ¢ {j¢ |1 < ¢ < t}, by the Claim 2, |R,| > 3. By the Claim 1, |C| > 2(s —¢) +t + k and
|IC| > 2(r —k)+t+k.

Ifr—k<s—t, then |C|>2(s—t)+t+k=2s—t+k=s+(s—t)+k>s+(r—k)+k=r+s.
Ifr—k>s—t, then |C|>2(r—k)+t+k=2r—k+t=r+(r—k+t>r+(s—t)+t=r+s.
Which is a contradiction. Therefore, |C| =7 + s. O

Corollary 3.2. If T is a tree of order n, then v'P(M(T)) = n.
Proof. Every tree is a bipartite graph. By Theorem 3.1, v/P (M (T)) = n. O
Corollary 3.3. For each n > 3, ¥/P(M(C,)) = v'"P(M(P,)) = n.

Proof. By Corollary 3.2, /P (M(P,)) = n.
If n is even, then C,, is a bipartite graph. By Theorem 3.1, v/?(M(C,)) = n.
Let n be odd, V(Cp) = {vi]ll < i < n} and V(M(C,)) = V(Cy) U{ui|l < i < n} such that
Ny (un) NV (Cyp) = {v1,v,} and for every i,1 <i <n —1, Ny (u;) NV (Cy) = {vi,vit1} (See Figure
2).
Let C be an identifying code of M(C,,) with |C| = v!P(M(C,)). By Theorem 2.3, |C| < n. Since
Nar[vp] ANy [uy] = {v1,u1}, by Lemma 2.1, v; € C or u; € C. Also, for every i,1 <i <n—1, we
have Nps[v;]ANy[wi] = {vig1, uit1}. By Lemma 2.1, v;11 € C or u;y; € C, for every i,1 <i<mn—1.
Hence |C| > n. Therefore, |C| = n and so v'P(M(C,,)) = n.

g
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U1
us ui
Us V2
Uyq U2
Vg us3 U3

FIGURE 2. M(C5)

4. Identifying code number of the middle graph of the corona product

In this Section, we determine the identifying code number of the corona products C,, ® K1, C,, ® Ko
and C,, ® K,.

Definition 4.1. The corona product of two graphs G and H, written as G® H, is made by taking one
copy of G and for each vertexr in G, attaching a whole copy of H. Each vertex in G is connected to all

the vertices in its corresponding copy of H.

Lemma 4.2. Let G be a connected graph, V(G) = {v;|]1 <i<n} and V(GO K1) =V (G) U{u;|l <
i <n}. If C is an identifying code of M(G ® K1), then for every i,1 <i <n, u; € C.

Proof. Let X = {z;]1 <i<n} CV(M(G® K;)) such that Ny(z;) N V(G ® K;) = {ui,v;}. Since for
every 4,1 < i <n, Np[v;]ANy[z;] = {u;}, by Lemma 2.1, u; € C. O

Theorem 4.3. If G = C,, ® Ky and n > 3, then /P (M(G)) = 2n. (See Figure 3)

Proof. Let V(G) = {v;|1 <1i <n} U {u;|l <i < n}, where dege(u;) = 1 and for every i,1 < i <mn,
dega(vs) = 3.
Also let V(M(G)) = V(G) U {x;|1 <i<n} U{y|l <i<n}and for every 7,1 < i < n, Nps(x;) N
V(G) = {u;,vi} and Ny (y;) N V(G) = {vs,vit1} and notice that v,41 = v1.
Let C be an identifying code of M (G) with minimum cardinality. By Theorem 2.3, |C| < 2n.
By Lemma 4.2, u; € C for every i,1 < ¢ < n. So |C| > n. For every i,1 < i < n, we have
Nar[vi] ANy Y] = {vig1, Yiv1, Tigr )
By Lemma 2.1, for every i,1 < i < n, |{vit1,¥it1,2it1} N C| > 1 and {vit11,Yi+1, %41} are pairwise
disjoint and also disjoint from the already forced set {ui,...,u,}. So |C| > n + n = 2n. Therefore,
VP (M(G)) =|C| = 2n.

O

Theorem 4.4. If G = C,, ® Ky and n > 3, then v'P(M(G)) = 3n.

Proof. Let V(G) = {v;|1 <1 < n}U{ui,,ui,|1 <i<n}, where u;, and u;, are vertices of i —th copy K>
in C, ® Ka. Also let V(M(G)) =V(G)U{x;,,zi,|1 <i<n}U{yll <i<n}U{z|l <i<n}and for
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T2 U2

T3 us

FIGURE 3. M(Cs ® K1)

every i,1 < i < n, Ny(zi, )NV(G) = {uiy,vi}, Ny(ziy)NV(G) = {uiy, vi}, Nar(2i) NV(G) = {wiy, uiy }
and Ny (y;) NV(G) = {vi,vit1}. (See Figure 4)
Let C be an identifying code of M(G) with |C| = v!P(M(Q)).
Let for every i,1 < i < n, A; = {@i,, Ui, Zi, Wiy, Tiy, Vi, yi }. We have Nps[vi|ANy[z,] = {uiy, 2}
and Nps[v;]ANy[ziy] = {uiy, zi}. By Lemma 2.1, [{u;,,z} NC| > 1 and [{ui,, 2z} N C| > 1. If
|A; N C| = 1, for some i,1 < i < n, then |A4; N C| = {z} and so Ny[z;,| N C = Npylzi,] N C.
It is contradicts with this fact that C' is identifying code of M(G). Thus for every i,1 < i < n,
|A; N C| > 2 and |{wi;, uiy, 2} NC| > 2. Let for some 4,1 <i<n, |[A;NC|=2.1f A;NC = {u;y, 2}
or A; N C = {uy,, 2z}, then Nyslu;,] N C = Nps[z;]) N C or Nyslui,] N C = Npr[z;] N C. Which is a
contradiction. Thus if |4; N C| =2, then A; N C = {u;,, u;, }-
Suppose that there is i,1 <i <n, |A;NC| = 2. Then A;NC = {u;,, ui, }. Without loss the generality,
we can assume that |41 NC| =2. So A1 NC = {uy,,u1,}. If y, ¢ C, then v; is not dominated by C.
Thus y, € C and so |A, N C| > 3.
If |A2 N C| = 2, then vy is not dominated by C. So |[A2 N C| > 3.
If |A3 N C| = 2, then Nps[y2] N C = Np[v2] N C. Which is false. So |[A3NC| > 3.
If |Ay N C| =2, then Ny[ys] N C = Nylvs] N C. Tt is not true. So |A4 N C| > 3. In the same way for
every 1,2 <i<n-—1,|4,NC|>3. Thus |C| >3(n—1)+2=3n—1.
Let |C| = 3n — 1. Then for every ¢,2 <i <mn, |[A;NC| =3 and |4; N C| = 2. It is easy to see that
Nurlyn]) N C = Nprlvp) N C. It is not true. Thus for every i,1 < i <mn, |[4;NC| > 3 and so |C| > 3n.
By Theorem 2.3, ¥/P(M(G)) = 3n.

O

Theorem 4.5. If G = C,, ® K, andn >3 and r > 2, then v'P(M(G)) = (r + 1)n.

Proof. Let V(G) = {vi|1 <i<n}U{uy|l <i<n, 1<j<r}, where u;; are vertices of i — th copy
K, in C,, ® K,. Also, let V(M(G)) = V(G) U{zi|1 <i<n, 1<j<r}U{yll <i<n}and for

DOIL: https://dx.doi.org/10.30504/jims.2026.538124.1271


https://dx.doi.org/10.30504/jims.2026.538124.1271

32 J. Iran. Math. Soc. 7 (2026), no. 2, 25-34 H. Nadimi Dafrazi and E. Vatandoost

FIGURE 4. M(Cs ® Ka)

every 7,1 <i <mnand j,1 <j<r, Ny(z;;) N V(G) = {ui;, v} and Ny(y;) NV(G) = {vi,vig1} (See
Figure 5).
By Theorem 2.2, M(G) is an identifiable graph. Let C' be an identifying code of M(G) with |C| =
P (M(G)). By Theorem 2.3, ¥/P(M(G)) < (r + 1)n.
For every i,1 <i <n and j,1 < j <7, Ny[v;]ANy 7] = {ug; }. By Lemma 2.1, u;; € C.
Let for every i,1 < i < n, A; = {u;;, 7|1 < j < r}U{v,y}. Then [4; N C| > 7. If for every
i,1 <i<mn, |A;NC|> (r+1), then |C| = v'P(M(G)) = (r + 1)n. So we can assume that there
is 7,1 < i <mn, |[A;NC| = r. Without loss the generality, we can assume that |4, N C| = r. So
A1 N Ol = {uy,|1 <j<r}.
If y, ¢ C, then v; is not dominated by C. So y, € C and so |4, NC| > (r +1).
If |A2 N C| = r, then vy is not dominated by C. So [A2 N C| > (r+1). If |[AsNC| = r, then
Nirly2] N C = Nps[va] N C. Which is false. So [AzNC| > (r+1).
If |A4NC| =7, then Ny[ys] NC = Nys[vg)NC. It is not true. So |[A4NC| > (r+1). In the same way
for every i,2 <i<n, |[4,NC|>(r+1). Thus |C|>(r+1)(n—1)4+r=>r+1)n—1.
Let |C| = (r 4+ 1)n — 1. Then for every i,2 < i <mn, |[A;NC| = (r+1) and |[A; NC| =r. It is clear
that Nps[yn] N C = Nas[va] N C. Tt is not true. Therefore, v/P(M(G)) = (r + 1)n.

g
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FIGURE 5. M(Cs ® K3)
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