Journal of the Iranian Mathematical Society
ISSN (on-line): 2717-1612

J. Iran. Math. Soc. 7 (2026), no. 1, 13-23

© 2026 Iranian Mathematical Society

ANALYSIS OF BALANCE IN THE PRODUCTS OF CONJUGATE SKEW GAIN
GRAPHS

K. BIJU * AND K. SHAHUL HAMEED

ABSTRACT. A conjugate skew gain graph is a graph whose edges are oriented and assigned labels—
termed edge skew gains—from the multiplicative group C* of nonzero complex numbers, such that
reversing the orientation of an edge replaces its label with its complex conjugate. In this article, we
define various products of conjugate skew gain graphs such as the cartesian product, the lexicographic
product, the strong product, and the tensor product. We characterize the balance in these product

graphs in terms of the balance of the constituent conjugate skew gain graphs.

1. Introduction

In this article, we define four types of products of conjugate skew gain graphs and characterize the
balance in the corresponding product graphs. Conjugate skew gain graphs encompass those discrete
structures such as graphs, signed graphs, and complex unit gain graphs. To begin with, we provide a
few basic definitions and notations used in this paper.

We use the notation G = (V, E), throughout this paper for a graph that is finite and simple [1]. As
we require prescribed orientations for the edges, the notation ﬁ stands for the collection of oriented

edges such that for an edge uv € E, there are two oriented parts w6 and 04 in E

Definition 1.1 ([2]). A conjugate skew gain graph (abbreviated from now on as csg) G¥ = (G, ¢)
is such that the conjugate skew gain function ¢ : ﬁ — C* satisfies gp(ﬁ) = p(v4), the complex
conjugate of ¢(ud).
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For a complex unit gain graph [5], the gains are selected from the unit circle T = {z € C* : |z] = 1}
in the complex plane. In the case of a signed graph [9], the signs come from the multiplicative group
{=1,1}. In the following, we discuss an important recent extension [2| of balance theory from signed
graphs and complex unit gain graphs to conjugate skew gain graphs. Given a csg G¥ and an oriented
cycle 8 in it, the edge skew gain @(8) of 8 is defined as the product of the edge skew gains of those

oriented edges in that cycle.

Definition 1.2 ([2]). An oriented cycle Cina csg G¥ is said to be balanced if @(8) is a positive
real number. Moreover, if every oriented cycle in a csg G¥ satisfies this property, then the csg itself

s said to be balanced.

By defining the negative of a csg G¥ = (G, ¢) as the csg G~% = (G, —p) obtained by replacing each
edge skew gain by its negative, we say that G¥ is anti-balanced if G™% is balanced. We also need the
definition of an important operation in csgs called switching which transforms a given csg into another

with many properties remaining invariant under this operation.

Definition 1.3. If G¥ is a given csg, then a function ¢ : V(G¥) — T C C* is called a switching
function, if it provides a csg G with edge skew gain function satisfying gag(ﬁ) = C(u)gp(ﬁ){(v)

We say that the switching function ( switches G¥ to G¥°. Generally, two csgs G¥! and G¥2 are
said to be switching equivalent if there is a switching function ( such that G#1° = G¥2. From [2], we

select the following result that gives a characterization using switching for the balanced csgs.

Theorem 1.4 ([2]). A csg G¥ is balanced if and only if G¥ and G?! are switching equivalent, where
the notation |p| denotes the function that gives absolute values of those of the conjugate skew gain

function .

2. Products of two csgs and their balance

We present here four products of csgs, namely the cartesian, the lexicographic, the tensor and the
strong products of two csgs. We omit the arrows above the oriented edges to avoid the cumbersome
notations and adopt the convention that the notation ¢(uv) means that it is the edge skew gain for
the oriented edge wd with the tail being the vertex u and the head being the vertex v.

Let the two given csgs be G7' and G%? with the underlying graphs G = (V1, Ey) and G = (Va, Es)
respectively. We proceed with the definitions of the products of these two csgs as follows, assuming
that the readers know the basic definitions of the products, G; O Gy (the cartesian product), G1[G2]
(lexicographic product), G; ® Gy (tensor product) and G; K Go (strong product) of the underlying

graphs (see for example [3]).

Definition 2.1. The cartesian product G{' O GY? = (G1 0 Ga,¢) has the edge skew gain function ¢
defined by:

o1 (uug), ifv; =v and uug € By,
(2.1) gp((ui,vj)(uk,vl)) = ( itik) : J
09 (vjvl), if up = ur,  and vy € Es.
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Definition 2.2. The lezicographic product G¥'[G5?] = (G1[Gal, ) gets the edge skew gain function
@ defined by:

o1(uug), if uug € Ey,
(2.2) ga((ui,vj)(uk,vl)) = ! ‘
wa(vjur), if up = uy and vjv € Es.

Definition 2.3. The tensor product G{' @ G§* = (G1 ® Ga,¢) has the edge skew gain function ¢
given by:

(2.3) o ((ui,v)) (ur, v)) = 1(uiu) - p2(vjor),
where u;uy € B and vjv; € Es.

Definition 2.4. The strong product G{' X G5? = (G1 X Ga, @) gets the edge skew gain function ¢
given by:

o1 (ugug), if v = v and uuy € En,
(2.4) (p((uivvj)(ukavl)) = { pa(vjvy), if i = uy and vjv; € Ey,

o1 (uiug) - p2(vjvy), if wiug € Er and vju € Es.
We move on now to characterize the balance in these products. First we define subgraphs of a csg.

Definition 2.5. A csg HY is said to be a subgraph of the csg G¥ if the underlying graph H is a
subgraph of G where for every uv € E(H),¥(uv) = p(uv).

Remark 2.6. The csg obtained from the cartesian product of two csgs is a subgraph of the corre-
sponding lexicographic product and the strong product. The tensor product is a subgraph of their

strong product.

Remark 2.7. Even though the underlying graphs of the tensor product and the strong product are
subgraphs of the lexicographic product, they need not be so as conjugate skew gain subgraphs. For
example we take two csgs with the same underlying graph Ko = wv with different skew gain values
z1 and zp, then in the tensor (or the strong) product the skew gain value of the edge ((u,v)(u,v)) is

2129 but for the lexicographic product it is either z; or zs.

The important role of a switching function while analysing balance is mentioned in Theorem 1.4 and
the Lemma 2.8 given below gives a way of constructing a switching function in the cartesian product

of two switched csgs.

Lemma 2.8. Suppose G{' has a switching function (1 and G§* has a switching function (3. Then
C(u,v) := (1 (u)(2(v) defines a switching function on G O GS? and (G¥' 0 GY?)¢ = G‘flgl O ngcz.
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Proof. The function ¢ : V(G1) x V(G2) — T satisfying ((u,v) := (1(u)(2(v) is well defined. As per
the definition of the cartesian product and that of the switching of csgs,

¢ ((ui, v5) (we, v1)) = Cws, v5) ((w, v7) (g, v1) ) (g, vy)

{ Cl ul ( gol(uluk)gl(uk)g“g( ), if V; = and U;UE € El,

G (ui) G (v)p2(vjor)Cr(wi)alvr),  if up = ug and vju, € Eo.

Since [C1(us)| = [C2(v;)| = 1, this gives ¢ ((us, vs)(ux, v1))

¢2

B cpgl (ujug), ifv;=v and wu, € E,
03’ (vjur), ifu; =wup and wvju € Eo.

This proves the required result that (GY' O G5?)¢ = GflCI O GfQCQ. O

Theorem 2.9. If G{* = (V1, E1, 1) and G5* = (Va, B2, p2) are two csgs, then their cartesian product
G?' O GS? is balanced if and only if GT* and G%* are both balanced.

Proof. Let G' and G§* be balanced. Then by Lemma 1.4, there are two switching functions ¢; and
(o such that p$' = |¢1| and 5 = |pa|. By Lemma 2.8, (GY' 0 G%?)¢ = G“flCl O GfQCQ. This shows
that GY' OGY? is switching equivalent to G'{m O G|2<P2| and hence balanced. Conversely, note that both
G?' and G¥? can be considered as subgraphs of G¥' O G52, If we assume that at least one of GY'
or G¥? is unbalanced, then each being a subgraph of the product, such an assumption will affect the

balance of the cartesian product. O

To illustrate various product graphs, we take the csgs GY' and G%? shown in Figure 1 as the factor

graphs for all the products that follow.

us
V]l o——>—o U2

U Uz

FIGURE 1. Gfl = (Kg,(pl) and Gg2 = (KQ,QDQ)
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FIGURE 2. The cartesian product, G{'00G5? is balanced when z = ri € C,r > 0 and

unbalanced otherwise.

(ulyUl)
Z —1
z
(u3,v2) 7 (uz,v1)
z 1
w
(2 7
-1
(uz,v2) = (us,v1)
-1 z
(u1,v2)

FIGURE 3. The lexicographic product G{*[G5?] is balanced when z = ri € C,r > 0

and w is a positive real number; otherwise, it is unbalanced.

Theorem 2.10. If G{' = (Vi, Ev,¢1) and G5* = (Va, E2, p2) are two csgs, then their lexicographic
product G{'(GE?] = (G1]Gal, ) is balanced if and only if GY' is balanced and for G§* the edge skew

gain function satisfies @2 = |pa.

Proof. If GY* is balanced and ¢ satisfies the condition @9 = |2, then by Theorem 1.4, it is possible
to switch GY* to G'fo1| by a switching function ¢, where ¢ : V4 — T. Define ¢’ : V(G{'[G$?]) — T by
¢'(ui,vj) = ¢(u;). Then we claim that (GY! [Gfg])"gcl = (GSGE?])I¥I. To see this, note that G¥* is
switching equivalent to Gflc. Hence the equation of switching 16 (u;ur) = C(u;)e1 (usug)C(uy) implies
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that 1 (uuk) = C(ui) |1 (wiug)[C(ug), since 1€ is [p1]. Also, for uv = (uy, vj) (uy, v) € E(GY'[GS])

¢ (uv) = I ()p(uv)d (v) = C(ui)p(av)¢(us)

Using the definition of the lexicographic product of csgs (see Equation (2.2)), this gives when i # k

¢ (uv) = C(ui)er (wiun)C(ur) = Cua)C (s pr (wsun) [ (un)C (ur) = |on (uiug)|
and if i = k,
o (uv) = C(us)pa(vyon)C(us) = ¢ () Ploa(vjen)| = lpa(vjor)],

since (g satisfies the condition @y = |pg|. This thus leads to the fact that ¢¢ (uv) = |p(uv)| for all
uv € F(GY'[GE?]), as required. Conversely, assume that G{'[G5?] is balanced. Then the cartesian
product Glfoll O G|2@2| is a subgraph of G{*[G%?]. As such Theorem 2.9 is applicable; so G{* and G%>
must be at least balanced. Now, we claim that G5? cannot have any edge with the edge skew gain
other than positive real numbers. On the contrary, if we assume that G35 contains an edge with edge
skew gain of not this nature, say v;v;, then we claim that it would result in an unbalanced triangle in
GY'[G%?] as per the definition of the lexicographic product, leading to a contradiction. To prove this
claim consider one unbalanced triangle, for example, (u;,v;)(ug, v;), (ug, v;)(uk, v1), (uk, v7)(uws, v1) for
which the product of edge skew gains will be o1 (usug)p2(viv) 1 (urwi) = o1 (wiur) o1 (uiug) 2 (vjvy) =
|1 (uiug)|*p2(vjvr). Thus this triangle is not balanced. Hence the proof. O

Lemma 2.11. For every cycle Cy, in the csg GT', there exist an even cycle C* in the tensor product
(GT* ® GF* , ) such that

"1 (Chn), if m is even,

Cr) =
A (rmgol(Cm))Q, if m is odd,

for some positive real number r.

Proof. First, consider the case when m is even. Let C,, : uius - - - u,u1 be any even cycle in Gfl, and

let e = vivg € E(G$?) with ¢o(viv2) = 2. We construct the cycle
C* : (ug,v1)(ug,v2)(us, v1), -+ (U, v2)(u1,v1)

in the tensor product (G{' ® G5?%, ). Then C* is an even cycle of length m and

P(C7) = pr(urug)zp1(ugus)z, - - -, 201 (umu1)z = r'"@1(Cm),
where r = |z|. If m is odd, we instead consider the cycle

C* 2 (ug,v1)(ug,v2)(us, v1), -, (Um, v1) (U1, v2), -, (U, v2)(u1,v1),

which has length 2m in the tensor product. Then, as in the previous case, it is straightforward to
compute p(C*) = (rmcpl(C’m)>2. O
Remark 2.12. It is worthy to note that if the csg G¥ is balanced, then by definition ¢(C) > 0 for
every cycle C' and anti-balanced if ¢(C') > 0 for even cycles and ¢(C) < 0 for odd cycles.
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Remark 2.13. If z € C and 22 is a positive real number, then z must be a nonzero real number.

Lemma 2.14. If G{* @ G§* is balanced, then the conjugate skew gain of every cycle Cp, in G¥' is a

real number. Moreover, it is a positive real number if C,, is an even cycle.

Proof. By Lemma 2.11, every cycle C,, in G{' corresponds to an even cycle C* in G¥' ® G¥2. Since
G?' ® G¥? is balanced, the gain ¢(C*) is a positive real number. Again, by Lemma 2.11 and Re-

mark 2.13, this implies that ¢1(Cy,) is a nonzero real number, and it is positive if m is even. O

Remark 2.15. The results in Lemma 2.11 and Lemma 2.14 remain valid for cycles Cy, in G%* as

well.

Lemma 2.16 ( [7]). If the tensor product of signed graph ¥ = 31 ® Ky of the connected signed graph
Y1 = (G, 01) with (Ky,09) is balanced or anti-balanced, then all the odd cycles in X1 have the same

sign.

Note that in the above Lemma 2.16, it is necessary that ¥; is connected. For instance, suppose >
is a disconnected signed graph consisting of two components: one being a positive odd cycle and a
negative one. Then the tensor product ¥ = X1 ® K3 is a disconnected graph with two components,

each of which is a positive even cycle and hence balanced.

Lemma 2.17. Let G{' @ G§* be balanced. Then every odd cycle in Gi (and similarly in G2) has

same sign for their conjugate skew gain values.

Proof. Let C,, | = uiuz - - - ugmy1u1 and C3), | = 0102 - - - v2,4101, be any two odd cycles in G and
let x1x2 be any edge in Go. We consider the following cases.

Case(i): Cycles are disjoint

Let P : ujwjws - - - wiv; be a minimal connecting path between the cycles. Then we construct a cycle
C* in G7' ® G52, given by C* : (u1, x1)(u2, x2) - - - (uzm+1, 21) (u1, x2) (w1, 1) (wa, 22) - - - (Wi, ) (v1, Y)
(v2, ) -+ (Van+1, ) (v1, ) (Wi, y) (Wi—1, x) - - - (W2, x1) (w1, 2)(u1, x1), where (z,y) = (x1,22) when k is

odd and (x2,x1) when k is even. Then

P(C*) = @1(Con 1)1 (Ch 1) |1 (P) Plioa (wr2) P HH2).
Since G{* ® G3? be balanced, ¢(C*) > 0 and hence ¢1(C%,,,1)¢1(Cy, 1) > 0. Now by Lemma 2.14,
©1(C,41) and ¢1(Cy), 1) are real numbers, and having the same sign.
Case (ii): Cycles intersect at a single vertex
In this case we let the cycles intersect at the vertex u; = v; and we construct C* as in Case(i),
C* ¢ (ur, 1) (ug, ¥2) -+ - (Uzm1, 1) (w1, 22) (v2, 1) (3, ¥2) -+« (Vant1, ¥2) (V1, 21).

We get 0(C*) = ©1(Chyi1)91(Cy 1) 2 (m19) 2. Thus o(C*) > 0 implies

o(C*) = 501(C§m+1)801(03n+1) > 0.

Case (iii): Cycles intersection is a path of length & > 1.
Let P : awywy - - - wy_1b, be the intersecting path of the cycles Cy,, ., and Cy), ;. We denote the paths
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Py : augug - - upyb and Py @ avivg - - vy b such that Gy - PLUP and C3,; : P, U P. Tt is noted

that m’ and n’ are of same parity. We construct the cycle C* in GY' ® G§2,

C*: (a,z1)(ut,x2) -+ (U, y) (b, ) (Wi—1,y) - - - (w1, 27)

(@, 22)(vi,21) -+~ (v, ) (b, y) (W, @) -+ (w1, 22) (@, 21),
where (z,y) = (21, 22) if m’ and n’ are odd and (z,y) = (z2,x1) if m’ and n’ are even. Then

P(C*) = 1(Coppi1 )1 (Chpr ) |pa () P07 HY.

Hence ¢(C*) > 0 implies ¢1(C5,,1)¢1(Cy,4q) > 0.

Case (iv): Cycles intersect in more than one path.

By Tutte’s Path Theorem [%], there is a sequence of cycles C, | = C1,C,C3,--- ,C; = CY, |, such
that C; N Cjy1 is a path of length at least one for all i =1,2,--- ;n — 1. Now, as in the previous case
for each i, ¢1(C;)@1(Ciy1) > 0 and hence ¢1(C5,,,1)1(Cy,,1) > 0. O

Lemma 2.18. Let (GY' ® G572, ¢) be balanced, and let C%,, ., and C4, ., be any odd cycles in GY'
and G%* respectively. Then ¢1(Ch,,.1)-02(C5, 1) > 0.

Proof. If possible suppose ¢1(Ch,,,1)@2(C5, 1) < 0. Then by Lemma 2.14, without loss of generality
we assume ¢1(C5,, 1) > 0 and p2(C3,, 1) < 0. As such, we can construct an odd cycle C* of length
I =lem(2m +1,2n + 1) in (G ® G§?, ) such that (C*) = @1(Cl,,1) 2™ Lo (CY, )P <0,

a contradiction. O

Theorem 2.19. If G{' = (V1, E1, 1) and G5* = (Va, B, p2) are two csgs, then their tensor product
GY' @ G¥? is balanced if and only if GY' and GY* are either both balanced or both anti-balanced.

Proof. First we assume that, G{' and G%” are either both balanced or both anti-balanced. Then

there exist switching functions (; and (3 on Vj and V3 respectively such that ¢q(u;)e1(uug)C(ug) =

+|p1(usug)|, and similarly (a(vj)p2(viv)Ca(v) = E|@a(vjvy)|. Now we define the switching function
¢" on V(GY' @ G5?), C(ui,v;) = C1(ui)C2(vj). Then, for uv = (u;,v;)(uk, v;) € E(GY' ® G§?), and
¢ (uv) = C((w)p(uv)((v)

= Q1 (ui)C2(vy) 1 (usuk )2 (vjvr) C1 (wr) 2 (vi)

=l (wiug)|lp2(vj, vr)|

= |p(uv))|
and hence G7'®@G¥? is balanced. Conversely, assume that G7' ®G5? is balanced. Then by Lemma 2.14,
it is enough to show that all the odd cycles in G; and G, if at all any one exists, are of same sign
in their conjugate skew gain value. Now by Lemma 2.17 and Lemma 2.18, the conjugate skew gain

is either negative for every odd cycle in G; and G or positive for every odd cycle in G; and G5 and
hence the result. O
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zZw

(us,v1)

FIGURE 4. The tensor product GY¥' K G%?; balanced when z = ri € C,7 > 0 and

unbalanced otherwise.

Finally we characterize the balance in the strong product of two csgs.

Theorem 2.20. The strong product G{' RGY? = (G1 KRGy, ¢) is balanced if and only if GY' and G3?

are both balanced.

Proof. As already remarked, the cartesian product G¥' 0 G5? as a subgraph (treated as a csg) of the
strong product GY' K G¥? and the balance of strong product implies the balance of their cartesian
product, hence by Theorem 2.9 both G{' and G§* are balanced whenever G¢' X G%? is. Conversely
assume that both G¥' and G5? are balanced and hence they are switching equivalent to G'foll and G‘QW‘

respectively. Consider the corresponding switching functions (; and (2 and define ¢ on V(G1 K G2) as
¢(u,v) = Ci(u)G(v).

Then ¢ ((wiv5)(urvr)) = C(uivg)p((ui, vj) (ur, vr)) ¢ (upor)

W%(WW)W(MW)Q( k)G (vr)
= [C1(wi) o1 (wig) G (ur)] [G(vg) 2 (vivy) G (vy)]
= |1 (uiug)]||p2(vjvr)]

= ¢ (

)(uk,vl))] whenever w;u;, € Ey and vjv; € E».

For the cases when u;uy, € E1,v; = vy and u; = ug, vju; € Eo, these values are |¢1(usug)| and [@2(vjvp)|.
i.e., ¢ > 0 and hence G{' X G52 is balanced. O
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(ulv Ul)
AT w
(USaUQ) % I (Ul,’02)
w ) 2%
Jw —w
(us,v1) ] —1 (u2, v1)
1 W
('LLQ, ’02)

FIGURE 5. Strong product G{' X G¥?; balanced when z = ri € C,7 > 0 and unbalanced otherwise.

Conclusion

We have characterized the balance in various products of csgs in terms of the balance of their factor
csgs. Our discussion focused primarily on four types of products: cartesian, lexicographic, tensor, and
strong. There remains scope to study the balance properties of other types of graph products beyond

those considered here.
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