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A STUDY OF 3-DERIVATIONS AND THEIR ALGEBRAIC IMPLICATIONS

S. NAZARLOU AND M. H. SATTARI*

ABSTRACT. This paper explores the concept of 3-derivations in the context of algebras. Building on
prior work that established the invariance of primitive ideals, prime ideals, and minimal prime ideals
under derivations, we extend these results to the case of 3-derivations. In particular, we show that
several properties of primitive and prime ideals, previously proven for derivations, also hold in the
setting of 3-derivations.  Furthermore, we examine 3-derivations on triangular Banach algebras and

show that a linear map D : T — T qualifies as a 3-derivation if it satisfies certain structural conditions.

1. Introduction

A derivation on an algebra A is a linear map D : A — A satisfying D(ab) = aD(b) + D(a)b, for
a, b € A. In [0], a concept of n-derivation and its relationship with derivation for each n > 2 were
investigated. This paper provides a brief exploration of the concept of n-derivation for each n > 3, for
primitive ideals, prime ideals, and triangular of Banach algebras.

In [3], it was shown that primitive ideals remain invariant under a bounded derivation. Similarly,
in [1,4], it was demonstrated that continuous derivations on Banach algebras preserve primitive ideals.
Studies in [4, 7] investigated the invariance of prime and minimal prime ideals under a derivation. We

extend these results to 3-derivations.

A

In [2], derivations on a triangular Banach algebras 7 = 5 was explored for the case where A

is a unital Banach algebra, B has a bounded approximate identity, and M is an essential A, B-module.

Here, we characterize a 3-derivations D : T — T.
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2. Notations and preliminaries

A n-derivation on an algebra A is a linear map D : A — A, satisfying
D(aiagas . ..a,) = D(ar)agas .. .an +a1D(az)as...an + ...+
+ ajazas ... D(ay), (a1,a9,as,...a, € A).
Definition 2.1. Let A be an algebra. The quotient of a left ideal T in an algebra A is
IT:A={acA:aACT}

A left ideal T in A is modular if there exists u € A with a —au € Z, (a € A). A mazimal modular left
ideal in A is a maximal element in the family of modular left ideals in A. The quotient of a maximal
modular left ideal is called a primitive ideal. A is called primitive if 0 is a primitive ideal. Intersection

of the primitive ideals of A is called radical (jacobson) A, and denote by R(A), A is called semisimple
if R(A) =0.

Definition 2.2. An ideal P of a algebra A is called prime if for ideals T and J in A that ZJ C P,
then either T C P or J C P. An ideal of algebra A is called minimal prime ideal if it is minimal in
the family of prime ideals in A. Intersection of the minimal prime ideals of A is denoted by B(A).

An algebra A is called prime algebra if 0 is a prime ideal in A.

Proposition 2.3 ([1],1.3.42). Let P be an ideal in an algebra A. Then the following conditions on P
are equivalent

(1) P is a prime ideal;

(2) whenever aAb C P, then either a € P orb e P;

(3) whenever T and J are both left ideals in A that ZJ C P, then either Z C P or J C P.

Definition 2.4. Let A be an algebra. An element a € A is called idempotent if a> = a, and is called
nilpotent if a™ = 0 for a n € N. The set of nilpotent elements of A is denoted by N(A). In the

commutative algebra A, the nilradical is an ideal consisting of nilpotent elements.

Definition 2.5. Let A be an unital Banach algebra.
If a € A, the spectrum of a is
o(a) ={X € C : Xe — ais not invertible}.

Note that in the unital Banach algebra A, o(a) is a nonempty and compact subset of C, for each
ae A
If a € A, the spectral radius of a is

p(a) = sup{| A| : A € o(a)}.

If o

(
If p(
Do(A).

a) =0, we take p(a) = 0.
a) = 0, then a € A is quasi nilpotent. The set of quasi nilpotent elements of A is denote by
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Definition 2.6. Let A and B be Banach algebras, M be a essential Banach A, B-module, we define

triangular Banach algebra T as

T:<A M):{("’ m) :aeA,bEB,meM}.
0 B 0 b

The linear space T with the usual 2 X 2 matriz addition and formal multiplication and with the norm

a m
[ (0 b) | = llall 4 + 1ol g + |m|| o4 is @ Banach algebra.

3. Sinclair result for 3-derivations

In this section, we show that any primitive ideal and prime ideal are invariant under any 3-derivation.

We first extend some results about derivations to 3-derivations.

Lemma 3.1. Let D be a 3—derivation on an algebra A with A*> = A, where A% = lin{ayag : ay,a2 €
A}, and n € N.

(1) Let T be an ideal in A. Then D(Z)/ZT is an ideal in A/L;
(2) Let T be an ideal in A, and that a1, ...,a, € Z. Then D"(ay ...a,) —n!(Day) ... (Da,) € T.

Proof. (1):Take a = ajas € A and b € Z. Then D(bajaz) = D(b)aras + bD(a1)as + baiD(as), so
D(b)ajaz = D(bajaz) — bD(a1)az — baiD(az) € D(Z) + Z, hence D(Z)/T is a right ideal of A/T.
Similarly it is a left ideal.

(2): We claim that, for each k > 3, we have D7 (b; ...b;,) € T whenever 1 < j <k —1landb;...b, € L.
The claim is true for k = 3, if j = 1, D(b1b2b3) = D(b1)babs + b1 D(b2)bs + b1b2D(b3) € Z and if j = 2,
D2 (bybobs) = D(D(bibabs)) = D2(b1)babs + D(b1)D(ba)bs + D(b1)bsD(b3) + Dby YD (bs)bs + by D2 (b2)bs +
b1D(b2)D(b3) + D(b1)b2D(bs) + b1 D(b2)D(b3) + b1baD?(b3) € T. By induction suppose that the claim
holds for k and that by,...,bg+1 € Z. Then, by Proposition 2.3 of [0], for j < k,

'Dj(bl . bk—lbkbk+1) = Z <k ]j i >'Dk1 (bl - bk_l)’DkQ (bk)DkS (bk+1),
byt g ko L F2, K

where (k’lkak’d) = k1'k2'k5' and D° = I it is the identity operator. If k; = 0, the right side belong to
T. Ifky =k —1 we have (k — 1) 4 ko + k3 < k, s0 kg or k3 = 0 then D*2(b;) or D*3(byy1) € Z. So
Di(by...bgi1) €L.

We now prove the result by induction on n. It holds for n = 3,

D3(a10203) = Y5, 4 kot ks—3 kl,kz,k3 DF1(ay) D2 (as) D (a3), if k1, ke or k3 = 0, then

DF1(a1)D*2 (ag)D** (a3) € I, otherwise k1 = kg = k3 = 1, and so D3(ajazasz) —3!D(a1)D(az)D(as) € I.

Assume that the result is true for n, and take aq,...,a,+1 € Z.
n+1 n+1 k1 k2 k3
D" (ay...0n-1an0p+1) = g D" (ay ...an—1)D"(an)D" (an+1),
k - kla k27 k3
1+ko+kz=
n+1
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all terms on the right hand side of this equality belong to Z, except perhaps the case k1 =n—1, ko =

ks = 1, therefore D" (a1 ...an41) — (nfﬂ 1)1)”_1((11 ...ap—1)D(an)D(an+1) € Z, and so

D""Yay. .. ani1) — (n4+ DI(Dar) ... (Daps1) =D Hay ... ang1)
—n(n+1)D" Yay...an1)(Dan)(Dany1)
+n(n+1)(D" YHay...an1)
— (n=1!(Da1)...(Dan-1))(Pan)(Dant1),

belongs to Z, by D" Y(a;y...a,—1) — (n — 1)Y(Day)...(Da,—1) € Z, and assumption of induction.
Therefore, for each n > 3, D"(a; ...a,) —nl(Day)...(Day) € I. O

Theorem 3.2. Let D be a continuous 3—derivation on a Banach algebra A, and P be a primitive
ideal of A. Then D(P) C P.

Proof. By Lemma 2.2.28(7ii) of [1], P is a closed ideal. As Lemma 3.1(1), D(P)/P is an ideal in
A/P. Let a € P, and set © = D(a) + P € A/P. Take n € N, by Lemma 3.1(2), we have nlz" =
n!(D(a))” +P =D"(a") + P, and so
") < LD @) + P
< L)
1 n n
< Liprijar)

1 n n
< D] all",

thus |z"(|"/" < —-=|/D||||la]]| — 0asn — oo, and hence (D(a) + P) C Do(A/P). By Proposition

1.5.32(i3i) of [1], since A/P is semisimple, that is, z€rad(A/P) =0, so D(a) € P. Therefore D(P) C
P. O
In [5], there is a result about the largest ideal contained in a given ideal that is invariant under a

derivation D. Here , a modified result is given for a 3-derivations.

Lemma 3.3. Let D be a 3-derivation on an algebra A, T be an ideal of A and J ={x € A,n>0 :
D...Dx €T}
—

n-times
(1) J is the largest ideal of A contained in I which is stable under D.
(2) If T is prime, then J is prime.
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Proof. (1):Let a,b € A, x € J. We show that for each n € N, D...D(xab) and D...D(abzx) belongs
SN—— S——

n-times n-times

to Z, by induction on n. Let it hold for n — 1, we show that it holds for n

D...D(xab) =D...D(D(xzab))

n-times n-1-times

=D...D((Dx)ab+ x(Da)b + za(DDb)),
n-1-times
since ((Dz)ab + x(Da)b+ xa(Db)) belongs to J. And according to the assumption of induction, the
right side belongs to Z. So D...D(zab) € Z. It is obvious for n = 0, since z € J C Z, so zab € T.

n-times

Therefore, D...D(xab) € Z. Similarly, show that D...D(abx) € I. Since A? = A, this show that J
N—— N——
n-times n-times

is ideal.

(2): Let Z be prime. To see that J is prime, suppose a,b € A such that aAb C J. Let b ¢ J, then
there exist m > 0 such that D™b ¢ Z, we show for each n, D"a € Z, by induction on n. Let it holds
for n — 1. Let s be the smallest m such that D™b ¢ 7.

For each x € A, D""(axb) = 3, i 1mpts (?ﬁ) (Dia)(Dix)(D'b). If i < n or | < s we have D(a) € T
or D!(b) € T and so D ititi=nts (’zﬁ) (Dia)(D’z)(D'b) € T. If i > n and | > s then the possible value
for j is only 0, therefore in the sum 37, ., . (?;L‘;) (Dia)(D’z)(D'b) any term belong to Z, except
perhaps for the term (Dla)x(D'b), on the other hand D" *(azb) € T therefore the term (D"a)x(D*b)
have to belong to Z since z is arbitrary, (D"a)A(D*b) C Z, according to the assumption Z is prime,
then (D"a) or (D*b), belongs to Z. Since b is not belongs to J, so (D*b) is not belongs to Z. Therefore

(D™a) belongs to Z. Similar to the process above, can be show that a € Z, so a € J. O
Theorem 3.4. Let D be a 3-derivation on an algebra A. Then D(B(A)) C P(A).

Proof. Let P minimal prime ideal in A, @ ={a € A,n >0 : D...D(a) € P}.

n-times

As above Lemma (3.3), Q is the largest ideal in A, D(Q) C Q C P, for any each P, P(A) C P and
so D(B(A)) € D(P) C P. Therefore D(R(A)) C B(A). O

Corollary 3.5. Let D be a 3-derivation on a commutative algebra A. Then N(A) = P(A) and
D(M(A)) C N(A).

Corollary 3.6. Let D be a 3-derivation on a commutative algebra A. Then R(A) = P(A) and
D(R(A)) C R(A).

4. 3-derivations on triangular banach algebras

In [2], the nature of derivation on triangular of Banach algebras was investigated, here we give some

related result for 3-derivations.

Theorem 4.1. Let A be a unital Banach algebra, B be a Banach algebra with bounded approximate
identity (eg)g, and M be a essential Banach A,B-module, and D : T — T be a 3-derivation. Then,
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there exist mg € M, 3-derivations D1 : A — A, Ds: B — B, and continuous linear map 7 : M — M
and a net (bg)g C B, such that for each a € A, b € B, m € M we have

(1) limﬁ(b@b + bbg) =0;

14 O _ 0 mo ]
(2) D(<0 0>)<0 0>,

0 0\, (0 —mees)
(3) D(<0 eﬂ>)—<0 by )

4 D(<a m)): Di(a) amo—mob—l—T(m));

) 0 b 0 D4 (b)

(5) T(alagm) =D (al)agm + a1Dy (ag)m + alagT(m);

(6) T(mblbg) = T(m)blbg + ng(bl)bQ + mleQ(bg);

(7) 7(amb) = D1(a)mb + at(m)b+ amDy(b).

Conversely, if maps D1 : A — A, Dy : B — B be 3-derivations, and map 7 : M — M satisfying in

(5), (6) and (7), then the map D : T — T with definition D((E TZ)) = <D1O(a) amg — Z;)(bb;— T(m)>

is a 3-derivation.

Proof. First, let D : T — T be a derivation. We define the derivations Dy : A — A, Dy : B — B and

map 7 : M — M as follows

(4.1.1) Dl<a)=P1<D<<g 8)»,
(4.1.2) Dz(b):PQ(D(<8 2))),
(4.13) m)=prso((" ™))
. T \m) = 3 0 0 y

WhereP1(<0 b)):a,P2(<0 b))zb,Pg((() b)):m.

We show that D; : A — A is a 3-derivation. For each aq, a9, a3 € A, say
ap 0 a;’ my’ as 0 as’ mo a3 0 as’ ms'
D( )= , | DI ) = , | D( ) = A
0 O 0 b 0 0 0 b 0 0 0 b3

D (araz2a3) = Pl(D((alcz)zag g) )

. a; 0O az 0 a3 0
_Pl(D((o 0) (0 0) (0 0>>)
. a; 0 az 0 a3 0
_Pl(D((o 0>><0 0) (0 0)
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ajazas’  ajaams’
L [@azast arazms )
0 0

( ai'asaz + a1a2’as + arasas’  ajagms’ )
1
0 0

/ / /
= aji' agas3 + aja9’ asz + ajazas,

on the other hand

a; O
Di(ar)azas + a1Di(az)az + araeDi(az) = Pi(D( ( 01 0) ))azas

/ / /
= ai' agas3 + ajag’ asz + ajazas,

therefore D (ajazas) = Di(a1)azas + a1Di(az)as + arasD(ag), i.e. Dy is a 3-derivation. In a similar
way, it can be show that Dy is 3-derivation by the definition of (4.1.2).
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/

mg = ms' .

(3):Say D( <0

0 0
€s

)

ag mp

0

D<<

0 0

0 eqo

(0%e%

0

Jolo 2=

)

)

bg

0 0
0 0

SO Mpegeq + mgeq = 0, then lim, moege, + mgeq = 0 thus mg = —mgpeg, so

p<(

0
0

0

e

0 0

)G
ol
o n)2G 6
)

0 eq 0 eq
DOI: https://dx.doi.org/10.30504/jims.2025.520461.1257

0 0

0 eq

0 0

0 egeqen

)
)

)
)

<
0<0

0 eg

B

0
0

0 0

0 eq

0 0

0 eq

)
=D

(
(

0 O
0 eg

14 O
(2):By the above calculations with a; = a2 = a3 = 14 we have D(( (“)4 0
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0 0 G
+

0 0 eq

0
+

0 mgeqeq 0 0
= + +

0 bﬂeaea 0 egbaea 0 eﬁeaba
{0 mgeqea
~\o bgeata + egbaen + €geabn ’

0 0
since bg = lim, bgeqeq +egbaen +e€egeabs = bg+lim,(egbaeq +egeqbs) and lim, (D( (0 ) ) =
egeata

0 0 0 O 0 —
D( )= 98 s , 80 ag =0, bg = bg. Therefore D( )= moes ).
0 €p 0 bﬁ 0 €p 0 bﬁ

a 0 a m
4):If b =m = 0, for each a € A say D = ,80
’ ot 2 %)

D(<§ 8>)ZD((1A31A g>>

+<1s* ) D<(o 0>><1; )
(o) G o)
L))
(o) o))
()66 )
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0 D
so a’ =d', m' =amg and &/ = 0. Therefore D( (g )) = ( 10(60) aT(:L())’ where o’ = Dy (a).

O O / /
Ifa=m=0, foreacthBputD((O b>)_ <a m),then

0 0 0 0
D(<O b>) :D(<0 limg eﬁb%))
(o o\ [{o o\ (o O
:D(hén(<o eﬁ> (0 b) (0 eﬁ>))
0 0
0 €3 0 €3
°>D( ) (° )
eg 0 ep
0 0
)( )7 o)
:lim( —mpeg) (0 0\ (0 O
5°\0  bg 0 b)\0 eg
(0 0><a' m') (0 0>
+
0 eg 0o v 0 €3
+<0 0) (o 0) (0 —m063>)
0 eg 0 b 0 bﬂ
:lim(<0 _moeﬂb%)Jr(O 0 >+<0 ° ))
B 0 bgbeg 0 egbeg 0 egbbg

. 0 hmﬁ moeﬁbeg
B 0 hmg(bgbeg—{—e/gb%g—kegbbg) ’

so a’ = 0, m' = —limgmoegbes thus m’ = —mpb, and b’ = limg(bgbes + egb’es + egbbg) thus
0 0 0 —mgb
limg(bgb + bbg) = 0. This proves (1), and v/ = . Therefore D = , where
5(bs 5) P (1) (<o b)) 0 Dg(b)>
b = Dy(b).
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0
If a =b=0, for each m € M, say D(<O

D((E g)>

/N
o K

+

+
o

/—\/o—\

0
a 0
0 0/’
so a’ = 0. Let, for each 0 # by, bp € B which have an approximate identity (eg)g, in this case, say
0 0 0 0 0 —mgbs
D( ) , D( ) :
0 b 0 by 0 Dy(bs)
0 0 0 0 0 0 0 m
D( ) =D( )
00 0 b 0 by 0 0

—moby

(0
0 Dalby)

:D(<o 0>)<0 o) (0 m)
0 b/ \o v/)\o o
+<o 0>D(<o 0>)<0 m)
0 b 0 b)' \0o 0
+<o 0) (o 0>D(<o m>)
0 b /) \0 by 0 0
(0 —moby 0 0 0 m
~\0 Dyby)/ \o b/ \0 0
+<o 0) (o —m0b2> (o m>
0 b ) \0 Do)/ \0 0
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0 0 0 0 a m
+
0 b 0 by 0o v
(o 0
0 bibot' )

0
so bbb’ = 0, by applying the bounded approximate identity eg, we get b’ = 0. Therefore D( ( 0 m> )=

(0 T(m)> where 7(m) =m/'.

0 0
(6):
We have,

0 7(mbibs) _D(Omblbg)_D(Om 0 0 00)
0 0 -\ 0 N0 o/ \o b/ \o by

1
RN
o O

A

2
~_
RN
o O
S o
~_
VRN
o O
N =
~_

+

_l_

TN TN
o o o
S © 3

N~——— ~—— ©

)
)

(o 7(m)biby + mDa(by )by + mleg(b2)>
0 0 ’
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so 7(mbib2) = 7(m)b1ba + mD2(b1)ba + mb1D2(b2). The proof of (5) and (7) is similar to (6).

Conversely, for each @ m , a2 2 , s s € T, we have
0 b 0 be 0 b3

oo ) () ()

D( ajazaz airasms + aymabs + mibibs )
0 b1bobs

Di(arazaz) 7(araams + aymabs + mibabs)
0 Do (b1babs)

1(a1)azaz + a1Di(az)az + arasDi(az) (Di(ar)agms + ayDi(az)ms + ajaz7(m3)
+D, (al)mgbg + CLlT(mz)bg, + (Ilmgpg(bg)
+T(m1)b2b3 + m1D2(b2)b3 + mleDQ(b:g))

0 'Dg(bl)bgbg + b1'D2(bg)b3 + blbg'Dz(bg)

a; m as m as m
L@ 1 2 2\ p ( 3 3 ),
0 b 0 by 0 b3
so D : T — T is a 3-derivation. O

The following example indicate that the existence of bounded approximate identity for B is essential

and can not be omitted.

0 =z y

Example 4.2. Let A = M = M3,3(C) and B = { 0 0 2| 29y 2 € (C}, D1 = adg,
0 0 0
0

b 0 Dab)

demonstrates that the existence of a bounded approrimate identity for B is an necessary condition for

D
where ag € A and Dy = idg. Then D( g " ) = < () ), is not a 3-derivation. This

the preceding theorem.
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