Journal of the Iranian Mathematical Society
ISSN (on-line): 2717-1612

J. Iran. Math. Soc. 6 (2025), no. 2, 133-147

© 2025 Iranian Mathematical Society

FAIR COALITION IN GRAPHS

S. ALIKHANT", A. JAFARI AND M. SAFAZADEH

ABSTRACT. Let G = (V, E) be a simple graph. A dominating set of G is a subset D C V such that
every vertex not in D is adjacent to at least one vertex in D. The cardinality of a smallest dominating
set of G, denoted by v(G), is the domination number of G. For k > 1, a k-fair dominating set (k£ D-
set) in G, is a dominating set S such that |N(v) N D| = k for every vertex v € V'\ D. A fair dominating
set in G is a kF D-set for some integer kK > 1. We consider 1F D-sets and define a fair coalition in a
graph G as a pair of disjoint subsets A1, Ao C A that satisfy the following conditions: (a) neither A,
nor As constitutes a 1-fair dominating set of G, and (b) A1 U A2 constitutes a 1-fair dominating set
of G. A fair coalition partition of a graph G is a partition T = {41, Aa, ..., A} of its vertex set such
that every set A; of T is either a singleton 1-fair dominating set of GG, or is not a 1-fair dominating
set of G but forms a fair coalition with another non-1-fair dominating set A; € Y. We define the fair
coalition number of G as the maximum cardinality of a fair coalition partition of G, and we denote
it by C¢(G). We initiate the study of the fair coalition in graphs and obtain C;(G) for some specific
graphs.

1. Introduction

Let G = (V,E) be a simple graph. A set D C V is a dominating set, if every vertex in V\D is
adjacent to at least one vertex in D. The domination number (G) is the minimum cardinality of a
dominating set in G. A vertex v in graph G of order n is called a full vertex of G, if deg(v) =n — 1.

Haynes et al. [10] first defined the concept of a coalition in graphs as two non-dominating sets whose
union is dominating, and subsequently introduced the coalition partition and the coalition number.
Their work established initial bounds for the coalition number and determined it for paths and cycles.
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Later research, such as in [13], expanded on these bounds by considering minimum and maximum
degrees. The study of coalition graphs, where adjacency represents coalition formation, was initiated
in [11], showing that all graphs can be coalition graphs. This was further explored for specific graph
families, such as trees, paths, and cycles, in [12].

The c-partition problem has also been investigated in specific graph types, such as trees by Bakhshesh
et al. [0] and cubic graphs by Alikhani, Golmohammadi, and Konstantinova [!]. Alikhani et al. have
also studied variations of coalition partitions, including total [2] and connected [3] coalitions. Jafari,
Alikhani, and Bakhshesh [11] for k-coalitions, Mojdeh et al. for perfect and edge [15, 16] coalitions.

A domatic partition is a partition of the vertex set into dominating sets. The maximum cardinality
of a domatic partition is called the domatic number, denoted by d(G). The domatic number of a
graph was introduced in 1977 by Cockayne and Hedetniemi [%].

A dominating set D in a graph G is an i-fair dominating set (or i/ D-set) if every vertex v € V' \ D
has exactly ¢ neighbors in D, for some integer ¢ > 1. The i-fair domination number of GG, denoted by
fdi(G), is defined as the minimum cardinality of an iF'D-set. An iF'D-set that achieves this minimum
cardinality is termed an fd;(G)-set. More broadly, a fair dominating set (abbreviated FD-set) is any
iF D-set for some ¢ > 1. The fair domination number of a graph G (if G is not the empty graph),
symbolized as fd(G), corresponds to the minimum cardinality among all F'D-sets. If G is the empty
graph on n vertices, then fd(G) is conventionally defined as n. From these definitions, it follows
that for any graph G of order n, v(G) < fd(G) < n, and the equality fd(G) = n holds precisely
when G = K,. Caro, Hansberg, and Henning [7] have made notable contributions to this area,
including demonstrating that for a disconnected graph G (without isolated vertices) of order n > 3,
fd(G) < n—2, and constructing families of graphs that achieve this bound. They further established
that for a tree T of order n > 2, fd(T') < 5 , with equality if and only if 7" is a specific type of tree,
T = T' o K1, which is the corona product of a tree 77 and K;. The enumerative aspects of 1-fair
dominating sets have been explored in research by Alikhani and Safazadeh [41,5]. We denote the 1-fair

domination number of G, which is the minimum cardinality of 1F D-set by v;(G).

We consider 1-fair dominating sets, introduce and initiate the study of the fair coalition in graphs,
and obtain Cs(G) for some specific graphs in Section 2. We obtain the fair coalition number of cubic

graphs of order at most 10 in Section 3. Finally, we conclude the paper in Section 4.

2. Introduction to fair coalition

We initiate this section by formally defining fair coalitions within graph theory. Subsequently, we
derive several bounds for this newly introduced parameter. The section concludes with a determination
of the fair coalition number for both path graphs and cycle graphs.

We first define a fair domatic and a fair coalition , and then we establish some results.

Definition 2.1. A 1-fair dominating set (1F D-set) in G, is a dominating set S such that |N(v)ND| =1

for every vertexv € V\D. A fair domatic partition is a partition of the vertex set into 1-fair dominating
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sets. The maximum cardinality of a fair domatic partition is called the fair domatic number, denoted

by dy(G).

Definition 2.2 (Fair coalition). A fair coalition in a graph G consists of two disjoint sets Ay and
Ao of vertices of G, neither of which is a 1-fair dominating set but whose union Ay U As is a 1-fair

dominating set of G.
Let us introduce a fair coalition partition for a graph G.

Definition 2.3 (Fair coalition partition). A fair coalition partition, abbreviated fc-partition, of a
graph G refers to a vertex partition T = {Ay, ..., A}, such that every set A; of T is either a singleton
1-fair dominating set of G, or is not a 1-fair dominating set of G but forms a fair coalition with
another non-1-fair dominating set A; € Y. The fair coalition number of G, denoted by C¢(G), refers
to the largest possible number of members in an fc-partition of G. An fc-partition of G of cardinality
C¢(Q) is called a C¢(G)-partition.

2.1. Some bounds. First , we establish a relation between the fair coalition number C;(G) and the

fair domatic number d;(G) as follows.
Theorem 2.4. If G is a graph of order n > 3 without full vertices, then Cy(G) > 2d;(G).

Proof. Let G has a fair domatic partition S = {S1,S52,...,S5,} with d¢(G) = k. Since G has no
vertices of degree n — 1 then |S;| > 1 for any i. Without loss of generality we assume that the sets
{51, 52,...,Sk_1} are minimal 1-fair dominating sets. Indeed, if for some i, the set S; is not minimal,
we find a subset S/ C S; that is a minimal 1-fair dominating set, and add the remaining vertices to
the set Si. Note that if we partition a minimal 1-fair dominating set with more than one element into
two non-empty sets, we obtain two non-1-fair dominating sets that together form a fair coalition. As
a result, we divide each non-singleton set .S; into two sets S; 1 and ;2 that form a fair coalition. This
gives us a new partition &’ consisting of non-fair dominating sets that pair with some other non-1-fair
dominating set in S’ to form a fair coalition.

We now check the 1-fair dominating set Sj.

If S is a minimal 1-fair dominating set, we divide it into two non-1-fair dominating sets, add
these sets to &', and obtain a fair coalition partition of order at least 2k. Then, since k = df(G),
C1(G) = 24/(0).

If S, is not a minimal 1-fair dominating set, we aim to get a subset S}, C Sj, that holds this condition.
Again, we use the strategy of partitioning Sj into two non-1-fair dominating sets, giving together a
fair coalition. Afterwards, we define S}/ as the complement of S in Sy, and append S} ; and S} ,
to S’. If S} can merge with any non-1-fair dominating set to form a fair coalition, one can obtain a
fair coalition partition of cardinality at least 2k + 1 by adding S% to &’. Then, C;(G) > 2ds(G) + 1.
However, if S}’ can not form a fair coalition with any set in &', we eliminate Sy , from S and add
the set S,’C,2 U Sy to &'. This leads to a fair coalition partition of a cardinality at least 2k. Then,
C1(G) 2 244(0).

Due to the above arguments, we conclude that SC(G) > 2d¢(G). O
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Remark 2.5. There are examples which show that the bound in Theorem 2.4 is sharp. It suffices to
consider Py with V = {v1,v2,v3,v4} and E = {viva, vov3,v3v4}. It is easy to see that C¢(P,) = 4.
Consider two sets S1 = {v1,v4} and Sa = {va,v3}. These two sets Sy and Sy are 1-fair dominating sets

and we have found a partition of V (Py) into two disjoint fair dominating set S1 and Sa, so dy(Py) = 2.

We continue the study of this parameter. For instance we obtain some bounds for C¢(G) based the

1-fair domination number, i.e., v¢(G).

Theorem 2.6. Let G be a graph with order n and 1-fair domination number ;. Then
Ci(G) <n—rp+2.

Proof. For graph G with vy = 1, the inequality is obviously true. If v4(G) > 2, then G has no full
vertex. Let ¢t = C¢(G) and let T = {A;, Ao, ..., As} be a C¢(G)-partition of G. So, we have
(2.1) n=|[Ar] +[Az[ + -+ [A.
Without loss of generality, assume that A; and Ay form a fair coalition. Then |A;| + |A2| > v¢(G).
Combining this with (1), we obtain

n > ‘A1|+|A2’+t—2.

Therefore , we have the results. O

Remark 2.7. The equality in Theorem 2.6 holds for many graphs. For example, consider the complete
bipartite graph K3 3. You can find a 1-fair dominating set by selecting one vertex from each partition
set. So v§(K33) = 2. In the other hand C;(K33) = 6 (see Theorem 3.3).

Corollary 2.8. IfT is a tree of order n > 4 of the form corona of a tree with Ky, i.e., Th o Ky, where
T is a tree, then
C/(T) < % +2.

Proof. 1t suffices to show that v,(T1 o K1) = §. We know that (7T") = 5 and since for any graph G,
Y(G) < 44(G), so v¢(T) > . On the other hand , the set of leaves of T1 o K forms a 1-FD set and
so v¢(T') < 5. Therefore , we have the result by Theorem 2.6. O

2.2. Fair coalition of paths and cycles. This subsection focuses on determining the fair coalition

number for paths and cycles, starting with paths. We need the following Lemma:
Lemma 2.9 ([10]). The coalition number of any path P, is at most 6, i.e., C(P,) < 6.

First , we state the following observation for path P, with V(P,) = {v1,v2,...,v,} and E(P,) =

{{v1,v2}, {va,v3}, ..., {vn-1,vn}}.

Observation 2.10. (Z) Cf(P4) = Cf(P5) = Cf(PG) = Cf(Pg) = 4;
(ii) Cs(Pr) = Cy(Py) = Cy(Pro) = Cp(Pr1) = Cp(P13) = 5;
(iii) Cf(Pi2) = 6.
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Proof. Note that for any graph C¢(G) < C(G) and so by Lemma 2.9, the fair coalition number of any

path P, is at most 6. In the following parts, we present an fc-partition with maximum size.

(i)

(i)

For path P; the members of the fe-partition with maximum size are A; = {v1}, Ay = {v2},
Az = {v3} and Ay = {vs}. Note that A;, Ay and Ay, A3 are partners.

It is easy to observe that there is no fec-partition for P; with cardinality 5. For Ps the
members of the fe-partition with maximum size are A1 = {v1,v5}, A2 = {va}, A3 = {v3} and
Ay = {vs4}. Note that A;, Ay and Ay, Az are partners. Also, Ay, A4 are partners.

We can see, there is no fc-partition for P with cardinality 5 or 6. For Ps the members of the
fe-partition with maximum size are A; = {v1,v5}, Ao = {va,v6}, A3 = {vs3} and Ay = {vs}.
Note that A1, Ay and Ay, A4 are partners. Also, As, Az are partners.

First, we show that there is no fc-partition of size 5 or 6 for P3. First, suppose on the
contrary that Cy(Fg) = 6. So any fc-partition consists of two sets of size two and four
singleton sets, where each singleton set forms a fair coalition with a set of size two, and each
set of size two forms a fair coalition with exactly two singleton sets. Since the vertices v3 and
vg are not in any such fair coalitions, we have a contradiction. Now we show that C'y(Fg) # 5.
Suppose on contrary that Cy(Pgs) =5 and 7 is a fc-partition of size 5. We have two cases for
the
Case 1: The partition 7 contains a set of size three, a set of size two, and three singleton sets.

We know that v7(Ps) = 3 and so each singleton set cannot form a fc-coalition with a non-
singleton set. There exist two singleton sets A; and As in fe-partition 7 such that A; forms
a fc-coalition with the set of size two and Ay forms a fc-coalition with the set of size three.
But this is impossible, because the graph Pg has six 1-fair dominating sets of order 4 two 1-fair
dominating sets of order three. So we have the contradiction.

Case 2: The partition 7 contains three sets of size two and two singleton sets.

Since the graph Pg has exactly two fair dominating sets of order three, this case does not
happen.

For the path Pg the members of the fe-partition with maximum size are A; = {v1,vs},
Ag = {va,v7}, A3 = {vs,v6} and Ay = {v4,v5}. Note that A;, Ay and Ay, A3 are partners.

It is easy to see thatthere is no fe-partition for Pg with cardinality 6. The partition
{{v2,v6}, {v1,v7}, {vs}, {va}, {vs}} is a fe-partition of maximum size for Py, and so C¢(P7) =
5.

Now we consider Py. We show that C¢(Py) # 6. Suppose, on the contrary, that C¢(Py) = 6.

We consider the following cases:
Case 1: The fe-partition m contains a set of size three, a set of size two, and four singleton
sets. Since v7(FPy) = 3, each singleton set must form a fair coalition with a non-singleton set,
and so each non-singleton set must form a fair coalition with two singleton sets. But we can
see that the graph Py only has one a fair dominating set of size three, which is {ve,vs,vg}.

Therefore we have a contradiction.
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Case 2: The fc-partition 7w contains three sets of size two and three singleton sets. Similar to
Case 1, we can obtain a contradiction.

The partition {{vs, ve, vo}, {v1,v4,vs}, {v2}, {vs}, {vr}} is a fair partition for Py, so C¢(Py) =

The proof for Py, P11 and P;3 are similar.

(iii) The proof is similar to the proof of Theorem 2.11.
Theorem 2.11. For n > 14, C¢(P,) = 6.

Proof. Suppose that V(P,) = {v1,v2,...,v,}. By Lemma 2.9 it is enough to present fc-partition with
cardinality six. Let consider two cases:

Case 1) If n is even, then for k > 3 the fc-partition with maximum size is as follows:
T = {A1, Az, A3, Ay, A5, As},

where Ay = {v1,v4,07, Va1, - -, Vagt2,--- }, Ao = {v2,06,09, Vag, - - ., Vapt1,... }, Az = {v3}, Ay =
{Ulo}, A5 = {U5} and AG = {vg}.
Note that Ay, A4 and Aq, Ag are partners. Also As, A3 and As, A5 are partners.

Case 2) If n is odd, then for k > 4 the fc-partition with maximum size is as follows:
T = {A17 A27 A37 A47 A57 Aﬁ}

Where A1 = {v1,v4,v7,010, Vak—2, - - - Vaki 1, - - - }, A2 = {V2, 09, V12, Vap—1,-- -, Vak,--- }, A3 = {v3,v6}
and A4 = {Ulg}, A5 = {1)5,1)8} and AG = {1)11}.
Note that A1, A4 and Aq, Ag are partners. Also Ao, A3 and As, A5 are partners.

O
Here, we compute the fair coalition number of cycle C,,. We need the following lemma.
Lemma 2.12. The fair coalition number of any cycle Cy, is at most 6, i.e., C¢t(Cy) < 6.
Proof. We know that ([10]) the fair coalition number of any cycle C,, is at most 6, and since C'(Cy,) <
C(Cy), so we have the result. O

Theorem 2.13. For n > 10, (n # 11), C¢(Cy) = 6.

Proof. Suppose that V(C,,) = {v1,v2,...,v,}. By Lemma 2.12, it is sufficient to present an fc-partition

of size six.

(i) If n = 3k, we present an fc-partition with maximum size. Let consider two cases:

Case 1) If k is odd, then the fec-partition with maximum size is as follows:
T = {Ala AZ, A3a A4a A5a A6}7

where A1 = {v1, vy, ...,UL%J}, Ag = {vg,v5, ""UL%JH}’ As = {vs, vg, ...,UL%H_Q},
A4 = {UL%J+37UL%J+67 "'7U3k—2}7 A5 = {U\_%J—Fﬁl’v\_%}i—w ---7U3k—1})

AG = {UL%J+5’UL%J+8’ ...,’ng}.
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Note that Ay, A4 and As, A5 are partner. Also Az and Ag are partner.

Case 2) If k is even, then the fc-partition with maximum size is as follows:
T = {Ala A2a A3a A4a A5a A6}7

Where Al = {Ul,v4, ””’UL%J72}’ A2 = {U?,'UE” ”"UL%Jfl}, A3 = {U3,’U6, ...7UL%J}7
A4 = {UL%J+1,UL%J+4, ...,/ng_Q}, A5 == {UL%J+2,UL%J+5’ ...71}3]{;_1},
Aﬁ = {UL%J+37UL%J+67 "'7U3k}'
Note that A, A4 and Ag, As are partner. Also Az and Ag are partner. Therefore C¢(Csi,) =
6.

(ii) If n = 3k + 1, the fe-partition of Csxy1 with maximum size is as follows:
T = {Ala A27 A37 A47 A57 A6}7

where for odd k& we have;
Ay =A{v; |i={1,4,....,3k — 2}}, As = {vsk—1}, A3 = {v3p+1},
Ay = {v2, 033,03}, As = {v; | i = {3,6,...,3k — 6}},
Ag =A{v; | i =1{5,8,...,3k — 4}}.
And for even k;
Ay ={v; |i={1,4,8,11,14,....3k — 1}}, As = {vs}, A3 = {vr},
Ay = {v3,v6,v9, ..., v3p—3}, A5 = {v2, V31 },
Ag = {v3k—2, V3k41}-
Note that Ay, Ao and Ay, A are partner. Also A4, As and A4, Ag are partner. So
C(C3p11) = 6.

(iii) The fe-partition of Csrio with maximum size is as follows:
T = {A1, Ay, A3, Ay, A5, As},

where for even k;

Ar={v; |i={1,4,8,11,14, .., 3k + 2}}, As = {5}, A3 = {v7),

Ay = {v2,v3,v6,v9, V13, V16, .-, V3kt1}, A5 = {vi0}, As = {vi2}.
And for odd k;

Ay = {v1,v2,05,08, ..., U3k—7, U3k }, A2 = {V3k—4,V3k—1},

Az = {v3g—¢, v3r—3}, As = {v3,07,010, 013, V16, -, V3k+1, V3ks2}, A5 = {v4} and Ag = {ve}.
Note that Ay, Ao and Ay, A are partner. Also A4, As and A4, Ag are partner. So

Cf(03k+2) == 6

3. Fair coalition of cubic graphs of order at most 10

In this section, we obtain the fair coalition number of cubic graphs of order at most 10. In particular,

we obtain the fair coalition number of the Petersen graph. The coalition number and the total coalition
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number of cubic graphs of order at most 10 have studied in [!] and [9], respectively. We need the

following lemma.

Lemma 3.1 ([1]). If G is a cubic graph of order at most 10, then C(G) € {6,7,8}.
So we have the following corollary.

Corollary 3.2. If G is a cubic graph of order at most 10, then C¢(G) < 8.

3.1. Results for cubic graphs of order 6. In this subsection, we obtain the fair coalition number
of cubic graphs of order 6. There are exactly two cubic graphs of order 6 which are denoted by G
and G4 in Figure 1.

1 1
6 2 6 2
5 3 5 3
4 4
G] G2

FiGure 1. Cubic graphs of order 6.

Theorem 3.3. The fair coalition number of cubic graphs G1 and Ga of order 6 is 6.

Proof. Suppose that V(G1) = {1,2,3,4,5,6} and V(G2) ={1,2,3,4,5,6}.

By Corollary 3.2, it is sufficient to present the fc-partition with maximum size as follows;
T = {A17 A27 A37 A4a A5a A6}

Where A1 = {1}, A2 = {2}, Ag = {3}, A4 = {4}, A5 = {5} and AG = {6} Note that Al,A4 and
Ay, Ag are partners. Also As, Ag are partners. O

3.2. Results for cubic graphs of order 8. In the following we obtain the fair coalition number of
cubic graphs of order 8. There are exactly 6 cubic graphs of order 8 which are denoted by G1, G, ..., Gg

in Figure 2.

Theorem 3.4. (i) For the cubic graph G of order 8, C¢(G1) = 8;
(ii) For the cubic graph G of order 8, Cr(Ga) =5;
(iii) For the cubic graph G3 of order 8, Ct(G3) =5
(iv) For the cubic graph G4 of order 8, C¢(G4) =6
(v) For the cubic graph G5 of order 8, Cy(G5) = 8;
(vi) For the cubic graph Gg of order 8, Cy(Gs) =8

Proof. Consider the cubic graphs of order 8 in Figure 2.
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8 2
7 3 7 3
4 4
B )
Gy G
1 1
8 2 E ;; E
4 3
7 3
5
' A
8 7
Gy (e Gg

FiGURE 2. Cubic graphs of order 8

(i) By Corollary 3.2, Ct(G1) < 8. So it is enough to present the fc-partition with size 8 as follows;
T = {A1, Ay, A3, Ay, As, Ag, A7, As},

where A; = {1}, Ay = {2}, A3 = {3}, Ay = {4}, A5 = {5}, Ag = {6}, A7 = {7} and Ag = {8}.
Note that Ay, A5 and As, Ag are partners. Also A3, A7 and Ay, Ag are partners.

(ii) It is easy to see that there is no fe-partition of Gy of size 6,7,8. We present fc-partition with
size 5 as follows;

T = {Ah A27 A37 A4’ A5}7

where A; = {1,5}, Ay = {2}, A3 = {3,4}, Ay = {6,7} and A5 = {8}. Note that A;, A and
Ao, Ag are partners. Also, Ay, A5 are partners.
(iii) It is easy to see that there is no fe-partition of G of size 6,7,8. We present fc-partition with

size 5 as follows;

T = {Ah A27 A37 A47 A5}7
where A1 = {1}, Ay = {2,3}, A3 = {7,8}, Ay = {4} and A5 = {5,6}. Note that A;, Ay and
Aq, Ag are partners. Also, Ay, A5 are partners.

(iv) It is easy to see that there is no fc-partition of G4 of size 7,8. We present fc-partition with

size 6 as follows;

T = {A1, Az, A3, Ay, A5, Ag},

where A; = {2}, Ay = {6}, A3 = {4}, Ay = {8}, A5 = {1,5} and A = {3,7}. Note that
Aq, Ay and As, A4 are partners. Also, As, Ag are partners.

(v) We present an fc-partition with maximum size as follows;

T = {41, Ay, A3, A4, As, Ag, A7, Ag},
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where A; = {1}, Ay = {2}, A3 = {3}, Ay = {4}, A5 = {5}, Ag = {6}, A7 = {7} and Ag = {8}.
Note that Ay, A4 and As, A7 are partners. Also As, Ag and As, Ag are partners.

(vi) We present an fe-partition with maximum size as follows;
T = {Ala AZ, A3a A4a A5a A6a A7a A8}7
where A1 = {1}, AQ = {2}, Ag = {3}, A4 = {4}, A5 = {5}, A6 = {6}, A7 = {7} and As = {8}
Note that Ay, A5 and As, Ag are partners. Also As, A7 and Ay, Ag are partners.
O

3.3. Results for cubic graphs of order 10. In this subsection, we obtain the fair coalition number
of cubic graphs of order 10. There are exactly 21 cubic graphs of order 10 denoted by G1, Ga, ..., Go1
in Figure 3 (see [1]). In particular, the graph Gy7 is isomorphic to the Petersen graph P.

Gao 4 G2y

F1cUrRe 3. Cubic graphs of order 10
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Theorem 3.5. Let G; (1 < i < 21) be the cubic graphs of order 10. Then C¢(G;) = 4 for i €
{1,12,14,17,18, 19}.

Proof. Consider the cubic graphs G1,Ga, - -+ ,Go;1 of order 10 as shown in Figure 3.
It is easy to see that, there is no fc-partition for G; of size 5,6,7,8. We present an fc-partition

with maximum size as follows for GG1:

T = {A].; A2a A3a A4}7
where A1 = {1,6}, A2 = {2,10}, A3 = {5,7} and A4 = {3,4,8,9}. Note that A;, Ay and A;, Az are
partners. Also Ay, A4 are partners.

There is no fc-partition for Gio of size 5,6,7,8. The following partition is the fc-partition with

maximum size for Gis.

T = {A, Ay, Az, Ay},
where A1 = {1,6}, A2 = {2,10}, A3 = {3,4,8,9} and Ay = {5,7}. Note that A;, Ay and A;, A3 are
partners. Also Ay, A4 are partners.

There is no fc-partition for G4 of size 5,6,7,8. The following partition is the fc-partition with

maximum size for G1g4.

T = {Ay, Ay, As, A4},
where A} = {1,4,5,9}, Ay = {2,7}, A3 = {3,6} and A4 = {8,10}. Note that A;, Ay and Ay, A4 are
partners. Also As, A4 are partners.

There is no fc-partition for Gy7 of size 5,6,7,8. The following partition is the fc-partition with

maximum size for Gy7.

T = {A1, Ay, Az, Ay},
where A1 = {1,3,8}, Ay = {2,6}, A3 = {4,5,10} and A4 = {7,9}. Note that A;, Ay and As, A4 are
partners.

There is no fc-partition for Gig of size 5,6,7,8. The following partition is the fc-partition with

maximum size for Gig.

T = {Ay, Az, A3, A4},
where A1 = {1,7}, Ay = {4,10}, A3 = {5,6} and A4 = {2,3,8,9}. Note that A;, Ay and Ay, A3 are
partners. Also As, A4 are partners.

There is no fc-partition for Gig of size 5,6,7,8. The following partition is the fc-partition with

maximum size for Gig.

T = {A17A27A3aA4}7
where A1 = {1,8,9}, Ay = {2}, A3 = {3,4,5} and A4 = {6,7,10}. Note that A;, A3 and Ag, A3 are

partners. Also As, A4 are partners.
O
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Theorem 3.6. Let G; (1 < i < 21) be the cubic graphs of order 10. Then C¢(G;) = 5 for i €
(2,6,7,8,9,11,13, 16}.

Proof. 1t is easy to see that there is no fc-partition for Go of size 6,7,8. The following partition is

the fe-partition with maximum size for Gs.

T = {A17 AQa A3a A4a A5}7
where A; = {1,6}, A2 = {2,7}, A3 = {3,4}, Ay = {5,10}, A5 = {8,9}. Note that A;, A2 and Az, A4
are partners. Also A4, As are partners.

There is no fe-partition for Gg of size 6,7,8. The following partition is the fc-partition with

maximum size for Gg.
T ={A1, Ay, Az, Ay, A5},
where A1 = {1,2}, Ay = {3,4}, A3 = {5,6}, Ay = {7,8}, A5 = {9,10}. Note that A;, Ay and Ag, A3
are partners. Also A4, A5 are partners.
There is no fe-partition for G7 of size 6,7,8. The following partition is the fc-partition with
maximum size for G7.
T = {A1, Ay, As, Ay, A5},
where A1 = {1,2}, As = {3,4}, A3 = {5,6}, Ay = {7,8}, A5 = {9,10}. Note that A;, Ay and Aa, A3
are partners. Also Ay, A5 are partners.
There is no fe-partition for Gg of size 6,7,8. The following partition is the fc-partition with

maximum size for Gg.
T = {A1, As, A3, As, A5},
where A; = {1,2}, As = {5,6}, A3 = {3,4}, Ay = {7,10}, A5 = {8,9}. Note that A;, Ay and As, Ay
are partners. Also A4, As are partners.
There is no fe-partition for Gg of size 6,7,8. The following partition is the fc-partition with
maximum size for Gg.
T ={A1, Ay, A3, Ay, A5},
where Ay = {1,6}, Ay = {2,3}, A3 = {4,5}, A4 = {7,8}, A5 = {9,10}. Note that A;, A3 or Ay, Ay
are partners. Also Ao, A3 and Ay, A5 are partners.
There is no fc-partition for G11 of size 6,7,8. The following partition is the fc-partition with

maximum size for Gq1.
T = {AlaAQaA37A4aA5}7
where A; = {1}, A2 ={2,5,7,10}, A3 = {3,9}, Ay = {4,8}, A5 = {6}. Note that A1, A4 and As, Ay

or As, Az are partners. Also As, A5 are partners.

There is no fc-partition for G153 of size 6,7,8. The following partition is the fc-partition with

maximum size for Gi3.

T = {A}, Ay, Az, Ay, A5},

DOI: https://dx.doi.org/jims.2025.538329.1273


https://dx.doi.org/jims.2025.538329.1273

J. Iran. Math. Soc. 6 (2025), no. 2, 133-147 S. Alikhani, A. Jafari and M. Safazadeh 145

where Al = {1,2,5,8}, A2 = {3,6}, Ag = {4}, A4 = {7, 10}, A5 == {9} Note that Al,AQ and AQ,A5

are partners. Also As, A4 are partners.

There is no fc-partition for Gig of size 6,7,8. The following partition is the fc-partition with
maximum size for Gig.
T = {A1, Ay, A3, Ay, A5},

where A; = {1,2}, A2 = {6,7}, A3 = {3,4}, Ay = {5,10}, A5 = {8,9}. Note that A;, A2 and Az, A4
are partners. Also A4, As are partners.
O

Theorem 3.7. Let G; (1 < i < 21) be the cubic graphs of order 10. Then Cy¢(G;) = T for i €
{3,4,5,10, 15,20, 21}.

Proof. 1t is easy to see that there is no fec-partition of size 8 for G;, where i € {3,4,5,10,15,20,21}.
So for i € {3,4,5,10,15,20,21} we present the fc-partition of size 7.

The following partition is the fc-partition with maximum size for Gs.
T = {A1, As, A3, Aa, A5, Ag, A7},

where A; = {1,4}, Ay = {8}, A3 = {2,3}, Ay = {6}, A5 = {5}, A¢ = {9,10}, Ay = {7}. Note that
Ay, Ay and Az, Ay are partners. Also As, Ag and As, A7 are partners.

The following partition is the fc-partition with maximum size for Gy.
T = {Ala AQ, ASa A4a A5a A6a A7}7

where Al = {1,5}, AQ = {2,6}, A3 = {3}, A4 = {8}, A5 = {7}, AG = {4,9} and A7 = {10} Note
that A1, A4 and Ay, A5 are partners. Also As, Ag and Ag, A7 are partners.

The following partition is the fc-partition with maximum size for Gs.
T = {A1, Az, A3, Ay, A5, As, A7},

where A1 = {1,5}, A2 = {2,6}, A3 = {3}, Ay = {8}, A5 = {7}, As = {4,9} and A7 = {10}. Note
that Ay, A4 and As, A5 are partners. Also As, Ag and Ag, A7 are partners.

The following partition is the fc-partition with maximum size for G1g.
T = {Ala AZ, A3a A4a A5a A6a A7}7

where A1 = {1}, A2 = {2}, A3 = {3,6}, A4 = {4, 5}, A5 = {7,8}, AG = {9} and A7 = {10} Note
that A1, A5 and Ao, A5 are partners. Also Ag, Ag and A4, A7 are partners.

The following partition is the fc-partition with maximum size for G1s.
T = {Ala A27 A37 A47 A57 A67 A7}7

where A1 = {1,2}, Ay = {3,6}, A3 = {4,5}, Ay = {7}, A5 = {8}, A¢ = {9} and A7 = {10}. Note
that Ay, As and As, A4 are partners. Also Ay, Ag and Ag, A7 are partners.
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The following partition is the fc-partition with maximum size for Gag.
T = {Ala A27 A37 A47 A57 A67 A7}7

where Al = {1,7}, A2 = {2,8}, A3 = {3}, A4 = {4}, A5 = {5,6}, AG = {9} and A7 = {10} Note
that A1, A4 and Ay, Ag are partners. Also As, Ag and As, A7 are partners.

The following partition is the fc-partition with maximum size for Go.
T = {A17 A27 A3a A4a A5a A6a A?}a

where 41 = {1,7}, As = {2,8}, A3 = {3,6}, Ay = {4}, A5 = {5}, A¢ = {9} and A7 = {10}. Note
that Ay, A4 and As, A5 are partners. Also As, Ag and As, A7 are partners.
O

4. Conclusion

This paper introduces the concept of the fair coalition in graphs and explores various properties
related to its number. We have demonstrated that when a graph G has at least three vertices without
full vertices, then Cy(G) > 2d;(G). We have determined the precise values of C¢(P,), Cf(Cy), and
the fair coalition number of the cubic graphs of order at most 10. There is much work to be done in

this subject.

(1) What is the fair coalition number of graph operations, such as corona, Cartesian product, join,
lexicographic, and so on?

(2) What is the fair coalition number of natural and fractional powers of a graph?

(3) What is the effects on C¢(G) when G is modified by operations on vertex and edge of G7

(4) Study Nordhaus and Gaddum lower and upper bounds on the sum and the product of the fair
coalition number of a graph and its complement.

(5) Study the complexity of the fair coalition number for many of the graphs.
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