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e-INFINITE FRAMES FOR k-ERASURES

M. A. HASANKHANI FARD* AND A. NAZARI

ABSTRACT. Holmes and Paulsen studied finite frames from the viewpoint of coding theory. In this
paper, for given 0 < ¢ < 1 and natural number k, we introduce e-infinite frames for k-erasures in
infinite-dimensional separable Hilbert space H from the viewpoint of coding theory. Additionally, the

perturbation and redundancy of e-infinite frames for k-erasures are studied.

1. Introduction

The concept of frames in a Hilbert space H, was originally introduced by Duffin and Schaeffer in the
context of non-harmonic Fourier series [10]. Over the past decade, various generalizations of frames
have been proposed, including frames of subspaces, pseudo-frames, oblique frames, continuous frames,
fusion frames, g-frames, and so on. The concept of equal-norm Parseval frames in finite-dimensional
Hilbert spaces was first introduced by Casazza and Leonhard in [7, 5], and has developed rapidly over
the last decade, particularly in the context of wavelets and Gabor systems.

Given a separable Hilbert space H with inner product (-,-), a sequence F = {f;}ien in H is called
a frame for H if there exist constants 0 < A < B < oo such that for all x € H ,

2 2 2
(1.1) Alle|® <> [, £i)? < Bl
€N
where A and B are called the lower and upper frame bounds, respectively. The second inequality in
(1.1) is known as the Bessel condition for F. The frame F is called an A-tight frame when A = B.
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A tight frame where || f;|| = ¢ for all i € N is called a c-equal norm tight frame, and a tight frame with

frame bound 1 is called a Parseval frame. The bounded linear operator T+ defined by

Tr:H — 1l (N), Trz = {(z, fi) }ien

is called the analysis operator of F, and the bounded linear operator Sr defined by

SpeH oM, Spr=) (v.fi)f;
€N
is called the frame operator of F. The frame operator S is known to be positive, self-adjoint and
invertible operator.

Two frames {f;}ien and {g; }ien are dual frames for H, if

r=Y (x,g) fi, Vo € M.
€N
The frame {f;}, defined by f; = S~'f; for i € N, is a dual frame of frame {f;};en that is called
canonical dual frame of {f;};cny. For more information concerning frames refer to [1,9,12,16,17].

Frames provide redundant sets of vectors in a Hilbert space that yield natural representations of
vectors. While each vector has one canonical representation, infinitely many alternative representations
may exist for any given vector. This redundancy property makes frames particularly valuable in
applications. In signal processing, frames have proven especially useful for analyzing the completeness
and stability of linear discrete signal representations.

Recent research has focused on identifying optimal tight frames from a coding-theoretic perspective.
Several studies [2, 4,0, 14, 15] have demonstrated that certain frame constructions are particularly
effective for handling erasures. In their foundational work, Holmes and Paulsen [I13] developed a
quantitative framework to measure a frame’s reconstruction capability when some frame coefficients
are lost or corrupted.

In this paper, for given 0 < € < 1 and natural number £, we introduce the subset Py . of the set
P(The set of all Parseval frames in #), as an e-infinite frame for k-erasures. For given F € Py
and G € P\ Py, the reconstruction of signal vector x € H with respect to the frame coefficients
{(z, fi)}ien\s,, is more accurate than the reconstruction of z with respect to the frame coefficients
{{(z, gi>}ieN\ 1,,» Where m is a natural number such that 1 < m < k and I,,, is an arbitrary subset of
N with m members. Some sufficient conditions for which, F € Py or F ¢ Py, . are given. Also the
stability of Py . under perturbations is investigated. Moreover the redundancy of e-infinite frames for

k-erasures is studied.

2. e-infinite frames for k-erasures

Inspired by the work of Holmes and Paulsen in [13], we introduced e-infinite frames for k-erasures
as follows.
Let P be the set of all Parseval frames in H, and F = {fi},cy € P. A transmitted signal vector

x € H, can be reconstructed by acting the operator T on received frame coefficients Trx = {(z, fi) };=,
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as follows
T}T}-x:z&,fﬁﬂ = z.
€N
In the general case, suppose m frame coefficients from Trx are lost. In this case, we have frame
coefficients VI'rx = {(z, fi) };e 1, Where In, is a subset of N with m elements and V' = [v; ;] is an
infinite diagonal metrics with V;; =0 for i € I, and V;; =1 for i € N\ I,,,. So by acting operator Tr

on V1'rx, we have the error in reconstructing z is given by
r—TFVTre =TrTre — T3VTrx = T DTrz,

where D := I — V is the infinite diagonal metrics with D;; = 1 for ¢ € I,;, and D;; = 0 for i € N\ I,,,.
Thus
sup |l = T3V Tral = sup |T3DTra] = |T5DTx|
[lzl|=1 |lz||=1
that is the norm of error operator.
Now suppose m € N and D,,, denote the set of infinite diagonal matrices with m entries 1, and the
rest equal to zero. We set
dm (F) :== sup |[|[TDT7|,
DeDy,

for any F € P. Let 0 < e <1 and k € N. We define
Pre:={F €P; dn(F)<e forall 1 <m <k}

and we call every F in Py . as an e-frame for k-erasures.
Using the sequence {|(fi, f;)[}; jen of the frame F = {f;},cy, a lower and upper bound for dy, (F)

are given in the next proposition. For the proof of the proposition, we need the following lemma.

Lemma 2.1. For any finite sequence {y;};~, of complex numbers, we have

‘ = _12’% )

(2.1)

<.
Il
—

= L[
— lk,[MS

(2.2)

m
il + [y ) m—1)" |yl
=1

1

Z(ryjr +lul?) =20m =) Y Il
i=1 =1
i#]

s

<.

A
.

o
o
Ms

<.
Il
-

Ms

m
(2.4) S (P +1ml) = m =1 m =2 il
j=1 rs=1 1=1
r,$F#£J,r<s

with Y lyil> = 0.
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Proof. The equality (2.1) is obvious for m = 1, assuming lyi|* = 0. Also for m > 2, we have

m m
SO lwil® = lwel® + lysl* + - + lyml”

L
T

S
S

ol + lysl? + - + lyml®

4+ ...

P+ g2l + -+ lymea

= (m = 1) |y + (m— 1) gl + - + (m — 1) [yl

—m-1)Y il
=1

The equality (2.2) is evident for m = 1, when we assume that ), lyi|> = 0. Also for m > 2, we have

m

D (I 4 193l) = ol + Lol -+l + Lyl 4l o+

,5=1
1<J

+ g2l + lysl® + ly2l” + [ya® - + [wol + lyml* + ...
F Yma* + Y1 |* + |Ym—2l* + [ym]*

+ |ym—1l” + [y’

= (m = 1) lya® + (m— 1) gl + - + (m = 1) [y

=(m—-1> |ul?
=1

The equality (2.3) is evident for m = 1, under the assumption } . lyi|> = 0. Also for m > 2 we have

m m
ZZ(\%\ + [yl ):\y1|2+!y2\2+\y1|2+!y3!2---+|y1!2+!ym!2
Jj=1 ;

(A

+lyol” + [ ” + lol” + 1wl - + ol + lym

T

+ lyml® + 1P+ [yl + g2l + [yml? + [Yma]?
=(m—14+m-D |y +m—-1+m—1)|pl*+ -+
+(m—14+m—1)|ynm|?

m
m—1) |yl
i=1
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The equality (2.4) is obvious for m = 1,2, assuming that >, 4 |ys|* = 0. Also using (2.1), for m > 3

i€
we have

S (P 1) = lal® + lysl® + byl + lyal* - + [yl + lyml

+ sl + Jyal® + lysl + Lyl - + lysl® + lyml* + ..
+ ym—2l” + [Ym-1]* + Ym—2]” + [y’

+ [Ym—1]* + [yml”

+ il + lysl® + [ + [yal® - + [ + [ym®

+lysl® + Jyal® + ysl® + lysl® -+ + lysl® + lym]* + ...
+Ym—z|* + [Ym—1|* + [Ym—2|” + [ |

+ [Ym-1]* + [yml®

+ ...

+ g2l + Ll + Lyl -+ g1+ [yme]
+lwal? + lysl + [yl + lyal - + gol + lym—a [P + -
+ ym—2|* + [ym-1[*

= (m—2)[ga|* + (m = 2) |ys + - + (m — 2) [yn|”
+(m = 2) [y + (m = 2) [ys + -+ + (m = 2) [y
+ ...

+(m = 2) [y + (m = 2) [ + -+ + (m = 2) [ym1|”

m m
2
= (m—2) Z |yl
j=1

i=1
7]

=m=1)m-2)) ul’.

Proposition 2.2. Let m € N and F = {fi},cy € P. Then

(2.5) dy (F) =sup |fil*, and for m>2
ieN
(2.6) dyn (F) < sup \/maxnfinQ +(m — 1) max [(fi, f;)]
I i€l ,J€EIm
i#£j
(2.7) dpm (F) < sup | max || fil|* + (m — 1) max [(fi, ;)] | .
I, i€1m 4,J€Im
>y
(2.8) dp (F) > sup | min || fi|*> + max |(fi, ;)] | .
I, i€, ZJ’SEI‘M
i)

where the supremum is taken on all arbitrary subset I, of N with m members.
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Proof. Suppose D € Dy, then there exists ¢ € N such that D;; = 1 and Dj; = 0, for all j # i. Thus

IT:DTF| = sup |[T3DTxa|

= sup [(z, fi)| | /i

and hence

di (F) = sup |TzDTF| = Sup\lsz
DeDy

Now let m > 2 and D € D,,. There exists a subset I, of N such that |I,,| = m with D;; = 1, for all
i € I, and Dy =0 for all i € N\ I;,. Thus for any x € S := {x € H; ||z|| = 1} we have

2
ITEDTrel* = | Y (@, fi) fi
i€Lm,
= <Z (x, fi) fis Z (z, fi) fij>
i€l i€l
=S PPN+ Y 2Re (2 f) (for ) (o £2))
<3 @ f) PP+ X0 (1 £l + Ko@) P) 1o £
1€ILm, r,ii{gm
<Y N P+ Y (1 P + o))
i€lm Tﬁi’”
_)‘22|xf1|+,“ _1Z‘xfz
i€Lm 1€1Lm
<Y PP um—1) Y (i)
ieN ieN
= )‘2 + (m - 1) M,

where A := maxey,, || fil| and g = max; jer,, [(fi, fj)|. Now we have
i#j

|T+DTF| < ¢maxz»efm I+ (m = 1) maxijer, (i, /)] and hence
Lav)

dyp, (F) < sup \/I.HaX Fill* + (m = 1) max |(fi, ;)].
I \[ i€lm ”Jif.m
i#]
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Using equations (2.1), (2.3) and (2.4), for any unit norm y := [y1, 92, ...]" € £ (N) we have

2
IDTSTEDY = 3 |1l + Y (e )0
’ieIm T’EI’m
r#£i
4 2 2 2
= Al + D0 > (e )P e
1€l i€l re€l,
r#i
+ 3> 20l Re(fis fr) yitr
’iEIm T’Elm
r#i

+ Z Z 2Re<fr7fl> <fi7fs>yr%

ielm T',SEIm

r,8#£1,r<s
4 2 2 2
< STUAN P+ 303 e £l
€Ly 1€l 7€,
r#£i
0 S AP ] (il + 1)
zEImrEIm
==

Yy (o £ e 23] (1 + Lsl?)

i€ly 1,8€ELN

rs;éi r<s
<MYl m =D D il 2 (m = 1) > fuil
€L, i€l €Ly,
pm—1)(m—2) > |yl

i€lm
<A (m = 1) + 22020 (m = 1) + p® (m — 1) (m — 2)

= (X +(m-1)p)’,

where A := maxer,, || fil| and p := max; jer,, |(fi, fj)|, and hence
i#]

|T#DTr|| = | TD*Tx| = (|T#D*DTx|| = |(DTF)" DTx| = | DTx (DTF)"|
= |DTFTxD*|| = |DTFT3D|| < A + (m — 1) p.

Now we have

1T DTr| < maxier,, | fill* + (m — 1) max; jer,, [(fi, f;)], and hence
i#j

dp (F) < sup | max || f;]|* + (m — 1) max |[(fi, f;)]
Im Zelk ’L’]‘iI‘m
17]

Let I,,, be arbitrary subset of N with m members and 4, j € I,,,, i # j. Let DY be the diagonal infinite
metrics such that DY, = 1, for all r € I,,, and DY, = 0, for all » € N\ I,,,, Without loss of generality
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we can suppose that i < j. Let y := [y1, 42, ...]" be the unit vector in ¢5 (N) such that for any r € N

% r=a,
_ (fi,f5) _
U=\ Rgam T
0 r# i,
if (fi, f;) # 0 and
1 r=zq,
Yr =
0 r#1

if (fi, fj) = 0. Therefor

dp, (F) = sup || T#DTr|

DE m
> || 730077
— | P°TFT:D0)*

> |71 Dy

2 . 2
=[5 (e v ics )| + |5 (60 + LR 1)
1 i JJ iy J 1
= 5 (LI 10" 21005 50 + 20 FDI IR + 2 DL )
= & (LI 4 150+ 2106 ) + 20455, S AP + 215, 5311551
> 2 (¥4 210 2P+ X315 )
:( + I f%vfjﬂ) )

where A\ := min;ey,, || fil|. Now we have

di (F) > MG + max [(f;, ;)]

,J€Im

i#]
and hence

. 2
di (F) = sup | min [|fi]|" + max [(fi, f;)] | ,
Iy, \i€Im 4,5€Im
i#]

where the supremum is taken over all arbitrary subset I,,, of N with m members. U

In the following theorem we study some sufficient conditions for which F € Py or F ¢ Py, .

Theorem 2.3. Let 0 < e < 1, k € N and F = {fi};cxy € P. Then F € Pi, if and only if

sup;ey || fil|? < € and for k > 2
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(a) Fe Pk,e; Zf

sup | max||fi|* + (k — 1) max [(fi, f;)] | <e,

I i€}, z,gEljk
7]

where the supremum is taken over all arbitrary subset I, of N with k members(By assuming

that max; jeq |(fi, f3)] = 0).

(b) Fe Pk,e; Zf

sup || fill* + (k — 1) sup [(fi, f5)| < e
ieN i,{_ﬁEN
i#£]

(C) ‘F¢ Pk,67 Zf

. 2

sup | min [|fif|" + max |[(fi, f5)] | 2 €,
" i

for some natural number 1 < m < k, where the supremum is taken over all arbitrary subset

Ly, of N with m members(By assuming that max; jcg [(fi, ;)| =0).

(d) ]:¢ Pk,e; Zf

inf || f;]|* + sup [(fi, f;)| > e
1€N i,jEN
i#]
() F ¢ Pre, if

sup || fil|* > e.

€N

Proof. Using (2.5), F € Py, if and only if sup;cy || fi]|* < . Now let k > 2. Suppose m is a natural
number 1 < m < k, and I,,, C N such that |I,,| = m. Let I} be subset of N, such that I,,, C I} and
k| = k.
max || fil|* + (m — 1) max [(fi, £;)| < max [|f;|* + (k — 1) max [(f;, f;)]
€1 1,7€Im 1€l 1,J€IL
i#j 1#]
< sup | max || fil|* + (k — 1) max |(fi, f;)]
Jk i€y, z,gi[k
i#j

<e€

—_ )

where the supremum is taken over all arbitrary subset Ji of N with k elements. Using (2.7)

dm (F) < sup | max [|fi|* + (m — 1) max [(f;, /)] | <e
Im ’Lelm l’]elm
i#j
and hence F € Py .. The part (a) of the theorem is now proved.
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Using

sup | max || fi[|* + (k — 1) max {5, f)| | < sup | fill*+ (k —1) sup [(fi, f)],
I, \ €l Z,qgk ieN i,j€N
7 i#j

part (b) is induced by part (a).
The parts (c) and (e) are induced by (2.8) and (2.5) respectively, and part (b) implies part (d). O

The following proposition establishes fundamental properties of e-frames for k-erasur.

Proposition 2.4. Let 0 < € < 1 and k € N. Let U be an unitary operator on H and let o be a

permutation on N. Then
(a) Pre#0.
(b) F = {fibiex € Prer if and only if UF = {U fi} ;e € Prc.
(c) F={fi}ien € Pre, if and only if Fo := {fo(i)}z‘eN € Pre-

Proof. Choose n € N, such that n > % Suppose

1 1 1
—F€1, —/= —F—=€1, —=€2, —=€2, ", ——=€2,...
F = \f f \f Vv T yn Vn ’
n tzmes n times
where {e;},cy is an orthonormal basis for H. We have O
F €P and

1 k=1 k

sup || fill* + (k = 1) sup |{fi, f)] < — + =—<e
1€eN i,jEN n n n

i#]
Now we have F € Py by Theorem 2.3(b) and hence Py, . # 0.
It is well known that F is a Parseval frame, if and only if UF is a Parseval frame. Also it is easy
to show that Tyr = TrU*. The part (b) is obtained now from the following equations.
dm (UF) = DSUP 1T DTy F|
€D,

= sup ||DTyrIyFD|
DED,,

= sup ||DTrU*UTZD||
DeD,

— sup |[DIFTED|
DeD,,

— sup |T3DTx|
DeDy,

for any natural number 1 < m < k.
It is well known that {f;},.y is a Parseval frame, if and only if { fo(i)}iEN is. We first assume that
F € Pre. Suppose m is a natural number, 1 < m < k and D € D,,. There exists a subset I, of N
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such that |I,,| = m with D;; =1, for all i € I,,, and D;; =0 for all i € N\ I,;,. Thus for any x € S

|75, DTx, 2| = || D (@, foiy) fot)

1€1n

= 11> (@, fo) I,

1€y
— | T4D, Tra

< || T7D,Tx|
< dp (F)

<

where ¢; = o (i), for i € I, and D, is the infinite diagonal metrics such that (D,),, = 1, for all
i € {li}ie; and (Dg); = 0, for all i € N\ {;},c; . Now we have ||T5. DTF,| < € and hence
dm (Fs) < €, which implies F, € Py .. The converse part of (c) is obtained by acting o1 on F,.

3. Redundancy and perturbation of e-infinite frames for k-erasures

While the redundancy of finite frames can be simply characterized by the ratio of frame vectors
to dimension, this definition becomes inadequate for infinite-dimensional spaces. A more refined
quantitative framework for redundancy in finite frames, introducing the concepts of lower and upper
redundancies, was developed in [3]. This theory was subsequently extended to infinite frames in [5],
providing a comprehensive approach to measuring redundancy in both finite and infinite-dimensional

settings.

Definition 3.1 ([5]). Let {fi};cy be a frame for Hilbert space H. The redundancy function of F is
defined on the unit sphere S = {x € H; ||z|| = 1} in H by
Rr:S—=RY, Rr(z):= Z | P<f> ()%,
€N
where Py, is the orthogonal projection onto < f; >:= span{ f;}. The upper and lower redundancy
of F are defined by

RE:=supRr(z) and Rz:=inf Rr(z),
€S z€eS

respectively. Moreover, F has a uniform redundancy, if Ry = 72}

Since zero vectors have no effect on redundancy, in the rest of paper, we assume that f; # 0, for all
1 € N. Thus

N2
(3.1) Ry (z) = 3 M0

5
ien il
The properties of lower and upper redundancy for frames can be found in [5, Theorem 3.1].
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If 7 ={fi};en € Phrie, then sup;cy | fill* < €, which implies

N2
Rr (x) _ Z |<x7f1>’

2
ien il

1
1€EN
1

€

v

for any z € S and hence R} >Ry > %
In the next theorem, for given 0 < e <1, A > pu > % and a natural number k < e, a frame F € Py,
with Rz = p and R}r = )\ is constructed.

Theorem 3.2. Let 0 < e <1, A>pu> % Then there exists a frame F, such that Ry = p, R} =A
and F € Py, for any natural number k < pe.

Proof. There exist natural numbers m,m’ and real numbers 4,4 € [0, 1), such that 4 = m 4+ § and
A=m'+7§.

Using [11, Theorem 2.3], there exist unit norm frame sequences {¢;};cy and {¢;},cy in H, such
that 3,y ‘(%@‘)’2 = (1+6)Xen ’<$ae2z’—1>|2 and >y ’<5L‘a¢i>‘2 = (140) Xien ‘<$7€2i>‘2 for any
x €S, where {e;};cy is an orthonormal basis for H. Let

{6:}ien » m=1,0 >0,
{e2ic1}ien s m=1,§0=0
0 -
{f’L }’LGN T {¢Z}’LEN U el,el’v 7617 63763,V ’634’. o ) m Z 275 > 07
m—1 times m—1 times
{61,617"’7617637637”'7637"' , m22,(520
m times m times
and
I _ /
Witiens m' =1,§ >0,
/ /
{627;}’LEN’ m = ].,5 =0
0 -
{99 }ien = {Yitien U {ez’ez’v 2 Lt } , m' 22,6 >0,-
m/—1 times m’—1 times
€2,€9, - , € €4,€4,° " ,€4,... / ! __
{ 2,€2, 9 %) 4 47v s €4, R m 22,6 —O
m’ times m’ times

Thus {f?}ieN and {g?}ieN are unit norm frame sequences such that >, [(z, f?>|2 =1 ey (@, eaii) ],
2
and Zz‘eN ’<x,g?>’ = )‘Zz‘eN [{x, 62i>\2 for any = € S.

DOL: https://dx.doi.org/10.30504/jims.2025.452123.1172


https://dx.doi.org/10.30504/jims.2025.452123.1172

J. Iran. Math. Soc. 6 (2025), no. 1, 91-105 M. A. Hasankhani Fard and A. Nazari 103

Suppose F = { fi};cn i= {ffo} {fgl }Z . Now we have F € P and

[, fi)]®
T 1511

ieN

:24<wv;ﬁff>f oy Lot

gt H% £ e H%g?
=5 [a IO+ [, 6)
ieN i€N
=Y ea )P+ A {w, e2)?
iEN €N

for any « € S and hence Rz = p and R%: = A by [11, Lemma 2.1]. Moreover

1 k-1 &k
sup || fi* + (k— 1) sup [(fi, fi)| < —+ —— == <e
ieN ijeN poop o p
i#]
and hence F € Py, for any natural number k < pie by Theorem 2.3(b). O

The following proposition shows that Py . is not stable under perturbations of their elements.

Proposition 3.3. If F = {fi},cy € Pre, for some natural number k and 0 < € < 1, then for any
v > 0 there exists sequence G = {gi};cy 1 H, such that ) ;|| fi — gll? <, and G ¢ Phie-

Proof. Let v > 0 be given. Set G := {g;};cn = {fZ + sz} . Then

1EN
— z 1
Z”fl gz” Z ||f2||
€N 1€N
<~ Z 9—(i+1)
ieN
<7,
and
z—l—l
S gl = 30| (o gt
€N zEN
(z+1)
1+ 7) z, £i)[?
zGN
>, fi)?
iEN
= [|=?
for any z € S. Thus G is not Parseval. Therefor G ¢ P, . O
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Despite of Py is not stable under perturbations of their elements, however we have the following

theorem about perturbations of their elements.

Theorem 3.4. Let 6 > 0 and F = {fi},cy € Pr.e, for some natural number k and 0 < e < 1. Then
there exists v > 0, such that for any Parseval frame G = {g;};cn n H with Yo || fi — gill* < v, we
have G € P e

Proof. Choose 0 < v < ﬁ. Let G = {gi},;cn be a Parseval frame in 7, such that ;. [|fi — gil]? <
.

Suppose m is a natural number, such that 1 < m < k, and D € D,,. There exists a subset I, of N
such that |I,,,| = m with D;; =1, for all i € I,,, and D;; = 0 for all i € N\ I,,. Thus

|TEDTg|| = || > (2, 9) 9i

1€1m

= Z(x,gi—fi+fi>(gi_fi+fi)

i€l
<UD g — gl + {0 @ f) (9= ||+ || D (e, fi) £
i€l i€lm 1€lm
1 1 1 1
2 2 2 2
2 2 2 2
< D0 Mfi =gl S lgel?) 4+ D0 I, £l ST gl
i€l i€l i€l i€l
+ || T#DTF||
SVmy+/te
<d+e
Therefore d,,, (G) < 6 + €, which implies G € Py 5. O
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