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ϵ-INFINITE FRAMES FOR k-ERASURES

M. A. HASANKHANI FARD∗ AND A. NAZARI

Abstract. Holmes and Paulsen studied finite frames from the viewpoint of coding theory. In this
paper, for given 0 < ϵ ≤ 1 and natural number k, we introduce ϵ-infinite frames for k-erasures in
infinite-dimensional separable Hilbert space H from the viewpoint of coding theory. Additionally, the
perturbation and redundancy of ϵ-infinite frames for k-erasures are studied.

1. Introduction

The concept of frames in a Hilbert space H, was originally introduced by Duffin and Schaeffer in the
context of non-harmonic Fourier series [10]. Over the past decade, various generalizations of frames
have been proposed, including frames of subspaces, pseudo-frames, oblique frames, continuous frames,
fusion frames, g-frames, and so on. The concept of equal-norm Parseval frames in finite-dimensional
Hilbert spaces was first introduced by Casazza and Leonhard in [7,8], and has developed rapidly over
the last decade, particularly in the context of wavelets and Gabor systems.

Given a separable Hilbert space H with inner product ⟨·, ·⟩, a sequence F = {fi}i∈N in H is called
a frame for H if there exist constants 0 < A ≤ B <∞ such that for all x ∈ H ,

A ∥x∥2 ≤
∑
i∈N

|⟨x, fi⟩|2 ≤ B ∥x∥2 ,(1.1)

where A and B are called the lower and upper frame bounds, respectively. The second inequality in
(1.1) is known as the Bessel condition for F . The frame F is called an A-tight frame when A = B.
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A tight frame where ∥fi∥ = c for all i ∈ N is called a c-equal norm tight frame, and a tight frame with
frame bound 1 is called a Parseval frame. The bounded linear operator TF defined by

TF : H → ℓ2 (N) , TFx = {⟨x, fi⟩}i∈N

is called the analysis operator of F , and the bounded linear operator SF defined by

SF : H → H, SFx =
∑
i∈N

⟨x, fi⟩ fi

is called the frame operator of F . The frame operator S is known to be positive, self-adjoint and
invertible operator.

Two frames {fi}i∈N and {gi}i∈N are dual frames for H, if

x =
∑
i∈N

⟨x, gi⟩ fi, ∀x ∈ H.

The frame {f̃i}mi=1 defined by f̃i = S−1fi for i ∈ N, is a dual frame of frame {fi}i∈N that is called
canonical dual frame of {fi}i∈N. For more information concerning frames refer to [1, 9, 12,16,17].

Frames provide redundant sets of vectors in a Hilbert space that yield natural representations of
vectors. While each vector has one canonical representation, infinitely many alternative representations
may exist for any given vector. This redundancy property makes frames particularly valuable in
applications. In signal processing, frames have proven especially useful for analyzing the completeness
and stability of linear discrete signal representations.

Recent research has focused on identifying optimal tight frames from a coding-theoretic perspective.
Several studies [2, 4, 6, 14, 15] have demonstrated that certain frame constructions are particularly
effective for handling erasures. In their foundational work, Holmes and Paulsen [13] developed a
quantitative framework to measure a frame’s reconstruction capability when some frame coefficients
are lost or corrupted.

In this paper, for given 0 < ϵ ≤ 1 and natural number k, we introduce the subset Pk,ϵ of the set
P(The set of all Parseval frames in H), as an ϵ-infinite frame for k-erasures. For given F ∈ Pk,ϵ

and G ∈ P \ Pk,ϵ, the reconstruction of signal vector x ∈ H with respect to the frame coefficients
{⟨x, fi⟩}i∈N\Im is more accurate than the reconstruction of x with respect to the frame coefficients
{⟨x, gi⟩}i∈N\Im , where m is a natural number such that 1 ≤ m ≤ k and Im is an arbitrary subset of
N with m members. Some sufficient conditions for which, F ∈ Pk,ϵ or F /∈ Pk,ϵ are given. Also the
stability of Pk,ϵ under perturbations is investigated. Moreover the redundancy of ϵ-infinite frames for
k-erasures is studied.

2. ϵ-infinite frames for k-erasures

Inspired by the work of Holmes and Paulsen in [13], we introduced ϵ-infinite frames for k-erasures
as follows.

Let P be the set of all Parseval frames in H, and F = {fi}i∈N ∈ P . A transmitted signal vector
x ∈ H, can be reconstructed by acting the operator T ∗

F on received frame coefficients TFx = {⟨x, fi⟩}∞i=1
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as follows

T ∗
FTFx =

∑
i∈N

⟨x, fi⟩ fi = x.

In the general case, suppose m frame coefficients from TFx are lost. In this case, we have frame
coefficients V TFx = {⟨x, fi⟩}i∈N\Im , where Im is a subset of N with m elements and V = [vi,j ] is an
infinite diagonal metrics with Vii = 0 for i ∈ Im and Vii = 1 for i ∈ N \ Im. So by acting operator T ∗

F
on V TFx, we have the error in reconstructing x is given by

x− T ∗
FV TFx = T ∗

FTFx− T ∗
FV TFx = T ∗

FDTFx,

where D := I − V is the infinite diagonal metrics with Dii = 1 for i ∈ Im and Dii = 0 for i ∈ N \ Im.
Thus

sup
∥x∥=1

∥x− T ∗
FV TFx∥ = sup

∥x∥=1
∥T ∗

FDTFx∥ = ∥T ∗
FDTF∥

that is the norm of error operator.
Now suppose m ∈ N and Dm, denote the set of infinite diagonal matrices with m entries 1, and the

rest equal to zero. We set

dm (F) := sup
D∈Dm

∥T ∗
FDTF∥ ,

for any F ∈ P . Let 0 < ϵ ≤ 1 and k ∈ N. We define

Pk,ϵ := {F ∈ P ; dm (F) ≤ ϵ, for all 1 ≤ m ≤ k}

and we call every F in Pk,ϵ as an ϵ-frame for k-erasures.
Using the sequence {|⟨fi, fj⟩|}i,j∈N of the frame F = {fi}i∈N, a lower and upper bound for dm (F)

are given in the next proposition. For the proof of the proposition, we need the following lemma.

Lemma 2.1. For any finite sequence {yi}mi=1 of complex numbers, we have
m∑
j=1

m∑
i=1
i ̸=j

|yi|2 = (m− 1)

m∑
i=1

|yi|2 ,(2.1)

m∑
i,j=1
i<j

(
|yi|2 + |yj |2

)
= (m− 1)

m∑
i=1

|yi|2(2.2)

m∑
j=1

m∑
i=1
i ̸=j

(
|yj |2 + |yi|2

)
= 2 (m− 1)

m∑
i=1

|yi|2 ,(2.3)

m∑
j=1

m∑
r,s=1

r,s ̸=j,r<s

(
|yr|2 + |ys|2

)
= (m− 1) (m− 2)

m∑
i=1

|yi|2 ,(2.4)

with
∑

i∈∅ |yi|
2 = 0.
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Proof. The equality (2.1) is obvious for m = 1, assuming
∑

i∈∅ |yi|
2 = 0. Also for m ≥ 2, we have

m∑
j=1

m∑
i=1
i ̸=j

|yi|2 = |y2|2 + |y3|2 + · · ·+ |ym|2

+ |y1|2 + |y3|2 + · · ·+ |ym|2

+ . . .

+ |y1|2 + |y2|2 + · · ·+ |ym−1|2

= (m− 1) |y1|2 + (m− 1) |y2|2 + · · ·+ (m− 1) |ym|2

= (m− 1)

m∑
i=1

|yi|2 .

The equality (2.2) is evident for m = 1, when we assume that
∑

i∈∅ |yi|
2 = 0. Also for m ≥ 2, we have

m∑
i,j=1
i<j

(
|yi|2 + |yj |2

)
= |y1|2 + |y2|2 + |y1|2 + |y3|2 · · ·+ |y1|2 + |ym|2

+ |y2|2 + |y3|2 + |y2|2 + |y4|2 · · ·+ |y2|2 + |ym|2 + . . .

+ |ym−2|2 + |ym−1|2 + |ym−2|2 + |ym|2

+ |ym−1|2 + |ym|2

= (m− 1) |y1|2 + (m− 1) |y2|2 + · · ·+ (m− 1) |ym|2

= (m− 1)
m∑
i=1

|yi|2 .

The equality (2.3) is evident for m = 1, under the assumption
∑

i∈∅ |yi|
2 = 0. Also for m ≥ 2 we have

m∑
j=1

m∑
i=1
i ̸=j

(
|yj |2 + |yi|2

)
= |y1|2 + |y2|2 + |y1|2 + |y3|2 · · ·+ |y1|2 + |ym|2

+ |y2|2 + |y1|2 + |y2|2 + |y3|2 · · ·+ |y2|2 + |ym|2

+ . . .

+ |ym|2 + |y1|2 + |ym|2 + |y2|2 · · ·+ |ym|2 + |ym−1|2

= (m− 1 +m− 1) |y1|2 + (m− 1 +m− 1) |y2|2 + · · ·+

+ (m− 1 +m− 1) |ym|2

= 2 (m− 1)

m∑
i=1

|yi|2 .
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The equality (2.4) is obvious for m = 1, 2, assuming that
∑

i∈∅ |yi|
2 = 0. Also using (2.1), for m ≥ 3

we have
m∑
j=1

m∑
r,s=1

r,s ̸=j,r<s

(
|yr|2 + |ys|2

)
= |y2|2 + |y3|2 + |y2|2 + |y4|2 · · ·+ |y2|2 + |ym|2

+ |y3|2 + |y4|2 + |y3|2 + |y5|2 · · ·+ |y3|2 + |ym|2 + . . .

+ |ym−2|2 + |ym−1|2 + |ym−2|2 + |ym|2

+ |ym−1|2 + |ym|2

+ |y1|2 + |y3|2 + |y1|2 + |y4|2 · · ·+ |y1|2 + |ym|2

+ |y3|2 + |y4|2 + |y3|2 + |y5|2 · · ·+ |y3|2 + |ym|2 + . . .

+ |ym−2|2 + |ym−1|2 + |ym−2|2 + |ym|2

+ |ym−1|2 + |ym|2

+ . . .

+ |y1|2 + |y2|2 + |y1|2 + |y3|2 · · ·+ |y1|2 + |ym−1|2

+ |y2|2 + |y3|2 + |y2|2 + |y4|2 · · ·+ |y2|2 + |ym−1|2 + . . .

+ |ym−2|2 + |ym−1|2

= (m− 2) |y2|2 + (m− 2) |y3|2 + · · ·+ (m− 2) |ym|2

+ (m− 2) |y1|2 + (m− 2) |y3|2 + · · ·+ (m− 2) |ym|2

+ . . .

+ (m− 2) |y1|2 + (m− 2) |y2|2 + · · ·+ (m− 2) |ym−1|2

= (m− 2)

m∑
j=1

m∑
i=1
i ̸=j

|yi|2

= (m− 1) (m− 2)

m∑
i=1

|yi|2 .

□

Proposition 2.2. Let m ∈ N and F = {fi}i∈N ∈ P. Then

d1 (F) = sup
i∈N

∥fi∥2 , and for m ≥ 2(2.5)

dm (F) ≤ sup
Im

√
max
i∈Im

∥fi∥2 + (m− 1) max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|,(2.6)

dm (F) ≤ sup
Im

max
i∈Im

∥fi∥2 + (m− 1) max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|

 ,(2.7)

dm (F) ≥ sup
Im

min
i∈Im

∥fi∥2 + max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|

 ,(2.8)

where the supremum is taken on all arbitrary subset Im of N with m members.
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Proof. Suppose D ∈ D1, then there exists i ∈ N such that Dii = 1 and Djj = 0, for all j ̸= i. Thus

∥T ∗
FDTF∥ = sup

∥x∥=1
∥T ∗

FDTFx∥

= sup
∥x∥=1

∥⟨x, fi⟩ fi∥

= sup
∥x∥=1

|⟨x, fi⟩| ∥fi∥

= ∥fi∥2

and hence

d1 (F) = sup
D∈D1

∥T ∗
FDTF∥ = sup

i∈N
∥fi∥2 .

Now let m ≥ 2 and D ∈ Dm. There exists a subset Im of N such that |Im| = m with Dii = 1, for all
i ∈ Im and Dii = 0 for all i ∈ N \ Im. Thus for any x ∈ S := {x ∈ H; ∥x∥ = 1} we have

∥T ∗
FDTFx∥

2 =

∥∥∥∥∥∑
i∈Im

⟨x, fi⟩ fi

∥∥∥∥∥
2

=

〈∑
i∈Im

⟨x, fi⟩ fi,
∑
i∈Im

⟨x, fi⟩ fij

〉
=
∑
i∈Im

|⟨x, fi⟩|2 ∥fi∥2 +
∑

r,s∈Im
r<s

2Re (⟨x, fr⟩ ⟨fs, x⟩ ⟨fr, fs⟩)

≤
∑
i∈Im

∣∣〈x, fij〉∣∣2 ∥∥fij∥∥2 + ∑
r,s∈Im
r<s

(
|⟨x, fr⟩|2 + |⟨fs, x⟩|2

)
|⟨fr, fs⟩|

≤ λ2
∑
i∈Im

|⟨x, fi⟩|2 + µ
∑

r,s∈Im
r<s

(
|⟨x, fr⟩|2 + |⟨fs, x⟩|2

)
= λ2

∑
i∈Im

|⟨x, fi⟩|2 + µ (m− 1)
∑
i∈Im

|⟨x, fi⟩|2

≤ λ2
∑
i∈N

|⟨x, fi⟩|2 + µ (m− 1)
∑
i∈N

|⟨x, fi⟩|2

= λ2 + (m− 1)µ,

where λ := maxi∈Im ∥fi∥ and µ := maxi,j∈Im
i ̸=j

|⟨fi, fj⟩|. Now we have

∥T ∗
FDTF∥ ≤

√
maxi∈Im ∥fi∥2 + (m− 1)maxi,j∈Im

i ̸=j
|⟨fi, fj⟩| and hence

dm (F) ≤ sup
Im

√
max
i∈Im

∥fi∥2 + (m− 1) max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|.
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Using equations (2.1), (2.3) and (2.4), for any unit norm y := [y1, y2, . . . ]
t ∈ ℓ2 (N) we have

∥DTFT ∗
FDy∥

2 =
∑
i∈Im

∣∣∣∣∣∣∣∣∥fi∥
2 yi +

∑
r∈Im
r ̸=i

⟨fr, fi⟩ yr

∣∣∣∣∣∣∣∣
2

=
∑
i∈Im

∥fi∥4 |yi|2 +
∑
i∈Im

∑
r∈Im
r ̸=i

|⟨fr, fi⟩|2 |yr|2

+
∑
i∈Im

∑
r∈Im
r ̸=i

2 ∥fi∥2Re ⟨fi, fr⟩ yiyr

+
∑
i∈Im

∑
r,s∈Im

r,s ̸=i,r<s

2Re ⟨fr, fi⟩ ⟨fi, fs⟩ yrys

≤
∑
i∈Im

∥fi∥4 |yi|2 +
∑
i∈Im

∑
r∈Im
r ̸=i

|⟨fr, fi⟩|2 |yr|2

+
∑
i∈Im

∑
r∈Im
r ̸=i

∥fi∥2 |⟨fr, fi⟩|
(
|yi|2 + |yr|2

)

+
∑
i∈Im

m∑
r,s∈Im

r,s ̸=i,r<s

|⟨fr, fi⟩| |⟨fi, fs⟩|
(
|yr|2 + |ys|2

)

≤ λ4
∑
i∈Im

|yi|2 + µ2 (m− 1)
∑
i∈Im

|yi|2 + 2λ2µ (m− 1)
∑
i∈Im

|yi|2

+ µ2 (m− 1) (m− 2)
∑
i∈Im

|yi|2

≤ λ4 + µ2 (m− 1) + 2λ2µ (m− 1) + µ2 (m− 1) (m− 2)

=
(
λ2 + (m− 1)µ

)2
,

where λ := maxi∈Im ∥fi∥ and µ := maxi,j∈Im
i ̸=j

|⟨fi, fj⟩|, and hence

∥T ∗
FDTF∥ =

∥∥T ∗
FD

2TF
∥∥ = ∥T ∗

FD
∗DTF∥ = ∥(DTF )∗DTF∥ = ∥DTF (DTF )

∗∥

= ∥DTFT ∗
FD

∗∥ = ∥DTFT ∗
FD∥ ≤ λ2 + (m− 1)µ.

Now we have
∥T ∗

FDTF∥ ≤ maxi∈Im ∥fi∥2 + (m− 1)maxi,j∈Im
i ̸=j

|⟨fi, fj⟩|, and hence

dm (F) ≤ sup
Im

max
i∈Ik

∥fi∥2 + (m− 1) max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|

 .

Let Im be arbitrary subset of N with m members and i, j ∈ Im, i ̸= j. Let D0 be the diagonal infinite
metrics such that D0

rr = 1, for all r ∈ Im and D0
rr = 0, for all r ∈ N \ Im. Without loss of generality
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we can suppose that i < j. Let y := [y1, y2, . . . ]
t be the unit vector in ℓ2 (N) such that for any r ∈ N

yr =


1√
2

r = i,

⟨fi,fj⟩√
2|⟨fi,fj⟩|

r = j,

0 r ̸= i, j

,

if ⟨fi, fj⟩ ̸= 0 and

yr =

1 r = i,

0 r ̸= i
,

if ⟨fi, fj⟩ = 0. Therefor

d2m (F) = sup
D∈Dm

∥T ∗
FDTF∥

2

≥
∥∥T ∗

FD
0TF

∥∥2
=
∥∥D0TFT

∗
FD

0
∥∥2

≥
∥∥D0TFT

∗
FD

0y
∥∥2

=

∣∣∣∣ 1√
2

(
∥fi∥2 + |⟨fi, fj⟩|

)∣∣∣∣2 + ∣∣∣∣ 1√
2

(
⟨fi, fj⟩+

⟨fi, fj⟩
|⟨fi, fj⟩|

∥fj∥2
)∣∣∣∣2

=
1

2

(
∥fi∥4 + ∥fj∥4 + 2 |⟨fi, fj⟩|2 + 2 |⟨fi, fj⟩| ∥fi∥2 + 2Re

⟨fi, fj⟩ ⟨fj , fi⟩
|⟨fi, fj⟩|

∥fj∥2
)

=
1

2

(
∥fi∥4 + ∥fj∥4 + 2 |⟨fi, fj⟩|2 + 2 |⟨fi, fj⟩| ∥fi∥2 + 2 |⟨fi, fj⟩| ∥fj∥2

)
≥ 1

2

(
2λ40 + 2 |⟨fi, fj⟩|2 + 4λ20 |⟨fi, fj⟩|

)
=
(
λ20 + |⟨fi, fj⟩|

)2
,

where λ0 := mini∈Im ∥fi∥. Now we have

dm (F) ≥ λ20 + max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|

and hence

dm (F) ≥ sup
Im

min
i∈Im

∥fi∥2 + max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|

 ,

where the supremum is taken over all arbitrary subset Im of N with m members. □

In the following theorem we study some sufficient conditions for which F ∈ Pk,ϵ or F /∈ Pk,ϵ.

Theorem 2.3. Let 0 < ϵ ≤ 1, k ∈ N and F = {fi}i∈N ∈ P. Then F ∈ P1,ϵ, if and only if
supi∈N ∥fi∥2 ≤ ϵ and for k ≥ 2
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(a) F ∈ Pk,ϵ, if

sup
Ik

max
i∈Ik

∥fi∥2 + (k − 1) max
i,j∈Ik
i ̸=j

|⟨fi, fj⟩|

 ≤ ϵ,

where the supremum is taken over all arbitrary subset Ik of N with k members(By assuming
that maxi,j∈∅ |⟨fi, fj⟩| = 0).

(b) F ∈ Pk,ϵ, if

sup
i∈N

∥fi∥2 + (k − 1) sup
i,j∈N
i ̸=j

|⟨fi, fj⟩| ≤ ϵ.

(c) F /∈ Pk,ϵ, if

sup
Im

min
i∈Im

∥fi∥2 + max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|

 ≥ ϵ,

for some natural number 1 ≤ m ≤ k, where the supremum is taken over all arbitrary subset
Im of N with m members(By assuming that maxi,j∈∅ |⟨fi, fj⟩| = 0).

(d) F /∈ Pk,ϵ, if

inf
i∈N

∥fi∥2 + sup
i,j∈N
i ̸=j

|⟨fi, fj⟩| ≥ ϵ.

(e) F /∈ Pk,ϵ, if

sup
i∈N

∥fi∥2 ≥ ϵ.

Proof. Using (2.5), F ∈ P1,ϵ, if and only if supi∈N ∥fi∥2 ≤ ϵ. Now let k ≥ 2. Suppose m is a natural
number 1 ≤ m ≤ k, and Im ⊂ N such that |Im| = m. Let Ik be subset of N, such that Im ⊂ Ik and
|Ik| = k.

max
i∈Im

∥fi∥2 + (m− 1) max
i,j∈Im
i ̸=j

|⟨fi, fj⟩| ≤ max
i∈Ik

∥fi∥2 + (k − 1) max
i,j∈Ik
i ̸=j

|⟨fi, fj⟩|

≤ sup
Jk

max
i∈Ik

∥fi∥2 + (k − 1) max
i,j∈Ik
i ̸=j

|⟨fi, fj⟩|


≤ ϵ,

where the supremum is taken over all arbitrary subset Jk of N with k elements. Using (2.7)

dm (F) ≤ sup
Im

max
i∈Im

∥fi∥2 + (m− 1) max
i,j∈Im
i ̸=j

|⟨fi, fj⟩|

 ≤ ϵ

and hence F ∈ Pk,ϵ. The part (a) of the theorem is now proved.
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Using

sup
Ik

max
i∈Ik

∥fi∥2 + (k − 1) max
i,j∈Ik
i ̸=j

|⟨fi, fj⟩|

 ≤ sup
i∈N

∥fi∥2 + (k − 1) sup
i,j∈N
i ̸=j

|⟨fi, fj⟩| ,

part (b) is induced by part (a).
The parts (c) and (e) are induced by (2.8) and (2.5) respectively, and part (b) implies part (d). □

The following proposition establishes fundamental properties of ϵ-frames for k-erasur.

Proposition 2.4. Let 0 < ϵ ≤ 1 and k ∈ N. Let U be an unitary operator on H and let σ be a
permutation on N. Then

(a) Pk,ϵ ̸= ∅.
(b) F = {fi}i∈N ∈ Pk,ϵ, if and only if UF := {Ufi}i∈N ∈ Pk,ϵ.
(c) F = {fi}i∈N ∈ Pk,ϵ, if and only if Fσ :=

{
fσ(i)

}
i∈N ∈ Pk,ϵ.

Proof. Choose n ∈ N, such that n ≥ k
ϵ . Suppose

F :=


1√
n
e1,

1√
n
e1, · · · ,

1√
n
e1︸ ︷︷ ︸,

n times

1√
n
e2,

1√
n
e2, · · · ,

1√
n
e2,︸ ︷︷ ︸ . . .

n times

 ,

where {ei}i∈N is an orthonormal basis for H. We have □

F ∈ P and

sup
i∈N

∥fi∥2 + (k − 1) sup
i,j∈N
i ̸=j

|⟨fi, fj⟩| ≤
1

n
+
k − 1

n
=
k

n
≤ ϵ.

Now we have F ∈ Pk,ϵ by Theorem 2.3(b) and hence Pk,ϵ ̸= ∅.
It is well known that F is a Parseval frame, if and only if UF is a Parseval frame. Also it is easy

to show that TUF = TFU
∗. The part (b) is obtained now from the following equations.

dm (UF) = sup
D∈Dm

∥T ∗
UFDTUF∥

= sup
D∈Dm

∥DTUFT
∗
UFD∥

= sup
D∈Dm

∥DTFU∗UT ∗
FD∥

= sup
D∈Dm

∥DTFT ∗
FD∥

= sup
D∈Dm

∥T ∗
FDTF∥

= dm (F) ,

for any natural number 1 ≤ m ≤ k.
It is well known that {fi}i∈N is a Parseval frame, if and only if

{
fσ(i)

}
i∈N is. We first assume that

F ∈ Pk,ϵ. Suppose m is a natural number, 1 ≤ m ≤ k and D ∈ Dm. There exists a subset Im of N
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such that |Im| = m with Dii = 1, for all i ∈ Im and Dii = 0 for all i ∈ N \ Im. Thus for any x ∈ S

∥∥T ∗
Fσ
DTFσx

∥∥ =

∥∥∥∥∥∑
i∈Im

〈
x, fσ(i)

〉
fσ(i)

∥∥∥∥∥
=

∥∥∥∥∥∑
i∈Im

⟨x, fℓi⟩ fℓi

∥∥∥∥∥
= ∥T ∗

FDσTFx∥

≤ ∥T ∗
FDσTF∥

≤ dm (F)

≤ ϵ,

where ℓi = σ (i), for i ∈ Im and Dσ is the infinite diagonal metrics such that (Dσ)ii = 1, for all
i ∈ {ℓi}i∈Im and (Dσ)ii = 0, for all i ∈ N \ {ℓi}i∈Im . Now we have

∥∥T ∗
Fσ
DTFσ

∥∥ ≤ ϵ and hence
dm (Fσ) ≤ ϵ, which implies Fσ ∈ Pk,ϵ. The converse part of (c) is obtained by acting σ−1 on Fσ.

3. Redundancy and perturbation of ϵ-infinite frames for k-erasures

While the redundancy of finite frames can be simply characterized by the ratio of frame vectors
to dimension, this definition becomes inadequate for infinite-dimensional spaces. A more refined
quantitative framework for redundancy in finite frames, introducing the concepts of lower and upper
redundancies, was developed in [3]. This theory was subsequently extended to infinite frames in [5],
providing a comprehensive approach to measuring redundancy in both finite and infinite-dimensional
settings.

Definition 3.1 ( [5]). Let {fi}i∈N be a frame for Hilbert space H. The redundancy function of F is
defined on the unit sphere S = {x ∈ H; ∥x∥ = 1} in H by

RF : S → R+, RF (x) :=
∑
i∈N

∥P<fi>(x)∥
2,

where P<fi> is the orthogonal projection onto < fi >:= span{fi}. The upper and lower redundancy
of F are defined by

R+
F := sup

x∈S
RF (x) and R−

F := inf
x∈S

RF (x) ,

respectively. Moreover, F has a uniform redundancy, if R−
F = R+

F .

Since zero vectors have no effect on redundancy, in the rest of paper, we assume that fi ̸= 0, for all
i ∈ N. Thus

RF (x) :=
∑
i∈N

|⟨x, fi⟩|2

∥fi∥2
.(3.1)

The properties of lower and upper redundancy for frames can be found in [5, Theorem 3.1].
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If F = {fi}i∈N ∈ Pk,ϵ, then supi∈N ∥fi∥2 ≤ ϵ, which implies

RF (x) =
∑
i∈N

|⟨x, fi⟩|2

∥fi∥2

≥ 1

ϵ

∑
i∈N

|⟨x, fi⟩|2

=
1

ϵ

for any x ∈ S and hence R+
F ≥ R−

F ≥ 1
ϵ .

In the next theorem, for given 0 < ϵ ≤ 1, λ ≥ µ ≥ 1
ϵ and a natural number k ≤ µϵ, a frame F ∈ Pk,ϵ

with R−
F = µ and R+

F = λ is constructed.

Theorem 3.2. Let 0 < ϵ ≤ 1, λ ≥ µ ≥ 1
ϵ . Then there exists a frame F , such that R−

F = µ, R+
F = λ

and F ∈ Pk,ϵ, for any natural number k ≤ µϵ.

Proof. There exist natural numbers m,m′ and real numbers δ, δ′ ∈ [0, 1), such that µ = m + δ and
λ = m′ + δ′.

Using [11, Theorem 2.3], there exist unit norm frame sequences {ϕi}i∈N and {ψi}i∈N in H, such
that

∑
i∈N |⟨x, ϕi⟩|2 = (1 + δ)

∑
i∈N |⟨x, e2i−1⟩|2 and

∑
i∈N |⟨x, ψi⟩|2 = (1 + δ′)

∑
i∈N |⟨x, e2i⟩|2 for any

x ∈ S, where {ei}i∈N is an orthonormal basis for H. Let

{
f0i
}
i∈N :=



{ϕi}i∈N , m = 1, δ > 0,

{e2i−1}i∈N , m = 1, δ = 0

{ϕi}i∈N ∪

{
e1, e1, · · · , e1︸ ︷︷ ︸,

m−1 times

e3, e3, · · · , e3,︸ ︷︷ ︸ . . .
m−1 times

}
, m ≥ 2, δ > 0,{

e1, e1, · · · , e1︸ ︷︷ ︸,
m times

e3, e3, · · · , e3,︸ ︷︷ ︸ . . .
m times

}
, m ≥ 2, δ = 0

and

{
g0i
}
i∈N :=



{ψi}i∈N , m′ = 1, δ′ > 0,

{e2i}i∈N , m′ = 1, δ′ = 0

{ψi}i∈N ∪

{
e2, e2, · · · , e2︸ ︷︷ ︸,

m′−1 times

e4, e4, · · · , e4,︸ ︷︷ ︸ . . .
m′−1 times

}
, m′ ≥ 2, δ′ > 0,{

e2, e2, · · · , e2︸ ︷︷ ︸,
m′ times

e4, e4, · · · , e4,︸ ︷︷ ︸ . . .
m′ times

}
, m′ ≥ 2, δ′ = 0

.

Thus
{
f0i
}
i∈N and

{
g0i
}
i∈N are unit norm frame sequences such that∑i∈N

∣∣〈x, f0i 〉∣∣2 = µ
∑

i∈N |⟨x, e2i−1⟩|2,
and

∑
i∈N
∣∣〈x, g0i 〉∣∣2 = λ

∑
i∈N |⟨x, e2i⟩|2 for any x ∈ S.
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Suppose F = {fi}i∈N :=
{

1√
µf

0
i

}
i∈N

∪
{

1√
λ
g0i

}
i∈N

. Now we have F ∈ P and

RF (x) =
∑
i∈N

|⟨x, fi⟩|2

∥fi∥2

=
∑
i∈N

∣∣∣〈x, 1√
µf

0
i

〉∣∣∣2∥∥∥ 1√
µf

0
i

∥∥∥2 +
∑
i∈N

∣∣∣〈x, 1√
λ
g0i

〉∣∣∣2∥∥∥ 1√
λ
g0i

∥∥∥2
=
∑
i∈N

∣∣〈x, f0i 〉∣∣2 +∑
i∈N

∣∣〈x, g0i 〉∣∣2
= µ

∑
i∈N

|⟨x, e2i−1⟩|2 + λ
∑
i∈N

|⟨x, e2i⟩|2

for any x ∈ S and hence R−
F = µ and R+

F = λ by [11, Lemma 2.1]. Moreover

sup
i∈N

∥fi∥2 + (k − 1) sup
i,j∈N
i ̸=j

|⟨fi, fj⟩| ≤
1

µ
+
k − 1

µ
=
k

µ
≤ ϵ

and hence F ∈ Pk,ϵ, for any natural number k ≤ µϵ by Theorem 2.3(b). □

The following proposition shows that Pk,ϵ is not stable under perturbations of their elements.

Proposition 3.3. If F = {fi}i∈N ∈ Pk,ϵ, for some natural number k and 0 < ϵ ≤ 1, then for any
γ > 0 there exists sequence G = {gi}i∈N in H, such that

∑
i∈N ∥fi − gi∥2 < γ, and G /∈ Pk,ϵ.

Proof. Let γ > 0 be given. Set G := {gi}i∈N :=

{
fi +

√
2−(i+1)γ

ϵ fi

}
i∈N

. Then

∑
i∈N

∥fi − gi∥2 =
∑
i∈N

2−(i+1)γ

ϵ
∥fi∥2

≤ γ
∑
i∈N

2−(i+1)

< γ,

and ∑
i∈N

|⟨x, gi⟩|2 =
∑
i∈N

∣∣∣∣∣
〈
x, fi +

√
2−(i+1)γ

ϵ
fi

〉∣∣∣∣∣
2

=
∑
i∈N

(
1 +

√
2−(i+1)γ

ϵ

)2

|⟨x, fi⟩|2

>
∑
i∈N

|⟨x, fi⟩|2

= ∥x∥2

= 1

for any x ∈ S. Thus G is not Parseval. Therefor G /∈ Pk,ϵ. □
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Despite of Pk,ϵ is not stable under perturbations of their elements, however we have the following
theorem about perturbations of their elements.

Theorem 3.4. Let δ > 0 and F = {fi}i∈N ∈ Pk,ϵ, for some natural number k and 0 < ϵ ≤ 1. Then
there exists γ > 0, such that for any Parseval frame G = {gi}i∈N in H with

∑
i∈N ∥fi − gi∥2 ≤ γ, we

have G ∈ Pk,δ+ϵ.

Proof. Choose 0 < γ ≤ δ2

(
√
k+1)

2 . Let G = {gi}i∈N be a Parseval frame in H, such that
∑

i∈N ∥fi − gi∥2 ≤
γ.
Suppose m is a natural number, such that 1 ≤ m ≤ k, and D ∈ Dm. There exists a subset Im of N
such that |Im| = m with Dii = 1, for all i ∈ Im and Dii = 0 for all i ∈ N \ Im. Thus

∥∥T ∗
GDTG

∥∥ =

∥∥∥∥∥∑
i∈Im

⟨x, gi⟩ gi

∥∥∥∥∥
=

∥∥∥∥∥∑
i∈Im

⟨x, gi − fi + fi⟩ (gi − fi + fi)

∥∥∥∥∥
≤

∥∥∥∥∥∑
i∈Im

⟨x, gi − fi⟩ gi

∥∥∥∥∥+
∥∥∥∥∥∑
i∈Im

⟨x, fi⟩ (gi − fi)

∥∥∥∥∥+
∥∥∥∥∥∑
i∈Im

⟨x, fi⟩ fi

∥∥∥∥∥
≤

(∑
i∈Im

∥fi − gi∥2
) 1

2
(∑

i∈Im

∥gi∥2
) 1

2

+

(∑
i∈Im

|⟨x, fi⟩|2
) 1

2
(∑

i∈Im

∥fi − gi∥2
) 1

2

+ ∥T ∗
FDTF∥

≤ √
mγ +

√
γ + ϵ

≤ δ + ϵ.

Therefore dm (G) ≤ δ + ϵ, which implies G ∈ Pk,δ+ϵ. □
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