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WARPED PRODUCT SLANT SUBMANIFOLDS OF NEARLY KAHLER
MANIFOLDS

M. KAWAMURA

ABSTRACT. We study warped product slant submanifolds of nearly Kéhler manifolds. First, we intro-
duce the concept of warped product quasi bi-slant submanifolds in almost Hermitian manifolds and
show that every warped product quasi bi-slant submanifold is trivial except when the warped prod-
uct is quasi hemi-slant in nearly Kéhler manifolds. The nonexistence of warped product semi-slant
submanifolds of Kéhler manifolds was proved by Sahin. We introduce the concept of warped product
semi-slant submanifolds in almost Hermitian manifolds and demonstrate the nonexistence of nontrivial

warped product semi-slant submanifolds of nearly Kéhler manifolds.

1. Introduction

Warped product manifolds play an important role in differential geometry and mathematical physics,
especially in general relativity. It is known that many basic exact solutions of the Einstein field equa-
tions, including the Schwarzschild metric, which represents a spherically symmetric static black hole
in a vacuum, and the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, which is given under
the conditions that the universe is homogeneous and isotropic, are warped product manifolds. The
relativistic model of the Schwarzschild spacetime that describes the outer space around a massive
star or a black hole admits a warped product construction. Additionally, the Friedmann cosmological
models and the standard static spacetime are also given as warped product manifolds. B. Y. Chen
began to study these warped products as submanifolds of various types of manifolds (cf. [7,8]). The
embedding theorem of J. F. Nash (cf. [16]) implies that every warped product manifold can be realized
as a warped product submanifold in an appropriate Euclidean space. In recent years, the notation of
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slant submanifold has been generalized and extended such as semi-slant, hemi-slant, bi-slant, quasi
bi-slant and so forth. In the present paper, we study warped product submanifolds of nearly Kéahler
manifolds. V. A. Khan, K. A. Khan and S. Uddin studied CR-warped product submanifolds of nearly
Kéhler manifolds and showed that there do not exist CR-warped product submanifolds in the form
M, xy Mr in nearly Kahler manifolds (cf. [11]). And B. Sahin and R. Giines have proven that a
mixed totally geodesic CR-warped product in the form M7 x; M in nearly Kahler manifolds is a
CR-product (cf. [19]).

First, we consider warped product quasi bi-slant submanifolds. S. Uddin, B. Y. Chen and F. R. Al-
Solamy investigated warped product bi-slant submanifolds in Kéhler manifolds in [20]. They proved
that every warped product bi-slant submanifold in a Kédhler manifold is either a Riemannian product
(called trivial) or a warped product hemi-slant submanifold. In [12], M. A. Lone and P. Majeed
showed that every warped product quasi bi-slant submanifold in a Ké&hler manifold is either a trivial
one, i.e., a Riemannian product or a warped product quasi hemi-slant submanifold. A. Mustafa and
C. Ozel studied the existence and nonexistence of warped product submanifolds of almost Hermitian
manifolds in [15]. We focus on the case of nearly Kédhler manifolds in the present paper. We give
proof for showing that these warped product submanifolds are trivial, if the warped product is not
quasi hemi-slant. Our result can be seen as a generalization of Lone-Majeed’s result.

Second, we consider warped product semi-slant submanifolds. B. Sahin showed that there are no
warped product semi-slant submanifolds of Kédhler manifolds in [18]. F. R. Al-Solamy, V. A. Khan and
S. Uddin investigated in a nearly Kéahler setting and obtained a necessary and sufficient condition for
a semi-slant submanifold of a nearly Kahler manifold to be a locally warped product in [1]. In [5], R.
Bossly, L. S. Algahtani studied warped pointwise semi-slant submanifolds of nearly Ké&hler manifolds
and proved that there do not exist non-trivial warped product pointwise semi-slant submanifolds of
the form My x y Mr in a nearly Kéhler manifold M. In this paper, we show the nonexistence of non-
trivial warped product semi-slant submanifolds of the form My Xy M7 in a nearly Kahler manifold
M in a different way from [5], and we show that there is no non-trivial warped product semi-slant
submanifolds of the form M7 X My in a nearly Kéhler manifold M. Recently, P. Majeed and M.
A. Lone gave some results about warped product pointwise quasi bi-slant submanifolds of Kenmotsu
manifolds in [14]. One of our main results is the following which shows that warped product quasi
bi-slant submanifolds (see Definition 2.1) are trivial in a nearly Kédhler manifold unless they are quasi

hemi-slant.

Theorem 1.1. Let M = My x; My, where My = My, x My,, be a warped product quasi bi-slant
submanifold with bi-slant angles {01,602} in a nearly Kihler manifold M. Then, one of the following

two cases must occur:

(1) The warping function f is constant, i.e., M is Riemannian product;

(2) 02 = 5, d.e., M is a warped product quasi hemi-slant submanifold.

We consider warped product semi-slant submanifolds in a nearly Kdhler manifold. There are two

types of warped product semi-slant submanifolds. One of which is the form My x; My and whose

DOL https://dx.doi.org/10.30504/jims.2025.492206.1221


https://dx.doi.org/10.30504/jims.2025.492206.1221

J. Iran. Math. Soc. 6 (2025), no. 1, 57-71 M. Kawamura 59

nonexistence in a nearly Kéhler manifold has been shown by R. Bossly and L. S. Alqahtani in the

pointwise slant case (cf. [5]). In this paper, we give an alternative proof for its nonexistence.

Proposition 1.2 (cf. [5, Theorem 3.1]). Let M be a nearly Kihler manifold. Then there do not exist
non-trivial warped product semi-slant submanifolds M = My x ¢ Mr in M such that My is a proper

slant submanifold and Mt is a holomorphic submanifold of M, i.e., M is a Riemannian product of
Mg and MT.

We study another form Mr x; My of warped product semi-slant submanifolds in a nearly Kahler

manifold and we show its nonexistence. The second main result is as follows.

Theorem 1.3. Let M be a nearly Kihler manifold. Then there is no non-trivial warped product
semi-slant submanifolds M = My x ¢ My in M such that My is a holomorphic submanifold and My

is a proper slant submanifold of M, i.e., M is a Riemannian product of Mr and My.

This paper is organized as follows: in the second section, we define warped product quasi bi-slant
submanifolds in almost Hermitian manifolds. In the third section, we give a proof for Theorem 1.1. In
the last section, we consider warped product semi-slant submanifolds of nearly Kéhler manifolds and
show the nonexistence of these type of submanifolds in nearly Kéhler manifllds. I believe that finding
the (non-)existence of warped product semi-slant and quasi semi-slant submanifolds is an interesting

matter for geometers and theoretical physicists.

2. Preliminary

Let (M, J,g) be an almost Hermitian manifold and let V be the Levi-Civita connection on M with
respect to g. The manifold (M, .J, g) is called nearly Kéhler, if the almost complex structure .J satisfies
that

(2.1) (?XJ)Y = —(?yJ)X

for any X,Y € T'(TM) (cf. [9]). Note that (2.1) implies that we have (VxJ)X = 0 for any X €
[(TM). Let M be a Riemannian manifold isometrically immersed in M, and let g denote the induced
Riemannian metric on M. Also, let T'(T-M) be the set of all vector fields normal to M. Letting V

be the induced Levi-Civita connection on M, the Gauss-Weingarten formulas are given by

(2.2) VxY =VxY +0(X,Y),

(2.3) VxN = —-AxyX + V%N

respectively, for any X,Y € T(TM) and N € I'(T+M), where V+ is the normal connection on T+ M
and A is the shape operator. The shape operator and the second fundamental form of M are related
by

(2.4) g(ANX,Y) = g(o(X,Y),N)
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for any X,Y € T(TM) and N € I'(T+M), where g indicates the induced metric on M as well as the
one on M. For X € I'(TM), we write

(2.5) JX =TX + FX,

where T'X and FX are the tangential and normal components of JX on M, respectively. We will use

these notations throughout this paper. For N € I'(T+ M), we write
(2.6) JN =BN + CN,

where BN and C'N are the tangential and normal components of JN on M, respectively. Note that
since we have g(JX,JY) = g(X,Y) for any X,Y € I'(T M), we have that

(2.7) g(TX,Y)=g(JX,Y)=g(J?X,JY) = —g(X,JY) = —g(X,TY)

for any X,Y € I'(TM). A submanifold M of an almost Hermitian manifold M is said to be slant
(cf. [6]), if for each non-zero vector X € T,M, p € M, the angle §(X) between JX and T,M is
constant, which does not depend on the choice of p € M and X € T,,M. The angle 6(X) is called the
Wirtinger angle of X. It is called pointwise, if the Wirtinger angle is regarded as a function on M. A
slant submanifold M is called proper, if § # 0, 5. A submanifold M of an almost Hermitian manifold
M is said to be hemi-slant, if there exist two orthogonal complementary distributions Dy and D+ on
M such that TM = Dy @D+, where Dy is slant with slant angle # and D+ is J-anti-invariant (in other
words, totally real), i.e., JD+ C T+ M. In this case, the angle @ is called the hemi-slant angle.

2.1. Quasi bi-slant submanifolds. We define a quasi bi-slant submanifold M of an almost Hermit-

ian manifold M.

Definition 2.1 (cf. [12, Definition 2]). A submanifold M of an almost Hermitian manifold M is called

a quasi bi-slant submanifold, if there exist distributions DT, Dy, and Dy, such that

(1) TM admits the orthogonal direct decomposition as TM = DT @ Dy, @ Do, ;

(2) JDT =D, ie., DT is J-invariant;

(3) JDy, L Dy,;

(4) For any non-zero vector X € (Dy,)p, p € M, the angle 61 between JX and (Dy,), is constant
and which is independent of the choice of the point p € M and the vector field X € (Dg,)p;

(5) For any non-zero vector Y € (Dg,)p, p € M, the angle 03 between JY and (Dey,), is constant
and which is independent of the choice of the point p € M and the vector field Y € (Dy,)p.

When 0y = 5, we say M is quasi hemi-slant. In this case, condition (iii) holds automotically.

The hemi slant and quasi hemi-slant submanifolds have been studied by some geometers. For
instance, Hemi-slant submanifolds in nearly Kéhler manifolds have been studied by M. A. Lone, M. H.
Shahidand and S. D. Sharma in [13]. In the case of quasi hemi-slant submanifolds, in [17], R. Prasad,
S. Kumar Vermaand S. Kumar studied quasi hemi-slant submanifolds in Sasakian manifolds, and

in [3], S. Beyendi, M. A. Akyol and M. S. Stankovic studied pointwise quasi hemi-slant submanifolds
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in almost Hermitian manifolds, where pointwise means that if at each point p, the Wirtinger angle
6(X) is independent of the choice of the non-zero vector X € (Dg),.

The angles 61 and 65 are called slant angles of quasi bi-slant submanifolds. Let M be a quasi bi-slant
submanifold of an almost Hermitian manifold M. Let us write the projections of X € T'(TM) on the
distributions DT, Dy, and Dy, by P, Q and R respectively as follows:

(2.8) X =PX +QX + RX.
Since we have FPX = 0 from the condition JD? = DT, we obtain
(2.9) JX =TPX +TQX +TRX + FQX + FRX,

which implies that

TX =TPX +TQX +TRX, FX =FQX + FRX.

Hence, we have the decomposition:
J(TM) Cc DT @ TDy, ® FDy, ® TDy, ® FDy,.

Lemma 2.2 (cf. [12, Lemma 3.3]). Let M be a quasi bi-slant submanifold of an almost Hermitian
manifold M. Then,

(1) T?Z = —(cos? 02) Z;
(2) g(TZ,TW) = cos?® by - g(Z,W);
(3) g(FZ,FW) =sin%0y - g(Z, W)

for any Z,W € I'(Dy,), where 02 denotes the slant angle of Dy,.

2.2. Warped products. Let (M, g1) and (Ma, g2) be two Riemannian manifolds, and let f : M; —
(0,00) be a positive differentiable function on M, and let 7 : My x My — My, n: My x My — Mo
be the projection maps given by m(p,q) = p and n(p, q) = q for every (p,q) € My x M,. The warped
product M = My x My is the manifold M7 x My equipped with the Riemannian structure such that

9(X,Y) = gi(m X, mY) + (fom)ga(ne X, n.Y)

for every vector fields X, Y on M and * is symbol for the tangent map. The function f is called the
warping function of the warped product manifold. If the warping function f is constant, then the
manifold M is said to be trivial, or simply a Riemannian product. Let V be the Levi-Civita connection
on M and let X be vector fields on My, let Z be vector fields on My, then from [/, Lemma 7.3], we
have that

(2.10) VxZ=VzX=X(nf)Z
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3. Nonexistence of nontrivial warped product quasi bi-slant submanifolds

Proof of Theorem 1.1. From the definition of the quasi bi-slant submanifold, TM = DT @ Dy, © Dy,,
where D7 is J-invariant. For any X € I'(DT) and any Z, W € I'(Dy,), we compute that by applying
(2.1), (2.2), Lemma 2.2 (1) and JX € T'(DT) for any X € T'(DT),
9(VxJ)Z,TW)

= —9((VzJ)X,TW)

= —g(VzJX,TW)+ g(JVzX,TW)

= —g(VzJX,TW) - g(VzX,JTW)

= —JX(Inf)g(Z,TW
(3.1) = —JX(Inf)g(Z,TW

)= 9(VzX +0(X,2),T*°W + FTW)
)+ X(In f) cos® 0y - g(Z, W) — g(0(X, Z), FTW),
where from (2.10), we used that VzJX = JX(In f)Z and VzX = X(In f)Z. Especially, by choosing
W = Z in (3.1), since we have ¢(Z,T7Z) = g(Z,JZ) = —g(JZ,Z) = 0, we obtain
(3.2) g(VxNNZ,TZ)=X(n f)cos® by - g(Z,Z) — g(o(X,Z), FTZ)
On the other hand, we compute that for any X € I'(D?) and any Z, W € I'(Dy,),
g(VxNZ,TW) = g(VNxJZ —JIVxZ,TW)
= X(g(JZ,TW)) —g(JZ,VxTW)+ g(VxZ, JTW)
= X(g(TZ,TW))—g(TZ,VxTW) —g(FZ,0(X,TW))
+9(VxZ,T°W) + g(o(X, Z), FTW)
= 2X(Inf)cos? Oy - g(Z, W) — X(In f) cos® Oy - g(Z, W) — g(o(X, TW), FZ)
~X(In f)cos? Oy - g(Z, W) + g(o(X, Z), FTW)
(3.3) = —g(o(X,TW),FZ)+ g(c(X,2), FTW),
where we used that from Lemma 2.2 (2) and (2.10),

g(TZ,VxTW) = X(n f)g(TZ,TW) = X (In f) cos® 0g(Z, W),

X(g(TZ,TW)) = X(cos?0y-g(Z,W))
= cos’by- X(9(Z,W))
= cos?0y-g(VxZ, W)+ cos?y-g(Z,VxW)
= 2X(In f)cos? By - g(Z,W).
Combining (3.1) with (3.3), we obtain that for any X € I'(D”) and any Z, W € I'(Dy,),
—JX(n f)g(Z,TW) + X (In f) cos? b - g(Z, W) — g(o(X, Z), FTW)
(3.4) = —g(c(X,TW),FZ) + g(0(X,Z), FTW).
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In (3.4), by replacing W with TW, we have

JX(In f)cos? Oy - g(Z, W) + X (In f) cos? O - g(Z, TW) + cos® 0o - g(o(X, Z), FW)
(3.5) = cos’0y-g(oc(X,W),FZ) —cos’ by - g(o(X,Z), FW)
for any W € I'(Dp,). Choosing W = Z in (3.5), we have

(3.6) JX(n f)cos? Oy - g(Z,Z) = —cos’ by - g(0(X, Z), FZ).

63

Next, since we have ¢(VxZ,FZ) =0, g(Z,FZ) =0 and g(Z,JX) = 0, we compute that from (2.2),

for any X € I'(DT) and any Z € I'(Dy,),
g(0(X,2),FZ) = g(VxZ+o(X,2Z),FZ)

= g(VxZ,FZ)
= —9(Z,Vx(JZ -TZ))
= —9(Z,(VxJ)Z+JIVxZ)+g(Z,VxTZ)
= 9(Z,(VNz)X)+g(JZ,VxZ)+ g(Z,VxTZ)
= 9(Z,(VNz)X)+g(JZ,NxZ)+ X(In f)g(Z,TZ)
= 9(Z,VzJX +JIVzX)+g(JZ,VxZ)
= —9(VzZ,JX)+g(JZ,VxZ —VzX)
= ¢(JVzZ,X)
= g(VzJZ,X)
= —g9(JZ,VzX)
= —g(TZ,VzX)-g(FZ o(X,2))

(3.7) = —g(o(X,2),FZ),

where we used that (VxJ)Z = —(VzJ)X from (2.1), and that JVzZ = VzJZ from (VzJ)Z

and since we have VxZ = VzX from (2.10) and o(X, Z) = o(Z, X),
9(JZ,NxZ —VNzX)=9(TZ,VxZ —VzX)+g(FZ,0(X,2) —0(Z,X)) =0,

and used that
§(TZ,V;X) = X(in f)g(TZ, Z) = 0.
From (3.7), we conclude that we have for any X € I'(DT) and any Z € I'(Dy,),

(3.8) g(0(X,Z),FZ) = 0.

Combining (3.6) with (3.8), we have for any X € I'(DT) and any Z € I'(Dy,),
(3.9) JX(In f)cos* 0y - g(Z,Z) = 0.

Replacing X with JX in (3.9), we have for any X € I'(DT) and any Z € I'(Dy,),
(3.10) X(In f)cos® 6y - g(Z,Z) = 0.
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Therefore, we obtain X (In f) = 0 for any X € I'(D?) since we have assumed 0 # 3, 1.e., costy # 0. If
0o = 5, then My, is totally real. Therefore, we have that either f is constant, i.e., M is a Riemannian
product of M; and My, where My = My, x My,, i.e., the warped product is trivial, or M is a warped

product quasi hemi-slant submanifold of nearly Kéhler manifolds. O

4. Nonexistence of nontrivial warped product semi-slant submanifolds

In this section we define a semi-slant submanifold.

Definition 4.1 (cf. [3]). A submanifold M of a Riemannian product manifold is said to be a semi-
slant submanifold if there exist two orthogonal complementary distributions DT and Dy such that DT
is invariant and Dy is slant distribution with slant angle 6 # 0, i.e., TM = DT @ Dy.

Note that V. A. Khan and M. A. Khan have studied geometric properties of semi-slant submanifolds
of nearly Kéhler manifolds in [3]. In this section, we give a proof for the nonexistence of non-trivial
warped product semi-slant submanifolds of the form My X M7 in a nearly Kéhler manifold M in
a bit different way from [5], and we show that there are no non-trivial warped product semi-slant
submanifolds of the form M7 x ¢ My in a nearly Kéhler manifold M as a main theorem.

Let (M, J,g) be a nearly Kihler manifold and let M be a Riemannian manifold immersed isomet-
rically in M. Then, M is called J-invariant (or holomorphic), if J(T,M) C T,M for any p € M,
and M is called totally real (or Lagrangian), if J(T,M) C TpJ-M for any p € M. Note that a slant
submanifold is called proper if it is neither holomorphic nor totally real. The submanifold M is called
semi-slant (cf. [15]), if it is endowed with two orthogonal distributions D and D’, where D is invariant
with respect to J and D’ is slant. For a warped product manifold M x s My, we denote by Dy and Dy
the distributions defined by the vectors tangent to the leaves and fibers, respectively. In other words,
D, is obtained by the tangent vectors of T'M; via the horizontal lift and Ds is obtained by the tangent
vectors of T'Ms via vertical lift. In case of semi-slant warped product submanifolds, these distributions
D; and Dy are replaced by Dy and Dy, respectively. As we defined before, if any X € T'(TM), we

write
(4.1) JX=TX+ FX,

where T'X and FX are the tangential component and the normal component of JX, respectively.
Note that M is a slant submanifold of M if and only if 72 = AI for some A\ € [—1,0], where I denotes
the identity transformation of TM. If M is slant and 6 is the slant angle, then we have A = — cos?#
(cf. [5]). Hence, as in Lemma 2.2, for a slant manifold M and vector fields X, Y tangent to M, we

obtain
(4.2) g(TX,TY) = cos’ 6 - g(X,Y),
(4.3) g(FX,FY) =sin?6 - g(X,Y).
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If the manifolds My and My are proper slant and holomorphic submanifolds of a nearly Kéhler
manifold M respectively, then their warped product semi-slant submanifolds are given by one of the
following forms (cf. [2]):

(1) Mg xy Mr

(2) Mp x¢ M.
It is known that the warped product of type (1), (2) do not exist in Kéhler manifolds (cf. [18]), and
the warped product of type (1) does not exist in nearly Kéhler manifolds (cf. [5]). On the other hand,
we did not know whether the warped product of type (2) exists or not in nearly Kahler manifolds
(cf. [15, Table 1]). We will show that the type (2) does not exist in nearly Kéhler manifolds either.
Since a pointwise slant submanifold is called slant, if its Wirtinger function 6 is globally constant, we
prove Proposition 1.2 in a different way than in [, Theorem 3.1]. We use the following lemma for

giving an alternative proof of Proposition 1.2.

Lemma 4.2. Let (M, J,g) be a nearly Kihler manifold, and let ¥V be the Levi-Civita connection on
M. Then we have (VjxJ)X =0 for any X € I'(TM).

Proof of Lemma 4.2. We compute that by applying (2.1),
(VixHNX = —(VxJ)JX
= —VxJ?X + JVx(JX)
= VxX+J(VxJ)X + J*VxX
= VxX-VxX=0,
where we used that (VxJ)X = 0 for any X € ['(TM). O

Proof of Proposition 1.2. Since the submanifold M is assumed to be semi-slant (see Definition 4.1),
TM = DT @ Dy. Note that we have g(VxZ, X) = Z(In f)g(JX, X) = 0 for any X € I'(DT), and for

any Z € I'(Dy), since we have g(JX, X) = g(J?X,JX) = —g(X, JX) = 0. Hence, we have that
(4.4) 9(VixZ,X)=g(VixZ,X) = 0.
On the other hand, we compute
g(?JXZ,X) - g(Z7?JXX)
g(JZ, J?JXAX)
g(JZ,V jxJX — (VixJ)X)
(4.5) = —9(JZ,VxJX),

where we used that (V xJ)X =0 for any X € I'(D?) from Lemma 4.2. Combining (4.4) with (4.5),

we obtain
(4.6) g(JZ,V;XJX) =0.
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Hence, since JX € I'(DT) for any X € I'(DT) and then since g(JX,TZ) = 0, we have from (4.6),
0 = g(JZ,VixJX)

= g(TZ+FZV,;xJX +0(JX,JX))

= —g9(VyxTZ,JX)+g(FZ,o(JX,JX))

= —TZ(nf)g(JX,JX)+ g(FZ,0(JX,JX)),

= —TZ(nf)g(X,X)+g(FZ o(JX,JX)),
which implies that we have
(4.7) 9(FZ,o(JX,JX))=TZ(In f)g(X, X)

for any X € I'(DT) and any Z € T'(Dy). For any Y € I'(DT), by replacing X with X +Y in (4.7), we
obtain that

(4.8) g(FZ,0(JX,JY)) = TZ(In f)g(X,Y).
Since we have g(FZ,0(JX,JY)) = g(ArpzJX,JY), (4.8) implies that we have
(4.9) 9(ApzJX,JY) = TZ(In f)g(X,Y).
Now, we compute that from (2.1),
(VixJ)Y = —(VyJ)JX

= —Vy(J2X)+ JVyJX

= VyX +J(Vy )X +J*VyX

= J(VyJ)X,
which implies that we have
(4.10) 9(JZ,(Vyx)Y) = g(JZ,J(Vy J)X) = g(Z,(Vy J)X).

By applying that g(FZ,JY) = 0, and that ¢g(TZ,JY) = 0 since JY € T'(DT), and DT and Dy are
orthogonal each other, we compute by using (4.10),
9(ApzJX,JY) = —g(VixFZ,JY)
= g(FZ,VxJY)
= g(JZ—-TZV 1xJY)
= 9(JZ,IVxY)+g(JZ,(VyxJ)Y) = g(TZ,V ;xJY)
= 9(Z,VxY)+9(Z,(Vy )X) + g(VxTZ, JY)
= —9(VixZ,Y)+9(VixTZ,JY) + g(Z,(Vy J)X)
(4.11) = —Z(nflg(JX,Y)+TZ(In f)g(X,Y) +g(Z,(VyJ)X).
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Combining (4.9) with (4.11), we obtain
(4.12) Z(n (X, Y) = g(TyI)X, 2).

Choosing Y = JX in (4.12), then we have that from g(JX,JX) = g(X, X), for any X € I'(D”) and
any Z € T'(Dy),

(4.13) Z(In f)g(X, X) = Z(In f)g(J X, JX) = g((VsxJ)X, Z) = 0,

where we used (VyxJ)X = 0 for any X € I'(DT) from Lemma 4.2. Therefore, we conclude that
Z(In f) =0 for any Z € I'(Dy) and f is constant, i.e., M is a Riemannian product of My and Mr. O

We consider the type (2) Mr x s My and show the nonexistence result in Theorem 1.3.
Proof of Theorem 1.3. First, we note that we have for any X € I'(D”) and for any Z € I'(Dy),
(4.14) 9(Vr2X,2) = X(in f)g(TZ, Z) = 0

since we have that g(T'Z, Z) = 0. And since DT and Dy are orthogonal each other, i.e., (X, Z) = 0,

we get
(4.15) 9(VrzX,2) =TZ(9(X,Z)) - 9(X,V12Z) = —9(X,Vr2Z).
Combining (4.14) with (4.15), we have that g(V72Z, X) = 0. Then, we compute that
0 = g(szzvX)
= 9(JVrzZ,JX)
= (*(@TzJ)Z + @szz JX)

= —9((V12J)Z2,JX) +9(V1zJZ, JX)

= —9((VrzJ)Z2,JX) = g(Vr2JX,TZ) - g(o(TZ,JX), FZ)

= —g((VrzJ)Z,JX)— JX(In f)g(TZ,TZ) — g(o(TZ,JX),FZ)

= —g((VrzJ)Z,JX) — JX(In f)cos’0 - g(Z, Z) — g(o(TZ,JX), FZ),
which implies that
(4.16) 9(NrzJ)Z,JX) = —JX(In f)cos®0 - g(Z,Z) — g(o(TZ,JX),FZ),

where, since g(JZ,JX) = g(Z,X) = 0, we used that
9(VrzJZ,JX) = —g(JZ,V71zJX)
= —g(TZ+ FZ,VrzJX +o(TZ,JX))
= —g(VyzJX,TZ) - g(o(TZ,JX),FZ).
As in the same computation (3.7), for any X € I'(DT) and any Z € I'(Dy), we obtain
(4.17) 9(0(X,2),FZ)=—g(0(X,2),FZ).
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and

(4.18) 9(o(X,Z),FZ) = 0.

From (2.1) and Lemma 2.2 (1), we compute that

9(V1z0)2,JX) = —9((VzJ)TZ,JX)
= —g(VzJTZ - JVzTZ,JX)
= —g(Vz(T?Z+FTZ)-JV,TZ,JX)
= c0s?0-g(Vz2,JX) + g(Apr2Z,JX) 4+ g(V;TZ, X)
= —cos’0-g(JVzZ,X)+g(o(JX,2),FTZ) — g(TZ,V zX)

= —c0s?0-9(VzJZ — (Vz))Z,X) +glo(JX,Z),FTZ)
—X(In f)9(TZ. Z)
(4.19) = —cos?0-9(VzJZ,X)+glo(JX,Z),FTZ),

where we used that (Vz.J)Z =0 and g(T'Z,Z) = 0, and also used that, since we have g(TZ, X) =0,

Since we have g(o(X,Z), FZ) =0 from (4.18), we compute from (4.19),

9(VrzNZ,JX) = —cos’0-9(VzJZ,X)+g(o(JX,Z),FTZ)
= cos?0-9(JZ,VzX)+g(oc(JX,Z),FTZ)
= ¢c0s’0-g(TZ,VzX)+cos*0-g(FZ,0(X,2)) +g(c(JX,Z),FTZ)
= X(Inf)cos’0-g(TZ,Z) + g(o(JX,Z),FTZ)
(4.20) = g(0(JX,2),FTZ),
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where we used g(JZ,X) = 0 and g(TZ, Z) = 0. Furthermore, by using (V;xJ)TZ = —(VrzJ)JX,

we compute

g(0(JX,Z),FTZ) 9(VixZ,FTZ)
= —9(Z,V;x(JTZ -T%Z))
= —g(Z,VixJTZ) —cos®0-g(Z,V ;xZ)
= —9(Z,(Vyx)TZ + IV xTZ) —cos*0 - g(Z,V jx Z)
= 9(Z,(Vrz)IX) +9(JZ N ;xTZ) — JX(In f)cos® 0 - g(Z, Z)
= 9(Z,VrzJ*X — IN72JX) +9(TZ,V 1xTZ) + g(FZ,0(JX,TZ))
—JX(In f)cos®0 - g(Z,7)
= —9(Z,VrzX)+9(JZ,VrzJX)+JX(In f)g(TZ, TZ)
+9(FZ,0(JX,TZ)) — JX(In f)cos?* 0 - g(Z, Z)
= —X(Infg(2,TZ2)+ g(TZ,NrzJX)+ g(FZ,0(TZ,JX))
+JX(n f)cos?0 - g(Z,2) + g(FZ,0(JX,TZ)) — JX(In f) cos? 0 - g(Z, Z)
= JX(nf)g(TZ,TZ)+29(FZ,0(JX,TZ))
(4.21) = JX(Inf)cos’0-g(Z,2)+29(0c(JX,TZ),FZ),

where we have used that
9(VixZ,FTZ) = —g(Z,V ;xFTZ),
since we have g(Z, FT'Z) = 0. Combining (4.20) with (4.21), we obtain
(4.22) 9(Vrz)Z,JX) =29(0(TZ,JX),FZ) + JX(In f)cos® 6 - g(Z, Z).
Combining (4.16) with (4.22), we obtain that
(4.23) 39(c(TZ,JX),FZ)+2JX(In f)cos? 0 - g(Z,Z) = 0
which implies that
(4.24) JX(n f)cos?0 - g(Z,Z) = —gg(U(TZ, JX),FZ).
Replacing X with JX in (4.24), we get
(4.25) 9(o(TZ,X),F7) = —§X(1n ) eos20- g(Z, 7).
Replacing Z with T'Z in (4.25), we have
X(Inf)cos®0-g(TZ,TZ) = —;g(a(T2Z, X),FTZ)

& X(Inf)cos*0-g(Z,2) = %COSQ 0-9(c(Z,X),FTZ)
(4.26) & cos’0] Dg(o(2,X), FTZ) ~ X(in f) cos*0 - 9(Z, 2) } = 0.
Since the slant submanifold My is assumed to be proper, we have cosf # 0, and then from (4.26),

(4.27) (o(2,X), FTZ) = §X(1n Feos0-g(2, 2).
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On the other hand, we compute that for any X € I'(D?) and for any Z, W € I'(Dy),

g(o(TZ,X), FW)
= g(VxTZ,FW)
= —g(TZ,Vx(JW —TW))
g(TZ,NVxIJW)+g(TZ,NVxTW)
9g(TZ,(VNx )W + IJVxW) +g(TZ,VxTW)
= —g(TZ,(VxJ)W) + g(JTZ,NxW) + g(TZ,NV xTW)
= —g(TZ,(Nx )W)+ g(T?’Z,NxW) + g(FTZ,0(X,W)) + g(TZ,V xTW)
= —X(Inf)cos?0-g(Z, W)+ g(o(X,W),FTZ) + X(In f)g(TZ,TW)
+JX(In f)g(TZ, W) — X(In f) cos® 0 - g(Z, W) + g(o(X, W), FTZ)
(4.28) = 29(c(X,W),FTZ) + JX(In f)g(TZ,W) — X(In f) cos? 0 - g(Z, W),

where we have used the equality g(TZ, TW) = cos? 0 - g(Z, W) for any Z, W € T'(Dy), also:

—g(TZ,(VxJ)W)
= 9(TZ,(VwJ)X)
= g(TZ,VwJX — JVwX)
= g(TZ,VwJX)+g(JTZ,VwX)
= g(TZ,VwJX)+g(T?’Z,VwX)+ g(FTZ, Vi X)
= g(TZ,VwJX)—cos’0-g(Z,VwX)+g(FTZ,0(X,W))
(4.29) = JX(Inf)g(TZ, W) — X(In f)cos® 0 - g(Z, W) + g(o(X, W), FTZ).

Replacing W with Z in (4.28), since g(T'Z, Z) = 0, we obtain,

g(o(TZ,X),FZ) = 29(0(X,Z),FTZ)+ JX(Inf)g(TZ,Z) — X(In f) cos® 0 - g(Z, Z)
(4.30) = 29(0(X,Z),FTZ) — X(In f) cos*0 - g(Z, Z).

Plugging (4.25), (4.27) into (4.30), we obtian that
2 4
—§X(ln f)eos’0-g(Z,7) = gX(ln feos?0-9(Z,7Z) — X(In f) cos® 0 - g(Z, Z),
which gives
(4.31) X(In f)cos®0-g(Z,7) = 0.
Since the slant submanifold My is assumed to be proper, which means that we have cos@ # 0, the
equation (4.31) implies that X (In f) = 0 for any X € I'(DT) and then f is constant, i.e., M is a
Riemannian product of My and Mjy. O
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