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A SURVEY ON G-GRAPH OF GROUPS

A. R. ASHRAFI AND F. GHOLAMINEZHAD"

ABSTRACT. In this survey the structure of one of the powerful group presentations, introduced by Alain
Bretto is studied which is called G-graph. This survey contains some sections of properties, examples,
characterization and groups automorphism of G-graphs. There are also some well-known graphs that
have the structure of G-graphs. Moreover, in this survey we compare G-graph with the Cayley graph
especially to examine the Hamiltonian property of such graphs for a given group. Furthermore by
using the construction of a hypergraph, the spectra of the G-graph is reported. Finally, in the last

section, the structure of the G-graph is considered as a network and connectivity property is studied.

1. Introduction

Groups are designed to study the collection of symmetries of the object preserving some of its
structures. Graphs can be considered as an interesting tool for study groups. Then many scientists
have to deal with these theories and for example, introduce the new structures as graphs on groups to
find some properties of them. Indeed the algebraic graph theory is the most productive area that can be
considered to represent a group with the structure of the associated graph of that structure, [18,30]. A
popular representation of a group by a graph is the well-known structure, Cayley graph [20,21]. There
are a lot of nice works on these graphs. Some properties of Cayley graphs are that they are symmetric,
regular, and vertex-transitive, which are interesting especially for the study of interconnection networks
[19], but there are some limitations: Many well-known graphs are not Cayley graphs, they are always
regular and they do not give much information about the group. Also, it has been proved that the

associated Cayley graphs of two isomorphic groups are isomorphic, but not conversely.
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Like Cayley graphs, G-graphs have specific symmetries and regularity. So they can be used in any
areas of science where Cayley graphs can be used. Because unlike Cayley graphs, G-graphs can be
semi-regular and edge-transitive. Thus they are useful, for example in constructing symmetric and
semi-symmetric networks, [11]. Various characteristics of the group can be seen on the corresponding
G-graph. The properties of a G-graph can be applied to problems where the limited information from
a Cayley graph is insufficient to solve the problem.

This survey talks about the new representation of the group called G-graph, introduced by Bretto,
[11,17]. especially to study the graph isomorphism problem. Bretto and his coauthors presented some
properties of a new type of graph constructed from a group like the Cayley graph and presented an
algorithm to construct it. A graph that can be used as a powerful tool for representing a group, that
does not have Cayley graphs’ limitations, [15]. Most well-known graphs are in fact G-graphs and they
are good tools in the construction of symmetric and semi-symmetric graphs. Also, we can see that
this structure can be used in studying the cage problem, [11]. For example, it gives a better upper
bound for the (p, 6)-cage problem than the Sauer bound, [13].

Moreover, we can use the structure of G-graph to study a well-known classical problem: Lovdsz
conjecture [36], (1969) on a Hamiltonian path in a graph, which says that every finite connected
vertex-transitive graph contains a Hamiltonian path. Other important applications of the structure
of G-graphs, are in computer science and networking. In [23] there are the robustness and complexity
properties of G-graph networks. In this survey, first, we bring some needed definitions and preliminaries
of group theory and graph theory, then the definition of G-graph with the properties and some nice
examples of G-graphs. Then we focus on the characterization of the structure and the automorphism
group of the G-graph of some special finite groups. Moreover, we study the Hamiltonicity and the
automorphism groups of the G-graph and the Involution G-graph of some finite groups and compare

them with their corresponding Cayley graph, [2].

1.1. Group theory. One of the significant algebraic structures on a set G with a binary operation is
known as a group, which is equipped by associative law, [31,32]. In the whole of this survey, groups
are finite and the identity element of a group G is denoted by 1. The number of elements in a group or
size of G is |G| = n and the order of each element g € G is denoted by o(g). Let G be a group with the
non-empty subset S = {s1,s2,...,s;}. Sisaset of generators of G if any element g € G can be written
by the product of some elements in S. Then G is generated by S as we write G = (s1, 2, ..., Sk).

A group G is said to act on the left on a set 2, (G|Q2), when there is an operation from G x Q to
such that 1.z = z and a(bx) = (ab)x for a,b € G and x € Q. So by the orbit stabilizer theorem, the
size of any orbit (g)z equals %, for a g € G. A group action is transitive if for every pair of elements
x and y in G there is an element g € G such that g -z = y.

Let H be a subgroup of G, the set Hz is a right coset of H in G and Ty = {Hz|x € G} is a right

transversal for H with all the right cosets of H in G that for every z and y in G, Hx N Hy = ().
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An S-group is a couple (G, S), where G is a finite group generated by its subset S. A S-group
morphism between (G1,51) and (G, S2) is a morphism f : G; — G2 such that f(S1) C f(S2). The
automorphism group of (G, S) is denoted by Aut(G,S).

Let H and K be two groups and 2 be a set such that K acts on 2. Then, the wreath product of
H by K, H! K, is defined as the set of all pairs (f;k) in which k € K and f: Q — H is a function.
A product on H ! K can be defined as follows:

(f15 k1) (f2s k2) = (g; k1k2)

where for any i € Q, g(i) = f1() f2(i*1).
Elements in {s1, ..., s;} are pairwise independent in G if for any pair {s;, s;}, such that s;%s;% =1,

we have that s;% = s;% =1, for a;,a; € Z.

1.2. Graph theory. A graph I' = (V, E) contains a set of vertices V and a set of edges E, with an
adjacency matrix M, that each array shows the number of edges between every pair of vertices. You
can refer to [7,9], to study graph theory and algebraic graph theory. In whole of this survey graphs
are finite, i.e., the vertex set and the edge set of the graph I' have finite cardinalities. Two graphs are
isomorphic when there is an isomorphism between the vertex sets which preserves the adjacencies. A
simple graph has no multi-edges and loops and a k-partite graph has a partition of V' in k£ parts such
that any part does not contain any edges. L(I") is the line graph of I' in which V(L(I")) = E(I") and
two vertices are adjacent if and only if they are on a common vertex in I'.

When the vertex set of the subgraph I equals the vertex set of the graph I', we call it the spanning
subgraph. An induced subgraph I'yy of a graph I' = I'(V, E), generated by U C V is a subgraph such
that its edge set contains all edges of I" which connect the vertices in I';;. A clique is an induced
complete subgraph.

A graph I' =T'(V, E) is said to be vertex-transitive, if for any pair of vertices v,u € V', there exists
an automorphism a € Aut(I') such that a(v) = w. Similarly, an edge-transitive graph is a graph
whose edge-automorphism group Autp(I') acts transitively on its edges. A graph that is both vertex-
transitive and edge-transitive is called a symmetric graph. A regular graph that is edge-transitive but
not vertex-transitive is called a semi-symmetric graph.

A connected, simple graph is Hamiltonian, when there is at least one cycle in a graph that passes
all vertices exactly once. Also, a graph has a Hamiltonian path, when there is a path that visits each
vertex exactly once.

For a vertex v, N(v) will denote the neighborhood of v and §(I') the minimum vertex degree in
I'. For a connected graph I', the vertex-connectivity of I' denoted by x(I') is the smallest number
of vertices whose removal induces a disconnected or single-vertex graph. Similarly, edge-connectivity
denoted by A(I") is the smallest number of edges whose removal induces a disconnected graph. T is
k-(vertex)-connected if x(I') > k and k-edge-connected if A\(T') > k.

For any graph I' we have,

A(T) < A(T) < 8(D).
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If a graph I' has a closed walk containing all edges but with no repeated edge and returns to the
first vertex of the path, then I' has an Eulerian cycle and is called an Eulerian graph.

If one can label all vertices (edges) of a graph I with the minimum number of colors, such that every
two adjacent vertices (edges) have different colors, then there is a vertex(edge)-coloring associated with

I'. The smallest number of colors needed to color I' is called its chromatic number, and is denoted by

x(I)
In [18] Theorem 1.1, there is a theorem that says:
Theorem 1.1. (a) A graph and its complement have the same automorphism group.

(b) Suppose a graph I' contains n > 1 connected components each of which are isomorphic to .
Then Aut(I') = Aut(X) Sy
(c) Aut(K,) = Sy,.

Suppose G is a finite group with identity element 1 and a non-empty subset S. A Cayley graph
Cay(G, S) is the graph with vertex set V' consisting of the elements of G. An edge connects vertices
g1, g2 € V if there exists some s € S such that go = sg;. If S = S~! the graph is undirected. [30] For
a given group G and S C G, the number of connected components of the Cayley graph Cay(G, S) is
G (S)].

For a given graph I';, A(T') and M (T") are adjacency and incidence matrices, respectively. The (i, j)-
entry in M(I'), equals 1 if the vertex v; is on the edge e; and 0 otherwise. Consider the determinant of
M, — A(T") which is the characteristic polynomial of graph I'. The roots are the eigenvalues of graph
I', denoted by A\, < Ao < ... <\, which are the spectrum of I" denoted by Spec(I'). In other words,
the set of eigenvalues of the adjacency matrix of a graph is called the spectrum of the graph.

The set of eigenvalues of the adjacency matrix of a graph is called the spectrum. Al denotes that
the multiplicity of A is « € NT. The graph I is integral if all of its eigenvalues are integers.

There are many operations on the finite graphs. We give the definition of some well-known oper-
ations, used in this paper. For instance the joined union of two graphs I'y = K3 and I's = Ko, is a
complete graph I'y[I's] = K.

The Cartesian product of m graphs I'; = (V;, E;), 1 < i < m is defined by I'; x 'y x --- x '), =
(Vi x Vo x ... X Vi, E), in which two vertices v = (v1, ve, ..., v;) and u = (ug,ug, ..., uy,) are adjacent

when there is the following conditions:

(Filvi — wi € B(Ty)) N\ (v = wi, Vj # i)

The Hamming graph H(d, ¢) is the cartesian product of d complete graphs K,. Generalized Ham-
ming graphs is the cartesian product of m complete graphs K,, x K,, x K, . By this construction,
two different vertices (v1, va,...,vn) and (u1, us,. .., uy,) are adjacent if and only if they differ in just
one coordinate. H(1,q) is complete graph K,. H(2,q) is the lattice graph. H(d, 1) is the singleton
graph Kj. H(d,2) is the hypercube graph Q.

In the following, there are some preliminaries on the intersection graph and hypergraph that we use

in Subsection 4.1 and they are good tools to find some relations between the Cayley graph and the
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G-graph of a finite group G. Moreover, for a given hypergraph H we need to know the definition of
its line graph, the dual graph, and the 2-section graph.

Consider a family of non-empty sets which have some elements in their intersections. An intersection
graph represents the pattern of such intersections and any graph can have a corresponding intersection

graph.

Definition 1.2. A hypergraph H = (V, E = (E;)) on a finite set V is a family of non-empty subsets
E; of V where U;c; B =V, [10].

A hypergraph is simple if E; C E; implies i = j, which means that there are no repeated hyperedges
in H. For any vertex u € V, deg(u) is the number of hyperedges such that contains u. A hypergraph

is called k-uniform when for every Vi, |Vi| = k.

The line graph of a hypergraph H, shown by L(H) is the graph with vertex set the hyperedges of
H that two distinct vertices u, v are adjacent if the hyperedges standing for v and v have a non-empty
intersection.

For a given hypergraph H = (V = (u;), E = (V})), the dual of H is the hypergraph denoted by
H, = ((V}),(X;)) whose vertices (V;) correspond to the hyperedges of H, such that it’s hyperedges
are given by (X;) = {V; 1 w; € V}})

The 2-section of H is denoted by [H], is the graph with the vertex set same as V(H) and two

vertices are adjacent when they are in the same hyperedge of H.

2. G-graph, properties and examples

In this section the construction of the structure of G-graph is studied, [15, 16,27,35]. We define
graph with some general properties and we give some interesting examples. Especially the structure
of the G-graph of symmetric and alternating groups is studied in this section. Moreover, the G-graph
of the dihedral, semi-dihedral, and Quaternion groups will be obtained.

Let (G, S) be a finite S-group, with a non-empty subset S of size k > 1. For any s € S, we consider
the left action of the subgroup H = (s) on G. Thus, there is a partition G = | | cp.
the right transversal of H. The cardinality of (s) is o(s) and o(s) is the order of the element s.

(s)x, where T is

Definition 2.1. For a finite group G with a non-empty subset S of size k > 1, consider the cycles
sz = (z, sz, s°x, s>, ..., %) g
) 9 ) ) 9

of the permutation gs : x — sx, s € S of the symmetric group Sg. ®(G,S) = (V; E) is a G-graph of
G with respect to S. The vertex set and the edge set are defined as follows:
e V=V(®(G,S5)) = UsesVs, where Vs = {(s)x,z € Ts}.
o Two different vertices (s)x and (t)y, are adjacent with a multi-edges between (s)x and (t)y of
multiplicity d > 1, when |(s)x N (t)y| =d > 1.

Notice that (s)z is the support of the cycle (s)z, and every vertex (s)z has o(s) loops. The simple
form of ®(G, S) with no multi-edges except loops is denoted by ®(G, S) and the simple form of ®(G, S)
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with no multi-edges and no loops is denoted by ®(G, S). Then the vertices (s)z and (t)y in V(@) are
connected by a single edge if (s)x N (t)y is non-empty.

One cycle of g, contains the unit element 1, namely (s)1 = (1,s,s%,...,s°®)~1). Since the left
G-graph is similarly defined and is isomorphic to the right G-graph, we will only consider the right G-
graph and call it simply G-graph. In [11], G-graphs are defined as multi-graphs with one edge between
(s)xz and (t)y for every element of (s)x N (t)y. But we prefer to use the simple form of G-graph and
then replace a multi-edge by a single edge. This gives a natural labeling of edges by associating the
edge (s)x — (t)y with |(s)z N (t)y| which also gives a natural weight system. Thus the degree of the
vertex (s)x in the multi-graph is equal to the weighted degree defined as the sum of weights of edges
incident to (s)z.

By construction ®(G,S) is a |S| = k-partite graph with Vs, s € S as parts. Every vertex of Vj
has the weighted degree (k — 1)o(s). Vs corresponds to the collection of all cosets associated with the
cyclic group (s). Every coset (s)z, x € G, induces a partition of the group G, then every element of

G is associated with exactly one vertex in V; for each s € S. Thus:

Proposition 2.2. V; is the set of all cosets containing x which induces a clique of size k in the graph.

Consequently ®(G, S) is of chromatic number k.

In the whole of this survey, mostly the simple form of G-graphs without multi-edges and loops are
used with the notation of ®(G, S). In the case of having no multi-edges except loops we use ®(G, S)

to show the structure.

2.1. Properties of G-graph. For a finite group G of order n and it’s non-empty subset S of sizek > 1,
let & = (G, S) = (V, E) be a G-graph associated to G. In the following some properties of a G-graph
is presented, that each of them is illustrated by the definition of GG-graph.

(1) (G, S) is a k-partite and every vertex has o(s)—loops.

(2) ®(G,S) has no multi edges if and only if for all s,t € S, (s) N (t) = {1}.

(3) ©(G,S) is connected if and only if G = (S).

(4) ( [1], Proposition 2.6) For every vertex v = (s)x € V(®(G, 5)), deg(v) = o(s)(k — 1) and each
level V5(®(G, S)) contains no(s) vertices. Therefore

V(HEC.5)|= 6] Y 5. IB@B(G.S)| = gnk(k— 1)
ses

(5) If for all s € S, o(s) = r, then the G-graph </IS(G, S) is regular of degree r(k — 1).

(6) Suppose that the elements of S are pairwise independent, then ®(G, S) is a simple graph. Note
that two elements s and ¢ in S C G are independent when the intersection of (s)z and (t)y,
for z,y € G is identity.

(7) ([16], Proposition 3) Let ®(G, S) be a connected bipartite and regular of degree p, for a prime

number p, then either @ is simple or it is of order 2, .
(8) ([15], Corollary 4.4) If k is odd and G = (S), then ®(G, S) is eulerian, .

DOL https://dx.doi.org/10.30504/jims.2025.489156.1218


https://dx.doi.org/10.30504/jims.2025.489156.1218

J. Iran. Math. Soc. 6 (2025), no. 1, 9-55 A. R. Ashrafi and F. Gholaminezhad 15

(9) ([16], Theorem 4.6,) Consider an isomorphism f between two groups (G1,S1) and (Ga, S2),
such that f(S;) = Sz, where S; and Sy are the subsets of G7 and Go, respectively. Then
®(Gq,S1) = P(G2,S52) Now let G; and G2 be two abelian groups. These two groups are
isomorphic if and only if ®(G1,G1) = ®(Ga, Ga).

(10) ([16], Theorem 2.4) Let ®(G, S = {a,b}) be a simple connected G-graph and §* = ({a) U (b)) \

~

{1}. Then L(®) ~ Cay(G, S*), where L denotes the line graph.

Theorem 2.3. Suppose S1 and Sy are both generating sets for the group G, with |S1| = |Se| = m.
Assume that the elements of Sy and So are of the same order, then ®(G,S)) = ®(G, Ss).

Proof. Since G = (S1) = (S2), with |S1| = |S2| and the elements of them have the same order, then
there is an group isomorphism between (G, S7) and (G, S2). This illustrates that their corresponding

G-graphs are isomorphic. O

The adjacency matrix of G-graph is the useful tool to identify when a graph has the structure of
G-graph or not. The adjacency matrix of a G-graph ®(G,S) is a symmetric matrix M(®) = (a;;),

such that for two vertices (s;)z) and (s;j)y, we have that

0 {|<sl->m (sbyl i 7

0 1=
Assume that dg(v) is the sum of all entries of a column (row) v in the adjacency matrix M of a
G-graph (G, S) = (V,E). We can see that ds(v) equals to the degree of the corresponding vertex
v = (s)x. If the determinant of submatrix My equals 2, then ds(v) = o(s) and if det(M;) =1 > 2,
then o(s) = dls_(ll)).
All columns (rows) of the block M, in M have the same degree. Let det(M) > 2. If there exists
columns (rows) vy, ve such that ds(vi) — ds(ve) = 1, then the graph represented by the adjacency

matrix M (T') is not a G-graph. The number of edges |E| = (3"(ds(v))) is the total sum of the entries

of the upper or lower diagonal. Because M (®) is a symmetric matrix.

Now we bring a nice theorem on the automorphism group of G-graphs.

Theorem 2.4 ([12]). Let ® = &(G, S) = (V, E) be a G-graph, where |S| > 2. There is an associated
map 8y : V — V., such that d,((s)x) = (s)xzg™! and any element u in (s)z N (t)y goes to ug='. Then
1) §: G — Aut(®) is a morphism.
2) A ={d4lg € G} acts transitively on every vertex subset Vs, s € S, and
Staba(6,) is a cyclic subgroup of Aut(®).

3) Kera = ﬂses,xeG(x<3>$71)-
4) @ is vertex transitive.

Proof. 1) We have 6,-1(V;) C Vs and if (s)zg~' = (s)yg~ "', then there exists i such that zg~" =
s'yg~! and s'y € T, that means (s)z = (s)y. Moreover (s)z = d,-1((s)zg). Let u € (s)zN(t)y
and e = (s)z— (t)y € E be an edge of ®. Then d,-1(e) is an edge between (s)zg~" and (t)yg~"
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that maps u to ug™'. We can see that d,-1|p is an injection, hence 6,-1 € Aut(®). Also g is

an injective. We show that 6(g192) = 0(g1)d(g2): for a vertex (s)x € V,

0(9192)((8)x) = 6(g,g0)-1((s)x) = (5)2(9192),

and also

0(91)0(92)((s)2) = 6,-10,-1((8)2) = (0g,-1(5)2)91 = (5) 79192,

91
Then § € Aut(®).
2) For (s)z,(s)y € Vi, we have (s)y = (s)zz~'y = 6,-1,((s)x), then &, is transitive on Vi.
For two vertices (s)z € Vi and (t)z € Vi, if §(a=1(s)x) = 6(z~1(t)x) then (s) = (¢) which
is a contradiction. If d,((s)x) = (s)x then the cycles (s)zg~! and (s)x are the same and

1 L — gig. Since for

g € 7 Ys)z. conversely if g € x71(s)z, for an i > 0, g = 27 sz, and xg~
all k > 0, sfzg~! = s¥*iz, then (s)xrg~! = (s)x that means §,((s)z) = (s)z. On the other
hand for an 0 < i < o(s), since 0(s?) € §({s)), then Stab((s)) = 6({s)) is a cyclic subgroup of
d(G) with an order ds which devides o(s).

3) To show Ker(d) = ﬂseS’xeGﬂs)x*l, let ¢ € Ker(d), then for every x € G and s € S,

(s)xg~t = (s)x,s0 g =~} !

then there exists i > 0 such that g = 27 1s™'x, so d,((s)x) = (s)z and g € Ker(5). For every
s,t € S, that (s) N (t) = {1}, we have that Ker(d) = {id}.

4) By using the previous parts and according to the function of 4, obviously ® is vertex transitive.

U

sz, for i > 0. Hence zg~! = s'z € 271 (s)z. Now let g € 271 (s)z,

In the following there are some nice examples of the simple form of G-graphs of some finite groups.

Example 2.5. Let G = Zg X Zg and S = {a = (1,0),b = (0,1),¢ = (1,1)} be it’s generating set.
®(G, S) is the octahedral graph which is the connected and o(s;) = 4-reqular, s; € S.

FIGURE 1. ®(Zy x Z, {a,b,c}).

Example 2.6. The G-graph of a cyclic group of order 16 with S = {1,4,8} is as follows:

Example 2.7. Let G = 7Z, X Z; be the direct product of two cyclic groups generated by S =
{(a,1),(1,b)}. Then we see that ®(G, S) is a connected bipartite graph, isomorphic to K.
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FIGURE 2. @(216,{1,4, 8})

2.2. G-graph of symmetric and alternating groups. As you know the symmetric groups S,, are
generated by the transpositions. Now we bring the structure of the G-graph of S,, with the generating

set of its transpositions.

Theorem 2.8. Let (G,S) = (S, S), with the generating set of all the transpositions, is isomorphic

to the connected, nn— )-partzte and n(n — 1) — 2-regular graph. @(Sn, S) contains n(n;l) X %' vertices
and |E| =2|V| = 7)"! edges.

Proof. Since |S| = n(n U hence the G-graph is n(n U _partite. The graph (G, S) is (n(n —1) — 2)-
regular, because the transp081t10ns are of order 2, thus o(s;) = 2. Let v; = (s;)g, you see that

deg(v;) = o(s;)(|S|—1) = 2(M —1) =n(n—1) — 2. Since there are %’ distinct cosets in all L”z_l)

2
cyclic subgroups (s;), and each distinct coset forms a vertex, then there shall be n! x @ vertices

in all. The number of edges equals |E| = ”(" Uig| = ”(”71)"" 0

Example 2.9. Let G = 53 and S be one of the following generating sets. Then
a) If S =1{(1,2),(2,3)}, then

<(152)>1 = {la (172)}7 <(1’2)>(173) = {(173)5 (17372)}7 <(152)>(273) = {(2’3)5 (17273)}'

<(2’3)>1 = {L (273)}7 <(2’3)>(172) = {(172)’ (17372)}7 <(2’3)>(173) = {(1’3)a (17273)}'
Then @(Sg, S) is isomorphic to a cycle Cg.
b) IS = {(1,2),(1,2,3)}, then

<(1’2)>1 = {15 (172)}7 <(172)>(173) = {(1’3)’ (17372)}’ <(1’2)>(273) = {(2’3)5 (172’3)}'

((1,2,3))1 ={(1,2,3),(1,3,2)}, ((1,2,3))(1,2) = {(1,2),(1,3),(2,3)}.
Thus (/I\)(Sg, S) = Ky 3 which is a complete bipartite graph of 5 vertices.

Example 2.10. 6(54, S), where S is the set of transpositions,

S = {(17 2)7 (17 3)’ (174)7 (273)7 (274)7 (374)}7

is isomorphic to a 6-partite, 10-reqular graph on 72 vertices.

Then we have the following result:
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Theorem 2.11. For n > 2, S, is generated by the (n — 1) transpositions as follows:

S =1{(1,2),(1,3), (1,4),...(1,n)},
S ={(1,2),(2,3),(3,4),...,(n— 1,n)}.

(Sn, S) is isomorphic to the 1)- partite, (2n — 4)-regular graph on n(n — 1)(n — 1)!/2 vertices.

(n—
And we have that ®(S,, S) = (S, 5").

Proof. Since |S| = n — 1, the graph is (n — 1)-partite and all elements of the generating set S are the
involutions, thus the graph ®(G, S) is regular and for all v € V, deg(v) = 2((n —1) — 1) = 2(n — 2) =
2n — 4. Also, there are "—! distinct cosets in all (n — 1) cyclic subgroups (s;) that each of them is a
vertex of graph that 1mphes Vi=2x(n-1)= $(n(n—1)(n—1)!). Since both sets S and S’ generate

Sn, |S] = 15" =n—1 and the elements of S and S’ are of the same order 2, then (S,,S) = (Sp,5").

By Theorem 2.3, we can see that their corresponding G-graphs are conjugate. O

Example 2.12.

1. The G-graph </I;(S4,S), where S = {(1,2),(2,3),(3,4)}, is isomorphic to a 3-partite, 4-regular graph
on 36 wvertices. Each of the three vertex sets contains 12 wvertices and each vertex is adjacent to two
vertices in the other two vertex sets.

2. The G-graph &3(55,5’), where S = {(1,2),(2,3),(3,4),(4,5)}, is isomorphic to a 4-partite, 6-reqular
graph on 240 vertices.

Theorem 2.13. Forn > 2, S, is generated by the transpositions (1,2) and the n-cycle (1,2,...,n).
The structure of the G-graph of Sy, n > 2, with S = {(1,2),(1,2,...,n)} is isomorphic to a semi-
reqular bipartite graph. Its vertex set is V.= Vi3 U Va, that |V1| = %’ and |Vo| = (n — ). Also
deg(vi;) = 2, for each vertex in the vertex set Vi and deg(va;) = n for each vertex in the verter set
Vs.

Proof. Obviously, the graph is connected bipartite G-graph. There are %' distinct cosets in the

cyclic subgroup ((1,2)) and each cosets forms a vertex, then [V;| = %' Similarly there are %
distinct cosets in the cyclic subgroup ((1,2,...,n)) that each of them corresponds to a vertex and
[Va| = ;%5 Moreover Y1, € V(1 9, deg(v1,) = o((1,2))(|S] — 1) = 2, and Yva, € V{12, n), deg(ve;) =

((1,2, ...,n))(|S] = 1) = n. The number of edges equals |E| = |S,| = n!, So by construction, each
edge corresponds to an element in S,. 0

Example 2.14.
1. &)(54,5 = {(1,2),(1,2,3,4)}), is isomorphic to a semi-regular bipartite graph with V = V(j9) U
Vii2,34), that [Viig)l = 12, [Viia34)| = 6 and |E| = 24. Moreover Yv € V(1 9y, deg(v) = 2 and
VUAG Vii2,3.4), deg(u) = 4;
2. (55,5 ={(1,2),(1,2,3,4,5)}), is isomorphic to a semi-regular bipartite graph with V- = V3 U Va,
that |Vi| = 60, |Va| =24 and |E| = 120. Also Yv € Vi, deg(v) =2 and Yu € Va, deg(u) = 5.
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Theorem 2.15. Foralln > 2, S, is generated by the transpositions (1,2) and the n-cycle (2,3,...,n).
@(Sn,S =1{(1,2),(2,3,...,n)}) is isomorphic to a semi-reqular bipartite graph with vertex set V =
ViU Vs, such that |Vi| = %' and |Va| = nn—ll Moreover, each vertex of V1 is of degree 2 and each vertex

of Vo is of degree n — 1.

Proof. Since |S| = 2 and S,, = ((1,2),(2,3,...,n)), then the G-graph is bipartite and connected.
There are %' distinct cosets in the cyclic subgroup ((1,2)), each of them makes a vertex in V(; 5y of
order 2, then |V(1 9)| = %' Similarly there are nL_'l distinct cosets in the cyclic subgroup ((2,3,...,n))
that makes a vertex. Then we have |V5| = nL_!l, each vertex of order o((2,3,...,n))(|S| —1) =n— 1.

This graph is regular only when n = 3 and |E| = n!, each edge corresponds to an element in S,,. O

Alternating group A, is a normal subgroup of Symmetric group S,, that is generated by a set of
3-cycles. In the following, we study the structure of the G-graph of alternating groups concerning

their set of generators.

Example 2.16. Consider the alternating group

Ay ={(1),(1,2)(3,4),(1,4)(2,3),(1,2,3),(1,3,2),(1,2,4),
(1,4,2),(1,3,4),(1,4,3),(2,3,4),(2,4,3) }.

a) If S ={s=(1,2,3),t =(1,2,4)}, we have

v = ((1,2,3))1 ={1,(1,2,3),(1,3,2)}

ve = ((1,2,3))(1,2,4) = {(1,2,4),(1,3)(2,4),(2,4,3)}
vs = ((1,2,3))(1,4,2) = {(1,4,2),(1,4,3),(1,4)(2,3)}
vy = ((1,2,3))(1,3,4) ={(1,3,4),(2,3,4),(1,2)(3,4)}
vs = ((1,2,4))1 ={1,(1,2,4),(1,4,2)}

ve = ((1,2,4))(1,2,3) ={(1,2,3),(1,4)(2,3),(2,3,4)}
vy = ((1,2,4))(1,3,2) ={(1,3,2),(1,3,4),(1,3)(2,4)}
vs = ((1,2,4))(2,4,3) ={(2,4,3),(1,2)(3,4),(1,4,3)}

then CTJ(A4, S={s=1(1,2,3),t =(1,2,4)}) is a bipartite, 3-regular, connected graph with 8 vertices
and 12 edges.

FIGURE 3. ®(Ay, {(1,2,3),(1,2,4)})
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b) If S={s=1(1,2,3),t = (2,3,4)}, we have

(1,2,3)1 = {1,(1,2,3),(1,3,2)}
((1,2,3))(1,2,4) = {(1,2,4),(1,3)(2,4),(2,4,3)}
((1,2,3))(1,4,2) = {(1,4,2),(1,4,3),(1,4)(2,3)}
((1,2,3))(1,3,4) = {(1,3,4),(2,3,4),(1,2)(3,4)}

(2,3,4)1 = {1,(2,3,4),(2,4,3)}
((2,3,4)(1,2,4) = {(1,2,4),(1,3,4),(1,4)(2,3)}
(2,3,4))(1,2,3) = {(123),(1 ,3), (1,3)(2,4)}
(2,3,4)(1,4,2) = {(1,4,2),(1,3,2),(1,2)(3,4)}

again ZI\D(A4, S) is a bipartite, 3-reqular, connected graph with 8 vertices and 12 edges.

Example 2.17. E)(AG, S ={(1,2,3),(2,3,4,5,6)}) is isomorphic to a connected, bipartite graph with
the vertex set V.= V1 U Va, where |Vi| = 120 and |Va| = 72, such that each vertex of Vi has degree 3
and each vertex of Vo has degree 5. Also this graph has 360 edges.

Theorem 2.18. For n > 3, A,, is generated by 3-cycles of the forms (1,2,i), i € {3,4,...,n} and
(,i+1,i+2), 1 <i<n-—2. In both cases &)(An,S) = (V,E) is a (n — 2)-partite, 3(n — 3)-reqular
graph such that

nl(n — 2)

nl(n —2)(n —3)
i :

V| =
\4 :

Bl =

Theorem 2.19. According to the set of generators of the alternating group A,, we have the following
structures of ®(Ap, S):

1. Let n > 4 be an odd number. C/IS(AH,S) = (V,E), where

S =1{(1,2,3),(1,2,...,n)}

is isomorphic to a bipartite graph with vertex set V.= Vi U Vi, with |Vi| = & and |Va| = %
that for any v € V1, deg(v) = 3 and for any u € Va, deg(u) = n. Also |E| = .
2. Let n > 4 be an even number. ®(Ay,S) = (V, E), where

S =1{(1,2,3),(2,3,...,n)}

n!

is isomorphic to a bipartite graph with vertex set V.=V U Vo, with |V1| = & and [Va| = 27;" 5
that for any v € Vi, deg(v) = 3 and for any u € Va, deg(u) =n — 1. Also |E| =%

Table 1 contains the automorphism group of the alternating groups A,, 3 < n < 8, their corre-
sponding G-graphs and Cayley graphs with respect to S. </I\>(An7 S) is a bipartite graph that for odd
number n, the vertices of V(1. ) and V(1 53) are of degree n and 3, respectively. Also for even
number n, the vertices of V(g3 ... ) and V(y 2 3) are of degree n — 1 and 3, respectively.

Our calculations given Table 1 suggest the following conjecture:
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TABLE 1. Aut(Ay), Aut(®(A,,S)) and Aut(Cay(A,,S)), n=4,5,6,7,8,9.

G A4 A5 Aﬁ A’? AS A9
Aut(G) 54 55 (AGZZQ)ZZQ 57 Sg Sg

Aut(@(G,S)) Zg X 54 ZQ X A5 ZQ X A6 57 Sg Sg
Aut(Cay(G, S)) ZQ X 54 ZQ X A5 ZQ X A6 57 Sg Sg

Conjecture 2.20. Aut(Cay(A4,,S)) = Aut(EI;(An,S)) and for n > T the automorphism group is

isomorphic to S, .

In the next example we obtained the structure of the automorphism group of the G-graph of the

Projective special linear group PSL(2,p) that is shown by La(p), [2].

Example 2.21. In Table 2, the automorphism groups of @(Lg(p), S) are given, where S = {a,b} is a
set of standard generators of La(p) and p is a prime number in the set {2,3,5,7,11,13,17,19,23}.

TABLE 2. Aut(®(Ly(p), S)) for p=2,3,5,7,11,13,17,19, 23.

G Ly(2) L(3) Ly (5) La(7) Lo(11)

Aut(®) D1o Sy Ty x As  Lo(7):Zy Lo(11) : Zy
G Ly(13) Ly(17) Ly(19) L2(23)

Aut(®) | Ly(13) x Zo Lo(17) X Zy  Lo(19) : Zy  Lo(23) : Zy

We can see that for p € {3,11,19,23,27,31}, Aut((/I\)(G, S)) = Aut(G), for p € {5,7,13,17,29,37},
Aut(D(G, S)) = Zy x G and for p =T we have that Aut(®(G, S)) = Zy x Aut(G) and ®(Ly(7),S) is

a 3—regular connected G-graph.

Conjecture 2.22 ([2]). Let p > 3 be a prime number, G = Lao(p) and S = {a, b} be a set of generators
for G. Then the G-graph Cf(G, S) is a bipartite, semi-reqular connected graph with two parts V, and
Vi. Each vertex of V, and V4 is of degree 3 and %, respectively.

2.3. G-graph of dihedral, semi-dihedral and quaternion groups. In the following examples we
bring the structure of the G-graphs of dihedral, semi-dihedral, and Quaternion groups. Consider the
dihedral group with two following presentations and two generating sets, S and S’. The structure of
their corresponding G-graphs are computed, [15].

G =Dy, = {s,t|s" =1,t> =1,t ‘st = s}, S ={s,t},

(/I\)(Dzn, S) is a complete bipartite graph isomorphic to K ,. For
G = Dy, = {a,bla®* = b* =1, (ab)" = (ba)" =1}, S' = {a,b}.

(/I;(Dgn, S’) is a cycle with 2n vertices, isomorphic to Co,. The Quaternion group with the representa-
tion
Q= (a,bla* =1,0* =a® babt =a™1)
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is of order 8. Then CTJ(Q, {a,b}) = Kj»?. Since the generating set S has two elements, the graph
is bipartite with the vertex set V = V; U V3, and since o(a) = 4, [Vi| = § = 2, each of degree
o(a)(2 —1) = 4. Also o(b) = 4, then |Vo| = & =2, each of degree o(b)(2 — 1) = 4.

Theorem 2.23. Consider the generalized quaternion group Qn,
Qn = (a,bla®™ = 1,b* = a", ab = ba®" )
and the generating set S = {a,b}. Then ;I\D(Qn, S) is the complete, double-edged bipartite graph Ks ,>.
Theorem 2.24. Consider the semi-dihedral group
SDg, = (a,bla’™ = b* = 1,bab = a®"1),
with the generating set S = {a,b}. Then ZI;(SDgn, {a,b}) = Ko 4.

Proof. We can see that the cosets of the cyclic subgroups (a) and (b) are as follows:

()1 = {l,a,a% -, a* 1}
(a)b = {b,ab,a®b,a®b,--- ,a**"1b}
(0)1 {1,0}
(b)a {a,a®* b}
<b>a2 {QQ, a4k72b}
<b>a3 {a3,a6k_3b} — {GS’ a2k—3b}
<b>a4 {CL4, aSk—4b} _ {CL4, a4k—4b}
<b> a4k76 {a4k*67 a6b}
<b> a4k—5 {a4k:—57 a2k+5b}
<b>a4k—4 {a4k—4’ a4b}
<b>a4k73 {a4k737 a2k+3b}
<b>a4kz—2 {a4k—2, a2b}
<b>a4k—1 {a4k—1’ a2k+1b}.

The G-graph (/IS(Sng, {a,b}) is Eulerian.

g

The following theorem presents the structure of the G-graphs of some infinite class of groups, known

as Ugp, Van and Ty,. Darafsheh et., al. in |

4n and 8n.

], computed the Cayley graphs of such groups of order

Theorem 2.25. Consider the following groups with the set of generators S':

U6n = <a’ b’a’Qn =

b = 1,bab = a) = Zo,, X Zs,
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& (Ugn, {a,b}) = K3o,.

Van = (a,bla® =b* =1,aba = b~ ', ab~ta = b),

D (Van, {a,b}) = Ky on.

Tyn = (a,bla® = 1,a" = b*, b tab=a"1),

& (Tyn, {a,b}) = Ko .

Example 2.26. Let G = SDqg, the G-graph of G associated with the set of generator S = {a,b} is a

connected Eulerian graph isomorphic to Ko g as you see in the following figure.

{1,a,a? a3 a* a® a5 a"} {b, ab, a®b, a3b, a*b, a®b, a®b, a"b}

/

{1,b}~{a,ab} a?,a%}  {a®,ab} a*,a*b}{a®,ab} {ab a%} {a’,a%b}

FIGURE 4. ®(SDyg, {a,b})

There is an algorithm by GAP [28], that we use for getting the adjacency matrix and the au-
tomorphism group of the G-graph of a finite group G with respect to the subset S. In this algo-
rithm, we should use the package ”Grape” to work with graphs in GAP. Also we use the command
"CayleyGraph(G, S)” in order to get the structure of the Cayley graph of a finite group G with respect
to a subset of S such that S can be the set of generators of G. Gillibert, PhD student of Bretto, made
a package called G — grape which is really applicable in working with the structure of G-graphs.

It is a function on a pair of group (G, gen), where gen is the set of generators of G that is obtained
by using the command ” GeneratorsOfGroup”.

LoadPackage ("grape") ;
f:=function(G,gen)
local L,1s1,1s2,gs,k,x,0a,a,res,G2,V,t,s,e,m,i,j,y,pP,q,
gamma,aut; res:=[];
G2:=List(G);
for a in gen do
gs:=[1;
oa:=0rder(a)-1;;
1s2:=Set([1);
for x in G do
if not(x in 1s2) then
1s1:=[];
for k in [0..0a] do
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Add(1s1,Position(G2, (a"k)*x));;
AddSet (1s2, (a"k)*x);;

od;
Add(gs, 1s1);;
fi;;
od;
Add(res, gs);;
od; ;

L:=Elements(res);; V:=[];
for i in [1..Size(L)] do
for y in L[i] do

Add(V,y);;
od; ;
od;;
s:=Size(V);;
Print("|VI[=", s,"\n");

e:=Elements(V);;
m:=NullMat(s,s);;
for i in [1..s] do
for j in [1..s] do
if i<> j and Intersection(el[il,e[j]) <> [] then
m[i] [j]:=1;;
fij;
od;;
od;;
Print ("m=",m,"\n");
gamma : =Graph( Group(()), [1..s], OnPoints,
function(p,q) return m[p] [q]=1; end, true );;
aut :=AutomorphismGroup (gamma) ;
Print ("autgamma=",StructureDescription(aut),"\n");
Print (" |autgamma|=",Size(aut),"\n");
Print (VertexDegrees (gamma) ,"\n") ;

end;

If you want to get the structure of the involution G-graph, you can manage the algorithm to obtain
the set of involutions instead of gen. For that reason you should add the following commands after
"G2:=List(G)".

gens:=[];
el:=Elements(G);;
for x1 in el do

if Order(x1)=2 then
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Add(gens,x1);;
fi;
od;

3. Characterisations of some finite G-graphs

Many well-known graphs have the structure of G-graphs with respect to a given group GG. many
usual graphs, such as the cube, the hypercube, the cuboctahedral graph, Heawood’s graph, and many
others, are G-graphs. Some generic and infinite families of graphs, such as the complete bipartite
graphs, are G-graphs. We establish a catalog of the most common G-graphs, and for each of these
graphs, we exhibit the corresponding group, using the GAP’s SmallGroups library. We also show that

some non-vertex-transitive graphs, such as the Gray graph and Ljubljana graph, are also G-graphs.

Theorem 3.1. A graph T =T(V =V UVLU... UV, E) is a finite k-partite graph where |V;| = m;
such that for each v; € Vi, deg(v;) = n; and m;n; = M if and only if T' is isomorphic to a G-graph
(G, S) for a ﬁm’te group G generated by a subset S of size k and |G| = 2|E|k(k — 1) that for each

si €S, o(s;) = g S0 G = (s1,82,. .. sk]sio(si) = 1) is the associated group generated by S.

Proof. Suppose I is a k-partite graph with V =V; U Vo U ... UV} that V; N'V; =0 for all ¢ # j, and
%. We construct the S-group (G, S) such that
its corresponding G-graph is isomorphic to I'. Since I is k-partite, |S| = k, also deg(v) = o(s)(|S| —1)

so for all v € V}, o(s;) = d,jgjf) = 4. But the cosets corresponding to the vertices in partition V;

|Vi| = m; that deg(a;) = n;, where a; € V; and m;n; =

of I, are the partitions of the group G and the cardinality of each coset corresponds to the order of

LUl — k(2|E | 0 Thus the group has the presentation

generator of G, then we have |G| = m; x o(s;) =
of (s1,59,...,5ks:°C) =1).

Conversely, suppose I is isomorphic to the G-graph corresponding to a S-group (G, S), where |S| =
k, |G| = 2|E| #—n and for each s; € S, o(si) = 7, so that G has presentation of (s1, s2, .. A EILCO
Since |S| = k the graph is k-partite, deg(v) = o(s)(|S| — 1) and so deg(a;) = =5 (k — 1) = n; for all
a; € V;. There are % distinct cosets labeling the vertices in partition V; corresponding to cosets of

G by (s;). So |Vi| = |G‘ = k(%f‘l) S =i 2|E| . If we let |Vi] = M = m;, then m;n; = % O

In the following there is an example of a tripartite graph which has the structure of G-graph.

Example 3.2. Let G = S3 and S = {(1,2),(1,3),(2,3)} be a set of transpositions that G = (S). Then
the vertices of @(G, S) are as follows.

U1 = <(172)>1 = {15 (172)}7 U2 = <(172)>(173) = {(1’3)5 (17372)}v U3 = <(1a 2)>(273) = {(2v3)) (172’3)}'
Vg = <(1a3)>1 = {1a (1’3)}7 U5 = <(1a3)>(1’2) = {(172)a (1a273)}7 Vg = <(1a3)>(273) = {(233)7 (17372)}
U7 = <(233)>1 = {13 (273)}7 vg = <(233)>(172) - {(172)3 (17372)}7 Vg = <(2ﬂ3)>(]‘73) = {(133)7 (17233)}

So ®(Ss, ) is isomorphic to a 3-partite, 4-regular graph with |V| =9 and |E| = 18.
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V3 V4

Vo Us

U7 Us U9

FIGURE 5. ®(S3,5).

According to the last example, the given tripartite graph has the structure of G-graph corresponding
to symmetric group Ss, with a generating set S of size three, and each part of V;, ¢ = 1,2, 3, has three
vertices each of degree 4. Then Theorem 3.1 satisfies for such structure. Also it satisfies for a graph

in Figure 2, which is a tripartite graph corresponding to the G-graph of @(Zm, {1,4,8}).

3.1. Bipartite G-graphs. A bipartite graph I' = (U UV, E) is (m,n)-biregular if for every z € U,
deg(z) = m and for every y € V, deg(y) = n. Therefore every regular bipartite graph is as well

biregular.
Lemma 3.3. A connected bipartite graph 1" is a G-graph if and only if it is bireqular.
Theorem 3.4 ([10]). All (m,n)-biregular graphs are G-graphs.

Proof. Let I' = I'(V; U Va, E') be a (m,n)-biregular graph. Then n|Vi| = m|V2| = |E|. Since I is
2|E

bipartite, then |S| = k = 2. Suppose G is a group with |G| = lq(TJU’ then |G| = |E|. Moreover for
s1€8,0(s1) = % = 57y = m and for s3 € 5, o(s2) = % = 57 = n. Thus I' is isomorphic to the
G-graph of (G, S), where |G| = |E| and S = {s1, s2}, with o(s1) = m and o(s2) = n. Consequently
there is a group of order |E| with the presentation (si, sa|s]" = s§ = 1). O

Example 3.5. Levi graph is the incidence hypergraph H = (V, E) that is a bipartite graph denoted by
I(H) whose vertex set is the union V U E, and two vertices v € V and e € E are adjacent if and only
if v € e. Note that every incidence graph, has an equivalent hypergraph, and vice-versa. Fxcept for
graphs with isolated vertices, every edge-transitive graph that is not vertex-transitive is bireqular. You

can see that the Levi graphs of geometric configurations are bireqular. Some Levi graphs are G-graphs.

In the following, some structures of the well-known Graphs which have the structure of G-graphs,

are given.

Example 3.6. The star graph S, is a (1,n)-biregular graph. It is isomorphic to EI;(G, S) where
G = (a) = Zy, is the cyclic group of order n and S = {1, a}.

Example 3.7. The Mébius ladder M, is a cubic circulant graph with an even n of vertices. M, is
a bipartite G-graph ®(G,S) = (V,E) where S = {s,t} such that o(s) = o(t) = 3 and |E| = |G|
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+1(mod4).

M5() :

gap> G:=SmallGroup(75,2);

<pc group of size 72 with 5 generators>
gap> S:=FindGenerators(G, [3,3]);

{[ £1, f1*f2 1}

gap> graph:=GGraph(G,S);

3.2. The symmetric and semi-symmetric graphs of degree p. In this section, we bring some
interesting results about the structure of the symmetric and semi-symmetric G-graph. Indeed the
requirements condition for a finite group G, such that its corresponding G-graph has a structure of

symmetric or semi-symmetric graph are presented in this section.

Proposition 3.8 ([10]). Let G be a finite group generated by S = {a, b}, such that for a prime number
p||G|, G # Z, and a,b are of order p. Then the graph (G, S) is simple, bipartite, edge-transitive,
and regular of order p. There are two possibilities:
a) ®(G,S) is vertex-transitive, so it is a symmetric graph.
b) ®(G,S) is not verter-transitive, so it is a semi-symmetric graph.

This shows that the structure of G-graph is a useful tool for constructing edge-transitive graphs,
especially semi-symmetric ones. In [16] Bretto et., al. established a list of all small groups of order
3 x n such that is generated by two elements of order 3.

They denote by Sg — 0 — n the n-th group of order o in the SmallGroups library. The generators
are indicated when the group is not described in GAP as a subgroup of S,,. This is possible by using
GAP and the command SmallGroupsLibrary, which gives access to all groups of certain order 3n
that are listed up to isomorphism. The following algorithm is used for computing the list of the groups
generated by two elements of order 3:

result = [];
for all g, group of order n
order 3 = [];
for all x in g
if order(x)= 3 then
add x to order 3
end if
end for all
for all x1 in order 3
for all x2 in order 3 , x2 > x1
if < x1, x2 > = g add (g, <x1, x2>) to result
end for all
end for all
end for all

return result;
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Then by constructing the corresponding G-graphs of all the groups in the obtained list and comput-
ing their automorphism group, we can see if the graph has only one orbit in the vertex automorphism

group or not. Furthermore, we conclude that the G-graph is symmetric or semi-symmetric, [16] .

Example 3.9. Here there are some well-known cubic symmetric or semi-symmetric graphs, which are
G-graphs corresponding to the groups of order 3n with their representations.

The cube ®(G = Ay, S = {(1,2,3),(1,3,4)}).

The Heawood graph

(G = (a,bla” =b* =1,ab = ba®), S = {b,ba})
e The Pappus graph
</IS(G = (a,b,cla® =b® = & = 1,ab = ba, ac = ca,bc = cba), S = {b, c})
o The Mobius-Kantor graph

O(G =8y —24—3,8 = {f1, /1 * f2}),
where G = SL(2,3).
e The Gray graph
(G =S5, —81—7,5={fi. f2}),
where G = (Zs X Zsg X Z3) : ZLs.
o The Ljubljana graph

~

(I)(G = Sg — 168 — 43,S = {fl;fl * f2 * f4}),
where G = ((Zg X Z2 X Zg) : Z7) : Z3.

Similarly, we can find the structure of the quintic symmetric and semi-symmetric G-graphs. The
tables of these group structures are obtained by Bretto et. al., in [16]. In the following results,
the conditions needed for a graph associated with a finite group G will be studied to construct a

semi-symmetric structure isomorphic to a G-graph.

Theorem 3.10 ([15]). Consider a finite group G generated by S = {s,t} that (s) N (t) = {1}. For the
G-graph & = d(G,8) = (V,E), let dg : V. — V be a graph automorphism such that for any vertex
(s)z €V, 64((s)z) = (s)zg™L, where g € G. So this automorphism carries each element a € (s)zN(t)y

1

to ag=". We can see that

1) d isa simple, bipartite, semi-reqular connected graph;

2) A ={d,,9 € G} C Aut(®) acts transitively on Vs, Vi and E;

3) For every v = (s)x € V, Staba((s)zx) is a cyclic group.
Conversely suppose a graph T' = (V. =V, U Va, E) is a simple, bipartite, semi-reqular connected graph
with a subgroup A < Aut(I") such that

i) A acts transitively on each part of vertices and the edges;
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ii) the stabilizer of each vertex v € V is a non-trivial cyclic group;

iii) there is an edge a — b € E that (7 =V = |Val.

|Staba (a)] | |StabA b —

then there exists an S-group (G, S), where |S| = 2, such that T = ®(G, S).

Proof. 1) Since G = (S), ® is connected. Assume that there is a 2-edge between two vertices
(s)x and (t)y, which means (s) N (t) has more than one element that is a contradiction. Thus
® is a simple bipartite G-graph;

2) For every g € G, 6, : VsUV; — Vs UV, is a morphism that d,-1(Vs) C Vi. Consider the edges
e=(s)xr — (t)y and € = (s)z’ — (t)y’ in E. There are i,75,7,j € N, that

. : , ,
sl =ty=u, and s' ' =ty =.

Let g = o/ _lu, then we have that d,(e) = ¢’ which implies A acts transitively and regularly
on the vertices and the edges;

3) Since for every vertex v = (s)x € Vj,
Staba (v) = {8y € Aldy(v) = vg™" = v} = {5, € Algy((s)x) = (s)zg™" = (s)a},

then Staba((s)1) = ({51 € Aldi((s)z)}) = (d(s)) and the stabilizer of other vertices are
conjugate with this one.
Conversely To show that A acts transitively on V; and V5, we suppose that G = A. Also for 1 € V}
and zg € Vo let Staba(x1) = (01) and Staba(z2) = (02). Suppose S = {01, 02}, such that (o1)a is a
vertex of a G-graph ®(G, S) = ®(A, {01,02}). Now we define a morphism between ®(G, S) and I as

follows:

fa: ®(G,9) — T = (ViU Vs, E)

(o3)a — a1 (z;)
that fot i = 1,2, a~!(z;) € V;. This completes our proof. O

The sufficient condition for a G-graph to be a semi-symmetric structure, is given in the follow-
ing proposition, in which the condition is related to the automorphism group of the given G-graph

associated with a finite group G and a subset of size two.

Proposition 3.11. Let ® = &(G, S), with S = {s,t}, (s) N (t) = {1} and o(s) = o(t) > 2. If Aut(®)

is a simple group then ® is semi-symmetric.

Proof. Let H = {a € Aut(®)|a(V;) = Vi, (V) = V;}. According to the construction of G-graph, since
any automorphism preserves the adjacencies, then for a v € Vj, if a(v) € V4, necessarily a(Vs) = V;.
But H is a normal subgroup of Aut(®) and H C A, where A # {1}, hence Aut(®) = H is not vertex

transitive. O
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3.3. The Generalized Petersen graph. In the following, the structure of the generalized Petersen
graph is defined and we will find group presentations such that their corresponding G-graphs are
generalized Petersen graph.

The generalized Petersen graph GP(n,m) = (V, E), with n > 2,1 < m < n — 1 is a cubic graph
formed by connecting the vertices of a regular polygon to the corresponding vertices of a star polygon.
By construction it has |V| = 2n vertices and |E| = nm edges.

o V = {up,u1, ..., Upn—1,00, V1, ..., Un_1}.

o F = {ujtjt1, UiV, 0jVipm : 1 =0,-+- ;n—1}.

Example 3.12. 1) Let T' = GP(8,3) be a generalized Petersen graph. We can find that for a
group G = SL(2,3) with the generating set S = {f1, f1x f2}). Then the structure of GP(8,3)
is a bipartite cubic graph with |V| = 16 and |E| = 24 that is isomorphic to the G-graph ®(G, S).

FIGURE 6. GP(8,3)

2) Let T' = GP(10,3) be a generalized Petersen graph. There is a group G with the following

presentation
(a,b,cla® = b = = 1,ab = ba, ac = ca, bc = cba),

and the generating set S = {b,c}, such that </I;(G, S) is a bipartite cubic graph and |V| = 20
and |E| = 30. As a result ®(G, S) = GP(10,3).

FIGURE 7. GP(10,3)
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3.4. The n-dimensional hypercube graph. Now we consider another well-known graph that for
an appropriate finite group G, has a structure of G-graph
The n-cube or n-dimensional hypercube @), is defined recursively in terms of the cartesian product

of two graphs as follows:

Ql — KQ)
Q2 = KyxQ@Q

Qn = KZXanl

Thus the n-cube, or more briefly the cube, ), may also be defined as a graph whose node set V,
consists of the 2", n- dimensional boolean vectors, i.e., vectors with binary coordinates 0 or 1, where
two nodes are adjacent whenever they differ in exactly one coordinate. So an n-dimensional cube is
bipartite n-regular graph with 2" vertices and 2" !'n edges.

Figure 8 shows the n-cubes for n = 4 with appropriate boolean vectors as node labels. Cube graphs
have been much studied in graph theory. Interest in hypercubes has been increased by the recent

advent of massively parallel computers whose structure is that of the hypercube

Example 3.13. Consider the structure of the cubes Q3 and Q4. Then
i) Q3 is a bipartite G-graph ®(G,S), where |G| = 12 and S = {s1, s2} with the presentation of
G = {s1,52]51% = 59 = 1}. We can see that Qs = (A4, {(1,2,3), (1,3,4)}).
ii) Q4 is a bipartite G-graph of a group G of size 32 with the set of generators S = {s1,s2} and
the presentation of G = {s1, s2|s1% = s = 1}. We can see that
Q4 = (G = SmallGroup(32,6) = ((C4 x C) : C) : Ca, 8 = {f1, f1x f2}),

FIGURE 8. Q4

Now we show that each @, has the structure of G-graph.
Proposition 3.14. The n-cube is a G-graph.
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Proof. Assume that H = (V,. UV}, E) is an n-dimensional cube with |V,.| = |V;| = 2"~!. Since this
graph is n-regular, the number of edges equals |E| = n2"~!. Also there is such a finite group G with
n2"~1 elements and a subset S = {s1, s2}, such that for each s; € S, o(s;) = 577 = n. In this way, we
can see that there exists a group G of order n2"~! generated by S. It concludes that @(G, S) has the

structure of n-cube. O

3.5. The Turan graph. The Turdn graph 7'(n,r) named after P4l Turdn is a complete r-partite
graph [39]. The set of n vertices are partitioned in to r different partitions, that is V' = V3 UVaU...UV,
such that |V| = [V4| + [Va| 4+ ... 4+ |V,| = n. Two vertices are adjacent when they belong to different

partitions. The Turdn graph T'(n,r) has n mod r partitions of size [%] and r — (n mod r) partitions

of size [%]. Then
T(n,r) = Koy oy 22,

is a complete r-partite graph. Each vertex v € V(T'(n,r)) is of degree n —[2] or n— | 2] . It would be

( 1) s T

regular when n is divisible by . A Turan graph has T_TM edges with the chromatic number equals

r.

Proposition 3.15. Every regular Turdn graph is a G-graph. The converse is not satisfied.

» and for each vertex v, deg(v) = n(rr_l), so the

graph is regular. Thus |[E| = 2. n(r=1) _ nQ(;_l). According to the construction of a G-graph ®(G, S),

T T
|G| = k(%f‘l) Then we have that for a group G of size T(Qlﬂ) = (%)2 and a subset S with r elements

Proof. Since r|n, the Turédn graph T'(n,r) = Kn n

s yeeey

each of order %, there is a G-graph isomorphic to T'(n,r).

The non-regular Turdn graphs are not G-graphs. Since the degree of each vertex is n — [%] or
n — || that is odd or even, then deg(v) = r — 1 is not necessarily integer. On the other hand

o(s;) = deg(v) = r — 1. By this way we can see that the non-regular Turdn graph is not G- graph. O

The following example gives some Turan graphs which are the G-graphs.

Example 3.16.
1. T(6,3) = Ka22 is octahedral graph which is a G-graph.
2. T(r%,r) is a G-graph.
3. T(n,2) is a G-graph isomorphic to a complete bipartite graph. So the Moore graph which is T'(n,2)
with n even is a G-graph.

4. T(n,n) is a complete graph K,.

3.6. Moore graph and Cage problem. One of the interesting structure in graph theory is known
as cage. In this section we present some good results on Moore graph and cage graphs, then we
will talk about cage problem. For more informations you can refer to [3,41]. Finally we give a result
presented by Bretto in [13], which is about the construction of a (p, g)-cage such that has the structure
of G-graph, for a given odd prime number p.

A (r,g)-cage is a r-regular graph that has as few vertices as possible for its girth g which is the

length of the shortest graph cycle in a graph. Acyclic graphs are considered to have infinite girth.
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A Moore graph of type (r,g) is a regular graph of vertex degree r > 2 and girth g that reach the
Moore bound. The following list gives some examples of Moore graph which are complete or complete
bipartite graphs.

3,5)-Moore graph = Petersen graph,

)-Moore graph = Heawood graph,

)-Moore graph = Levi graph,

)-Moore graph = Wong,
)
)

It is known that an (r, g)-graph exists for any combination of » > 2 and g > 3. If a Moore graph
exists with degree r and girth g, it’s obviously a cage. The (2, g)-cage is the cycle graph Cy, the
(r,2)-cage is the multigraph of r edges on two vertices, the (r, 3)-cage is the K,; complete graph and
the (r,4)-cage is the complete bipartite graph K. ,..

The problem of the (r,6)-cage is currently unsolved. For r > 8 no cage is known and the number

of vertices of such cage is also unknown.

Definition 3.17. The best lower bounds known for the number of vertices of the (r,g)-cage are the

Moore bounds.

In [13] Bretto et., al. tried to give and compute some lower and some upper bounds.
If ¢ is odd then
9*3)

Moore(r,g) =1+r+1(r —1) 4+ +r(r—1)'T

If g is even then

g_

Moore(r,g) =1+r+r(r—1)+-+r(r—-1E"2 4 (r - 1)(%_1).

Only when (r,g) € {(5,3),(5,7),(5,57),(6,8),(6,12)} the Moore graph exists. The existence and
uniqueness problem of finite Moore-graph of odd degree still is open and the proof of such theorem

called the Hoffman-Singleton theorem that is in [3].

Corollary 3.18. Let cage(r,g) be the minimum number of vertices of (r,g)-graph of I'.  The best

upper bounds known for cage(r,g) are Sauer bounds as follows.

2r—2)g—2 2tg

cage(r,g) < Sauer(r,g) = { 4r—1)g—-3 2|g

The Moore bound of a (r, 6)-cage is equal to 2 — 21 +2r2, also it’s Sauer bound is equal to 4(r — 1)°.
Hence we have that:
if g is odd then, Sauer(r, g) = 2(r — 2)9~2),

if g is even then, Sauer(r,g) = 4(r — 1)(9_3),

Moore(r,6) = 2r? — 2r + 2 < cage(r,6) < 4(r — 2)* = Sauer(r, 6)

and
Moore(r,8) = 2r3 — 4r 4+ 4r < cage(r,8) < 4(r — 2)° = Suaer(r,8)
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3.6.1. The (p,6) and (p,8)-graph. Now we present the main results of this part. The G-graphs are a
good tool to construct some upper bounds for the cage problem. For an odd prime p, there is a nice
procedure to construct the (p,6)-graphs which have the structure of G-graphs with orders 2p? and
2p% — 2.

Lemma 3.19. Consider the group G = (Zy x Zp)X\Zy = ((a,b))xx(c), where X : Z, — Aut(Zy, X Zy)
is the group morphism that \(n) = M", for n € Z, and M € GL(2,p).

Note that the automorphism group of an elementary abelian group of order pn is isomorphic to the
general linear group GL(n,p) which is the group of all invertible n x n matrices with the entries from
the field of Z,.

If s;1 = (a,1) and s2 = (1,¢), then S = {s1,s2} is a generating set of G. Consider the G-graph
®(G, S), which is a simple, connected and regular graph of degree p. ®(G, S) has 2p? vertices and the
girth equals to 6 such that the corresponding Sauer bound is equal to 4(p — 1)3, then

Moore(p,6) = 2p* — 2p + 2 < cage(p,6) < 2p* < Suaer(p,6) = 4(p — 1)3

This is the better upper bound for the cage(p, 6).

Also there is a way for constructing the (p,8)-graphs of orders 2p* and 2p® — 2p, while the Sauer
upper bound is equal to 4(p — 1)5.

Let G be the semi-direct product

G = (Zp)* ALy = {(a,b, ) xx(d)

where \ : Z, — Aut(Z,?), that A(n) = M™, in which n € Z, and M € GL(3,p) = Aut(Z,>).
Consider s; = (a,1),s0 = (1,d) € G of order p. We can see that S = {s1,s2} is the generating
set of G and since (s1) N (so) = {1}, then ®(G, S) is simple. Also this G-graph is regular of degree
p(= o(s1) = o(s2)) and |G| = p* which is the number of edges. Thus &D(G, S) has 2p3 vertices with
the girth equals to 8. The bounds of cage(p, 8) is as follows:

Moore(p,8) = 2p® — 4p® + 4p < cage(p,8) < Sauer(p,8) = 4(p — 1)5

improving the upper bound.

Finally, there is the following conjecture:
Conjecture 3.20. For a prime p and an even girth g, cage(p,g) < 2p%_1.
Example 3.21. The (3,6)-graph is Pappus graph, a connected, 3-reqular graph with the girth of 6.

There is another way of constructing a (p,6)-graph for a prime number p. Consider the special

linear group G = SL(2,p), where p is prime and p > 3. We see that |SL(2,p)| =p(p — 1)(p+1). Let
11 10 ~

a= <O 1>, b= ) 1) and ®(G, S = {a,b}) be the G-graph associated with G = SL(2,p). In the

next theorem, the girth of this structure is obtained.

DOL https://dx.doi.org/10.30504/jims.2025.489156.1218


https://dx.doi.org/10.30504/jims.2025.489156.1218

J. Iran. Math. Soc. 6 (2025), no. 1, 9-55 A. R. Ashrafi and F. Gholaminezhad 35

FIGURE 9. :IS((Z;; X ZL3) X\ L3, S)

Theorem 3.22. Let G = SL(2,p) be the special linear group where p > 3 is a prime number, with a

11 10
SZ{G:(O 1>’b:<1 1>}'

The girth of ®(SL(2,p),S) is equal to 6.

generating set

Proof. Suppose that = é(SL(2,p), S) contains a 4-cycle of the form a*1b'1a*2b'2 = 1,0 < ky, 11, ko, lo <
p. Then we have that

I (loks + 1) + 1 liks + 1 ’

where l1k2 + 1 = 1(modp), that is implying l1k2 = 0(modp). So l; = 0(modp) or ks = 0(modp). By
hypothesis, 0 < l; < pand 0 < k2 < p, which is a contradiction. Then ® does not contain any 4-cycle.
Clearly ®(SL(2,p),{a,b}) is bipartite with p(p — 1)(p + 1) edges, and since o(a) = o(b) = p, each
vertex is of degree p. Also

2p(p—D(p+1)

p

Now suppose that there is no 6-cycle in ® that implies the girth of ®(SL(2,p), S) is at least 8. Since
Moore(p,8) = 2p3 — 4p? + 4p < 2p? — 2 is not correct we conclude that the girth of o just equals
8. O

V(@) = = 2p> — 2.

Corollary 3.23. For a prime p > 3, assume that S = {a,b} be a subset of SL(2,p) such that
o(a) = o(b) = p. Then EIS(SL(Z,p),S) has a girth equal to 6 and S is a generating set of the group
SL(2,p). Also

Moore(p,6) = 2p? — 2p+ 2 < cage(p,6) < 2p* — 2 < 2p* < Sauer(p,6) = 4(p — 1)3.

Proof. Assume that S = {a,b} is not a generating set, then @(S’L(Q,p),S) is not connected. Since
2p2—2
n

each connected component C, of ® has the same vertex number equal to ,meNn>2anda

girth of 6. So

2p? — 2
Moore(p,6) = 2p* — 2p+ 2 < P ,
n

which is impossible. O
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Here we present another way of constructing (p, 8)-graph.
Let G = Z, x SL(2,p), for a prime number p > 3. Assume that S = {a, b} with

11 10
o (s - )

Now consider the G-graph of ®(G = Z, x SL(2,p), S). It can be proved that

Theorem 3.24. The set S = {a,b} is the generating set of G = Z,, x SL(2,p) and the girth of(/I\)(G, S)

s equal to 8.

11
Proof. Let G = Zyx SL(2, p) where p > 3 is prime number and S = {a,b} with a = (1z,, (0 . ) and

11
b= (0z,, (0 1)) We have that " = (1z,, (

we note X; = 1 + k;l; hence

1 0
), " = (1z,, ), n € Zj. For convenience,
01 n 1

aklbl1ak2bl2 — (kl T ko, (.%‘ :;/))
z

where © = X1 X9 + kilo, y = X1ko + k1, 2 =11 + lo + kol1ls and t = 1 4 ksl1, that every expression is
modulo p. If a¥1bha*2b2 = 1, then the last equation implies 1 + l1ko = 1. Therefore l1ks = 0 which is
impossible. Now the graph ®(G, S) does not contain any 6-cycle, otherwise

I I
1= a"pak2b2aksb's = (ky + ko + ks, )
1171 1v
where k1 +ko+ks = 0, X1 XoXsks+ki1loXs+X1kals+ki1ls =1 (%) and X1 Xoks+kiloks+ Xiko+ k1 =
0 (**) Now (*) — (**) x I3 gives X1 X9 + k1l = 1 then X1 X9 =1 — k1lo. Hence
(1 —kilo) X3+ k1lo X3 + kals Xy + kils =1

or X3+ kols Xy + k1ls = 1 and ksls + kols X1 4 k1l3 = 0. Since I3 # 0 we have k3 4+ k2o X7 + k1 = 0 and
SO

_kthks o Ritkethks

X =
! ko ko

(k1 + k2 + ks =0).

This implies that k1l; = 0 which is impossible. Since Moore(p, 10) = 2p* — 6p> + 8p? — 4p + 2 and it
can cot be greater than 2p3 — 2p, then the girth of @(Zp x SL(2,p),{a,b}) equals to 8. O

Finally, a batter bound for Moore(p, 8) is obtained.
Corollary 3.25. For an odd prime p there is the following result:

Moore(p,8) = 2p® — 4p® + 4p < cage(p, 8) < 2p* — 2p < 2p® < Sauer(p,8) = 4(p — 1)°.
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4. Relation between G-graph and Cayley graph

In this section, we are going to find the relation between the structure of the G-graph and the Cayley
graph of a given group G. In some papers and articles, there are a lot of results on the relations between
the algebraic structure of Cay(G, S) and ®(G, S), corresponding to a S-group (G, S5), [2-5,12].

At first, the concept ofa principal clique graph corresponding to a finite group G generated by a
subset S is needed.

Let G be a finite group generated by a non-empty subset S. Consider the simple form of a G-graph
®(G, S), with the vertex set V(®). For every z € G let K, be a non-empty subset of V(®) such that
z € (s)y N (t)z, for two vertices (s)y and ()2 in V(®). Then we see that K, is a principal clique
associated with a vertex = and of size |S|. Moreover, there are |G| corresponding principal cliques.

In [12], Bretto and Faisant defined a clique graph K(G, S) with the vertex set and edge set as follows:

e The vertices of (G, S) are the principal-cliques of &D(G, S).
e Two vertices K, and K, are adjacent when K, N K, # 0, for z,y € G.

Since we assume that @(G, S) is simple, then clearly | K, N K,| <1, hence (G, S) is not an empty
graph.

Theorem 4.1. For a given finite group G generated by S, the clique graph IC(G,S) is isomorphic to
Cay(G, S*), where S* = J,cq(s) \ {1}

Proof. Based on Theorem 4 in [12]. Let f : K(G,S) — Cay(G, S*) be a function that for K, € V(K),
f(Kz) = z. If K, = K, then you can see that = y. Consider an edge e = K, — K, in the edge
set of IC(G,S). So there are two cosets (s)a € K, and (t)b € K, such that z € (s)a and y € (t)b
with (s)a = (t)b. Thus there is 1 < i < o(s), that y = s’x (or there is 1 < j < o(t) that z = t/y).
This implies that x — y is an edge of Cay(G,S*). Conversely suppose z —y € E(Cay(G,S*)),
hence y = s'z, 1 < io(s). Since (s)z € K, then y € K, and z,y € K, N K, which implies that
K, - K, € E(K(G,9)). O

Theorem 4.2 ([12]). For a group G of size n, let d = ZI\D(G, S) be a G-graph where for all s € S,
o(s) =m > 0. Assume that:

i) There exists a subgroup A of Auts(G) which acts regularly on S.
ii) There exists a subgroup H of G with |H| = - such that:

(a) Va € A,a(H)=H

(b) Vs € S, HN (s) ={1}.
By these conditions the subgroup B = §(H) x A < Aut(®(G, S)) acts regularly on V(®) and ® is a
Cayley graph Cay(B,T). Moreover if « € A= ay = 1y then B = §(H) x A.

Proof. First of all, we should show that for any s € S, G = ||,cp (s)h, after that we prove that

(0(H),A) = 0(H) x A. Finally we will prove that B = §(H) x A < Aut(®(G, S)) acts regularly on
the set of V(®(G, 9)).
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To show that for any s € S, G = | |,cp (s), assume that (s)hN(s)l # 0, h,l € H. There are i, j € N
such that s'h = s71. Hence hi™' = s/~%, then hi~! € (s). Consequently hl~! € (s) N H and hi~! =1

that means h = [. Moreover

n
L ()l =) - [H| = o(s)— =n = |G].
heH
This proves the first condition. For the second step we show that (6(H), A) has the structure of
semidirect product: For h € H,

noa((s)x) = dn((a(s))a(z)) = (als))a(z)h .
There is u~! € H such that
(a(s))a(@)h™" = (a(s))al@)alu™) = a((s)zu™?) = aod,((s)).

So0(H)-AC A-6(H), in the same way, we have that A-0(H) C 6(H) - A and then the equality is
proved and A-6(H) is a subgroup of G and we have (6(H), A) = §(H) - A. Besides 6(H) < (6(H), A):
Let « € A and h € H, then

a~todpoa((s)z) = a”lodu((a(s))a(z)) = o H(a(s))a(z)h ]

= (s)za ' (h71) = (s)za(h) = G,-1(p)((s)z). Since there is u € H such that a~'(h) = u, then
Sa-1(n) € 6(h). We just need to prove that §(H) N A = {1}. Assume that 6(H) N A # {1}. Let
a € §(H) N A, then o # 1 also there exists h € H, that o = J;,. Since A acts regularly on S we have
that |A| = |S|, consequently there are s,s’ € S that a((s)z) = (s')a(x). Then 6,((s)x) = (s)zh~*
implies that (s)zh™' = (s)a(z) and (s) = (s')a(z)hr™t, so dy,-1((s H)a(z)) = (s), which is in
contradiction with the definition of 4.

Now we should prove that H = §(H) x A < Aut(®(G,S)) acts regularly on the set of vertices.
Let v € Vy and w € Vy. For a 2 € G there is i € N and h € H, that ¢ = s'h and v =
(s°h, st 1h, - s°)=1Rh) = (h, sh,s%h,---). In the same way there is | € H that w = (l,s’l,s/2l, S )
From (i) there is @ € A that a(s) = s’ and a(v) = («(h),s'a(h),sa(h),---). For ay € H we
have that a(y) € (s) -y, thus a(h) = s”y,j € N. For z = I"* a(h) = "'y we have &,(a(v)) =
(a(s))a(h)z™t = (a(h)z1, s a(h) 2z, s*a(h)z~1, -+ ) but a(h)z~! = a(h)a~(h)s”l = 1. So

5Z(a(v)) = (S/jl7 S/j+1l7 o ) = (l7 S/la 5l2l7 o ) = (S,)l = w.
Consequently d,0a € §(H) x A maps the vertex v to w. Now assume that there are 2/ € H and o/ € A

such that §,/00/(v) = w. Besides

500! (v) = (a’(h)z’_l,ta’(h)z’_l, )= (a(h)z7t, sa(h)zt,

which implise s’ = ¢, and o/ (s') = a(s'), hence o/ = a. Finally since o/ (h)z' "' = a(h)2’ " = §""1, then
2 =171 a(h), but a(h) = sy, hence 2/ = 1715 "y then I2'l"1y = z. As a result we conclude

that B = 6(H) x A acts regularly on V(®(G, S)) and ®(G, S) is a Cayley graph Cay(B,T). Let
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ap =1 -v = (h,sh,s?h,---) € Vyand h € H. For a € H,
S.00(v) = (a(h)a™ als)a(h)a™, als)?a(h)a™, )
= (ha " a(s)ha™t, a(s)?ha™t, - -).
In the same way a(v)od,(v) = (ha™!, a(s)ha™t, a(s)ha™t,---). Finally B = §(H) x A. O

4.1. The Spectrum of some Cayley graphs and G-graphs. In this section, we also bring the
results of [3—5] on the relation between the characteristic polynomials of some Cayley graphs and some
specific G-graphs. Before that, some concepts of hypergraph are needed to find the relation between
a G-graph and a Cayley graph corresponding to a finite group. Besides the concepts of a hypergraph,
uniform, line graph, and a 2-section of a hypergraph are defined in Preliminaries and definitions. Now

there is a definition of principal clique hypergraph, [10,12].

Definition 4.3. The principal clique hypergraph H(G,S) = H of a G-graph ®(G, S) is a hypergraph
that has the same vertex set as C/I\D(G, S) and the hyperedges set is the set of all principal cliques.

The next theorem says that under certain conditions, G-graphs and Cayley graphs are related.

Theorem 4.4 ([1]). Let (G,S) be a S-group and H = H(G,S) be its principal clique hypergraph.
Then the following are satisfied:

~

1) $(G, 8) = [H],,
2) Cay(G,5%) = [H.],,
3) Cay(G,5%) = L(H),
4) (@, S) = L(H,).
Note that S* = S\ {1}, H., L(H) and [H], are a dual, a line graph and a 2-section of the hypergraph
H, respectively.

We need to recall some basic concepts concerning the adjacency matrix and the spectrum of a
hypergraph which are virtually generalizations to the same concepts in graph theory.

Let H be a hypergraph with the vertex set {v;, 1 <1i < n} and the hyperedges set {e;,1 < j < m}.
A(H) is the adjacency matrix of hypergraph whose (i,j)-entry is the number of hyperedges that
contain both v; and v; for i # j and 0, otherwise. Also the incidence matrix, the characteristic
polynomial, and the spectrum of hypergraph H are defined.

Next lemma presents a relation between the adjacency matrices of a hypergraph and its line graph,

with its incidence matrix.

Lemma 4.5. Let H be an O-uniform hypergraph with n vertices. Let A and B be the adjacency
matrices of H and L(H), respectively. If M is the incidence matriz of H, then M*M = B + OI, and
MM" = A+ D(H), where D(H) is the diagonal matriz with entries of D(H);, = deg(v;) in H and
M? is the transpose of M.

Corollary 4.6. Assume that A is an eigenvalue of the line graph of ', then —2 < \.
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Theorem 4.7. The characteristic polynomial of an r-reqular graph I is as follows:

r_

P(L(D),A) = (A+2)GVPIA+2—7).

Corollary 4.8. Let H be an O-uniform hypergraph on n vertices and B the adjacency matriz of its
line graph L(H). If X is an eigenvalue of B, then —O < A.

Theorem 4.9. Let H be an r-regular t-uniform hypergraph.
Ift <r, then

P(L(H),A\) = A+ )G VPH N+t —1).
and if r <t, then

P(H, ) = A+ r) "D P(LH), A+ 1 —t).

As a consequence of Theorem 4.4 and Theorem 4.9, there is a following corollary.

Corollary 4.10. Let ®(G, S)be a d-reqular G-graph where d = nkO with |G| = n, |S| = k and
o(s) =0, forallseS.
If O <k, then for S* = S\ {1} we have that

P(3(G,S),\) = (A + 0"V P(Cay(G, S*), A+ O — k).

If E <O, then
P(Cay(G,5*),\) = (A + k)”(l—g)P@(G,S),A—s-k—O)'

You can apply the corollary for the symmetric group S,, and the alternating group A,, as it is
generated by the 3-cycles (123), (124), (12n), n > 3.

In the following example the spectra of an infinite family of 6-regular Cayley graphs of the dicyclic
group Dicg; will be obtained by applying the structure of G-graphs, [1].

Example 4.11. Let G = Dicgy,, S = {s,s7} and S' = {s, 52,53, sr, s%r,s3r}. Then

27
Spec(Cay(G, S')) = {4cos(-—) +2,i=1,2,...,4 —oltmly,
pec(Cay(G, §')) = {Acos() + 2,6 = 1,2, 4m} | J{-21")}
The next example is the spectra of an infinite family of 4-regular G-graphs of the dihedral group
Do, by using the structure of Cayley graphs.

Example 4.12. Consider the S-group (G,S) = (Dap, {s, sr,rs}). Then

211
(=—

)~ Li= 1,2 nbJ(-28).

In the following, you can see how some of the structural properties of G-graphs are useful in obtaining

N i
Spec(®(G, S)) = {2008(%1) +1,2cos

some of the spectral properties of d-regular G-graphs. These leads to new results concerning spectral
properties of some classes of Cayley graphs, [3,].
For two sequence of real numbers
S1:ia1 > ag >+ > ap,
Sy :by >by>--->by,
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with m < n, it is said that the second sequence interlaces the first one whenever
p—m+i < b < a1 < <m.

Definition 4.13. Suppose the rows and columns of a symmetric real matriz A is partitioned by
X = {Xl,XQ, ce ,Xm} as:
All Ce Alm

Api o Amm
Let b;j denotes the average row sum of A;;. Then B = (bij), 1 <i,j5 < m is called quotient matric
of A associated with the partition X. If b;; is the same for all block A;;, then it’s said that X is
equitable.

Lemma 4.14. Consider the graph I' = (V, E) with a partition {V1,Va,...,Vi} of V(I'). Ewvery two

vertices in V; have the same number of neighbors in Vj, if and only if V(') is equitable.

Using this lemma and the construction of G-graph we can conclude that for any G-graph EI\’(G ,9) =
(V, E) the partition {Vi, Vs, ..., Vi} of the vertex set V forms an equitable partition. Then there are
the following results.

Let B be the quotient matrix of A with respect to a partition. Then the eigenvalue of B interlaces
the eigenvalues of A. Moreover, if the partition is equitable then the eigenvalues of B and A are the

same.

Theorem 4.15. The spectrum of a reqular G-graph </I\>(G, S) is as follows:
Spec(®(G, 5)) = {(k—1)0,—0F~1}, 0 =o(s),s € S

An integral graph has only integer numbers in its spectrum. Constructing integral graphs is not
an easy task, for instance out of 164,059, 830,479 connected graphs on 12 vertices, there exists only
325 integral graphs. But Cayley graphs are a good choice to be used to construct an infinite family
of integral graphs [1]. Here we bring the results obtained by the students of Bretto in, [1]. They used
the structure of G-graphs to give a new class of integral Cayley graphs. At first, there is the following

proposition:

Proposition 4.16. For a group G with a subset S C G, assume that o(s) = o(t) for all s,t € S.
Then Cay(G,S*) is an integral Cayley graph if and only if 6(6’,5’) is an integral G-graph, where
S* =8\ {1}.

Example 4.17. Let G = Zy, X Zy, and S = {a = (1,0),b = (0,1),c = (1,1)}, where n > 3. Then the
vertices of ®(G, S) is V =V, UV, UV, where
Vo = {{(0,0),(1,0),(n —1,0)},...,{(0,n—1),(L,n—1),...,(n—1,n—1)}},
Ve, = {{(0,0),(0,1),...,(0,n—=1)},...,{(n—1,0),(n —1,1),...,(n — 1,n — 1)}},
Ve ={{(0,0),(1,1),...,(n—=1,n—=1)},...,{(n—1,0),(0,1),...,(n —2,n— 1)} }.
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Since every vertex in one part is connected to the vertices in other parts of V(:I;(G, S)), then </I;(G, S) =
Ky pnn and we have that for S* =S\ {1}

Spec(Cay(G, S%)) = {3n — 3} J{(n - 3)Bn=3l) U{_g[n2—3n+2]}.

FIGURE 10. Cay(Zs x Zs,S*)

As a conclusion, we have the following corollary:

Corollary 4.18. Consider the S-group G = Z,, x Zyn, with S = {(1,0),(0,1),(1,1)}. Then every
Cayley graph Cay(G,S*), S* = Useq(s) \ {1}, is integral.

In [1] the authors tried to present a method for constructing integral graphs by using the joined
union of graphs. They applied a graph operation known as the joined union of two graphs to find such
a bigger structure of graphs. This procedure is also important in many applications such as designing
and analyzing networks, however, their main purpose is to construct the infinite classes of integral

graphs. In this way generally complete graph K,, or complete bipartite graph K, ,, are specially used.

Theorem 4.19. Let I' be a graph with vertex set vi,vs,...,v,. For each j =1,2,...,n let1'; be a
d;-regular graph on n; vertices. Then the spectrum of the graph T'[I',...,T'y] is given by:

Spec(T'[l'y,...,Ty]) = U (Spe:l:(FJ)) U {Spec(B)}.
j=1 !

Finally, the construction of integral graphs using G-graphs is given in the next example.

Example 4.20. The spectra of the following three finite G-graphs:
1) @(G, S), where G is the Klein group and S = {a,b,ab}. Then

Spec(®(G, S)) = {4} U {oB1 U {—22}.
2) (Ss, ) where S = {(12), (13), (23)}. Then

Spec(®(Ss, S)) = {4} U {14} U {—24}.
3) ®(Ay,S), where S = {(123), (134)}

Spec(®(As, S)) = (1P} U{=1F1} U {3}
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4.2. Hamiltonian G-graph and Cayley graph. In this section, we try to find the conditions needed
for a G-graph to be Hamiltonian. In [38], you can see some results about Hamiltonian Cayley graphs.

The following lemmas are some required results related to the line graph and the Hamiltonian graph.

Lemma 4.21. 1) The line graph of a Hamiltonian graph is also Hamiltonian.
2) For any simple connected graph I' # K 3, K3 = Aut(I") = Aut(L(I)).

The next lemmas say some results on the vertex (edge) connectivity of the graph.

Lemma 4.22. 1) If T' is a connected vertex-transitive graph, then its edge connectivity is equal
to its valence; [Godsil and Gordon (2001), p. 38. |
2) Let T' be a k-edge connected graph, then the line graph L(I) is k-connected and (2k — 2)-edge
connected; [ Chartrand and Stewart (1969)]
3) Every line graph of a 4-edge connected graph is Hamiltonian. [Zhan (1986)]

The importance of elements of order two in a group comes from the well-known fact that all simple
groups can be generated by some of their involutions. For instance, Rowley et. al. worked on
commuting involution graphs of the simple group and could obtain some interesting results on the
structure of these graphs, [6]. Also in [29], Gholaminezhad computed some topological indices of
commuting involution graphs.

In the following we construct the involution G-graph and the involution Cayley graph of some finite
groups. Then we bring the main result which is about the structure of involution G-graph and its
Hamiltonicity. Let G be a finite group generated by the set of elements of order two denoted by
S = Inv. The G-graph of ®(G, Inv) is called the involution G-graph.

Theorem 4.23. The involution G-graph ® = (G, Inw), with |Inv| # 3 is Hamiltonian.

Proof. At first suppose that |Inv| = 1,2, then Cay(G,S) is a cycle which is Hamiltonian. Since
L(Cay(G, S)) = ®(G, S), then the G-graph is Hamiltonian.

Now let |[Inv| = k > 3. Since all elements of S = Inv are involutions, then every vertex set of the
principal clique hypergraph H is of order 2, which makes the same vertex set for ;I;(G, S). So the dual
of H is a simple graph isomorphic to the structure of Cay(G,S). Since the valence of Cay(G,S) is
k > 4 and this graph is vertex-transitive, hence Cay(G, S) is k > 4-connected, thus from Lemma it’s
a line graph which is isomorphic to @(G, S), is Hamiltonian. O

Here we can see the results above applied for the G-graphs and the Hamiltonicity of corresponding

Cayley graphs. To prove the following examples we especially use the theorem 4.2.

Example 4.24. Let G = ZoF = 7y x Ly x --- X Ly, k > 2, be an elementary abelian group with the

k
generating set of involutions

Inv={s;=(0,0,...,0,1,0,...,0);1 <1i <k},
i—1
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of size k > 4. For x = ¥1<i<ka;si € G and an automorphism o € Aut(G), that a(s;) = 32+1; we can

see that the group {«) acts transitively on S. By the orbit stabilizer theorem, |(a)x| = |S] | =k,

_\a

which say that |(o),| = 1. Thus (a) acts regularly on S. Consider the subset

of G that is clearly the subgroup of G and H N (s;) = {(0,0,---,0)}, because if x =} 1o, Niei = ej,
then Zlgigk i = 1 which is a contradiction. Since for x € H,
== Z Aia(ei) = Z )\i€i+1
1<i<k 1<i<k

and 3 ;< Ai =0, then a(H) C H.
Now we can bring the following result:

Theorem 4.25 ([12]). Let G = Zy" be the elementary abelian group with the generating set S the same
as in the last example. Then the G-graph </IS(G, S) is the following Cayley graph which is Hamiltonian.

Cay(B =9(H) x (a),T)

Proof. According to the last example and by using the conditions in Theorem 4.2, the result is obtained

and the theorem is the direct result of the example. O

Example 4.26. Consider the symmetric group S, with the generating set of transpositions Inv =
S ={(,i+1),1 <i<n}, n>4. Define the map a = f,,, p=(1,2,...,n), such that a((i,i+ 1)) =
p(iyi+1)p~t = (i +1,i+2). By this function, the group () acts transitively on S, because we can
see that o((i,i + 1)) = (i + 2,7 + 3) and by induction o((i +t,i +t+1)) = (i +t+1,i +t+2).
Thus for any two transpositions (u,v), (w,z) € S there is m, such that o™ ((u,v)) = (w, z). Also ()
acts reqularly on S. Let H = A,, be the alternating group. Obviously A, N {(a) = {1} and since for a
x € Ay, a(x) has the same parity of x, then a(H) C H. Now the conclusion is the following theorem.

Theorem 4.27. The G-graph ®(S,, Inv) is a Cayley graph Cay(6(H) x (), T) which is Hamiltonian.

In 1969 Lovasz conjectured that every finite connected vertex-transitive graph contains a Hamil-

tonian path, [36]. After that Lovasz conjecture remained a well-known open problem in graph theory.

Conjecture 4.28. Lovdsz conjecture (1970)

1) Ewvery finite connected vertex-transitive graph contains a Hamiltonian path;
2) Ewvery finite connected vertez-transitive graph contains a Hamiltonian cycle, except four types

of them which are not Cayley graphs.

The most general classes of finite groups for which Lovasz conjecture was proved include
e Abelian groups;
e p—groups;

e Some dihedral groups and certain special extensions;
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e (Pak and Radoici¢,, [38]) Every finite group G of size |G| > 3 has a generating set S of size
|S| < loge|G|, such that Cay(G,S) is Hamiltonian.

Proposition 4.29. LetI' = ®(G, S = {a, 8}) be a simple connected G-graph and S* = ({(a)U(B))\{1}.
Then L(T) ~ Cay(G, S*).

Proof. Every vertex of L(I") is an edge a = ([(a)z, (B)y],u) of I' where u = (a)z N (B)y. So § : G —
V(L(T)), 8(u) = a is a bijection. Let (a,a’) € E(L(T)), then for a vertex (8)z € V4(I') we have
a' = ([(a)z, (B)z],u’). Hence for some i,j € N, u = o'z, u' = o/z and then v’ = o/ ~'u with o/ =% € A.

It implies that wu’ € E(Cay(G, S*)); the converse is similar. O

Theorem 4.30. Let (G, S) be a finite S-group such that for all s,t € S, (s) N (t) = {1}. Suppose
S* = Uses(s) \ {1}, then Cay(G,S*) is Hamiltonian.

Proof. First let S = Inv be a set of involutions so S* = I'nv:

e k=1: G = (a) is cyclic, so Cay(G, S) is a cycle C|g and Hamiltonian.
o k=2: G=(B,7) = Dap, so Cay(G, S) is Hamiltonian:

L= B =B =8y = = (8" = (38)" = 1.

e k=3 S ={a,pB,7}, such that o = Ba. Then Cay(G,S) is Hamiltonian. (Rapaport-
Strasser)
Let H=(8,7) and H C X; C G.

Ms(X;)={9€ G- Xi,g=sx € (s)z,z € X,}.

By induction: Vi Mpg(X;) = M,(X;) = 0, (Base of Induction: i = 1). At step ¢ we obtain
a cycle which spans set X;. FEither M,(X;) = 0, then the spanning cycle in X; = G is
Hamiltonian. Otherwise, 3y € M, (X;) C G — X;. Obviously Hy N X; = 0. X;41 = Hy U X;,.
By inductive assumption, z = ay € X; lies on the cycle which spans X;. Since ax =y ¢ X,
yx < x — Bz and aff = fa implies afxr = Py. Removing edges (z, fz) and (y, fy) from
cycles in X; and Hy and adding (z,y), (Bz, By), will give a cycle which spans X;1.

y—x— Bz — By =By = BBy = - — (B7)"y =y.

e k>3 Let' = @(G, S) be a simple connected G-graph. Suppose B = {I'y,g € G}, where
I'y is a subgraph contains all edges of label g. |B| = |G| and |I'y| = k. Take just one edge g
corresponding to each I'y. Let C' = Cay(G, S). Then V(L(C)) = the labels and gh € E(L(C))
if and only if ¢ # h and g,h € (s)z N (t)y. Since the Cayley graph is vertex-transitive and
k > 4 regular, by lemma 3, L(C) is 4—edge connected, and by lemma 4.22, C' is Hamiltonian.

g
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4.3. The automorphism group of involution G-graph and Cayley graph. In this section, we
consider the structure of the involution G-graph and the involution Cayley graph of a finite group.
Then we study the automorphism group of such graphs. The results of this section are in the paper
by Gholaminezhad et., al. in [2].

For a given finite group G, an inner automorphism group denoted by Inn(G) is a subgroup of
Aut(G) given by the conjugation action of a fixed element in G. Moreover, the quotient group of

Aut(G) by Inn(G), gives rise to the concept of the outer automorphism group denoted by Out(G).

Lemma 4.31. For any automorphism f € Aut(G), such that f(S) =S, we have that
f e Aut(G,S) = {f € Aut(GQ)|f(S) = S}.

This  implies  that  Aut(G) = Aut(G,S) and  since G < Aut(G)  and

Aut(G, S) < Aut(®(G, 5)), then G < Aut(P(G, 9)).
Theorem 4.32. For a given finite simple group G, let G = ®&(G, Inv). Then Out(A) = 1.

Proof. Since G is a simple group, then we have

~ G ~ P
G 720 " Inn(G) < Aut(G) < Aut(®),

which implies that
G = Inn(G) = Aut(G) = Aut(®(G, Inv)).
Therefore, Out(G) = 1. O

A simple group does not have any normal subgroups except for the trivial group and G itself.
There are 26 exceptional groups in the classification of finite simple groups, [22,31]. The classification
theorem states that the list of finite simple groups consists of 18 infinite families, plus 26 exceptions
that do not follow such a pattern and are called the sporadic simple groups. In the following, we see

that the sporadic groups of Mi; and Ms3 could be examples of the converse of the last theorem.

Example 4.33. For the Mathieu groups G = M1 and G = Mas we have that Out(G) = 1 and our
calculations by using GAP and atlas of finite groups [22], show that the G-graph of these groups with
respect to the set of all their involutions Inv(G) is connected. Note that M1y and Mas are both simple

groups and can be generated by their involutions. On the other hand, we have that for G = M,
Aut(Myy) = Aut(Cay(Myy, Inv)) = Aut(®(Myy, Inv)) = My

and for G = Mos,

~

Aut(Ma3) = Aut(Cay(Mas, Inv)) = Aut(P(Maz, Inv)) = Moas.
Lemma 4.34. L(Cay(G, Inv)) & (G, Inv).

Theorem 4.35. Let (G, Inv) be an Inv-group.
i) If [Inv| = 1 then Aut(Cay(G, Inv)) = Zy ! Siq and Aut(®(G, Inv)) = Aut(Kg)) = Siq|-

2
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ii) If [Inv| > 2, then Aut(Cay(G, Inv)) = Aut(:IS(G,Im;)).

Proof. i) Let Inv = {a} and zy € E(T') be an edge of the involution Cayley graph of G. Then
clearly y = az and in general we can see that all pairs of elements (z;,az;), z; € G are
adjacent in Cay(G, Inv). Hence |V (Cay(G, Inv))| = @ and Cay(G, Inv) = @Kg. The set
of all vertices of involution G-graph ® = ®(G, Inv) is V(®) = V, = {(z,az),x € T,} of size
|G : (a)| = 3|G| and we see that ® has only one part of isolated vertices. Then ® @ and
so Aut(®(G, Inv)) = Sial;

ii) By Lemma 4.34, the line graph of involution Cayley graph and involution G-graph are isomor-
phic to each other, which implies that their automorphism groups are also isomorphic. Now
we show that the automorphism group of L(Cay(G, Inv)) is isomorphic to the automorphism
group of Cay(G, Inv). By [34, pp. 25-35], for a given graph I', except from K5, K, and the
following graphs,

Aut(L(I")) = Aut(I'). It is obvious that two above graphs are not Cayley graph and since
|[Inv| > 2, Cay(G, Inv) # Ks. Now let G = Zs x Zs = {1,a,b,c} and Inv = {a,b,c}, then
Cay(G,Inv) = K4. On the other hand the G-graph a\)(G,Inv) is a three-partite 4-regular
connected graph, Figure 11, with vertex set V, UV}, UV, which is isomorphic to the line graph

L(Cay(G, Inv)). So their automorphism groups are isomorphic.

FIGURE 11. ®(Zy x Zs,{a,b,c}).

This completes the proof. O

Example 4.36. The G-graph of the group G = La(3) = Ay is drown in the following. It is a discon-

nected regular graph with three isomorphic connected components. Because G has three involutions
Inv =Inv(Ay) ={(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)},

DOL https://dx.doi.org/10.30504/jims.2025.489156.1218


https://dx.doi.org/10.30504/jims.2025.489156.1218

48  J. Iran. Math. Soc. 6 (2025), no. 1, 9-55 A. R. Ashrafi and F. Gholaminezhad

that (Inv) = Zg X Zy and for each s € (Inv), |As : (s)| = 6. Each connected component of ZI;(G, Inv)

has 6 vertices and we have that
V(‘/I;(A%I?W)) = V1234 Y V13)2,4) YU V1,9 2,3)

={((1,2)3,4))zlx € T34} V{((1,3)(2,4)yly € T sy}
U{((1,4)(2,3))2]2 € T ay2.9)}

FIGURE 12. ®(Ay4, Inv)

Example 4.37. Let G = Ug, = {(a,b|a®" = b3 = 1,bab = a).
For even n, Ugy, has only one involution {a™}, then by Lemma 4.35(1), EIS(U@n,Im}) is an empty

graph isomorphic to Ks,. Then
Aut(®(Ugn, Inv = {a"})) = Ss,.

For odd n, Ug, has 3 involutions a™, a™b and a"b®>. It is easy to see that (Inv) = S3. Then the
G-graph EI;(Uﬁn,I nv) is disconnected with n connected components each of which is isomorphic to
$(U6, Inv = {a,ab,ab?}), that is a 4—regular 3—partite graph with vertex set V, UV U Ve, each of

size 3.

(a)b? (ab)1

(ab?)1 (ab®)b (ab®)ab

FIGURE 13. &(Us, {a, ab, ab?}).

Since </I\>(U6n, Inv) contains n copies of @(Uﬁ, {a,ab,ab®}), then we have,
Aut(D(Usp, Inv)) = Aut(®(Us, {a, ab, ab’})) 1 Sp = (S50 Zs) 1 Sy
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If n is even then Cay(Usy, {a®}) is isomorphic to 3n copies of Ko and
Aut(®(Ugp, {a®})) = Zo 1 Say,.

Ifn is odd it is also disconnected with n connected components each of which isomorphic to Cay(Us, {a, ab, ab®}) =
K373.

Now we have

Proposition 4.38. For a group G = Uy, the line graph of Cay(Usy,,Inv) is isomorphic to the
involution G-graph ®(Usy, Inv) and by Theorem /.35 (ii),

Aut(Cay(Usn, Inv)) = Aut(®(Ugn, Inv)) = (S32Z2) 2 Sy.

Example 4.39. Let G = Ly(p) be the projective special linear group on a field of size p. It is well-known
that Aut(La(p)) = Lao(p) : Za. Table 3 contains the automorphism group of G, the automorphism group
of its corresponding involution G-graph P = @(G, Inv) and the automorphism group of the involution
Cayley graph T' = Cay(G, Inv).

TABLE 3. (Inv), Aut(La(p)), Aut(ff) and Aut(T"), where p =2,3,5,7,11,13,17, 19.

G Ly(2) Ly(3) Ly(5)
(Inv) S3 Lo X Lo As
Aut(G) Ss Sy Ss
Aut(@) S3 1 Zo (A4 21Z2) X Ay) : Zo) : Z3) : L) : T (A51Z2) : Zo
Aut(T) S31 7o (A4 1) X A4) : L) : T3) : Zn) : T (A517Z3) : Zo
G Lo(7) L(11) La(13)
(Inv) Lo(7) Lo(11) Lo(13)
Aut(G) Lo(7) : Zo Lo(11) : Zo Ly(13) : Zs
Aut(®) | (La(7)1Zs) : Zo (Lo(11)2Zg) = Zo (L2(13)1Zs) = Zo
Aut(T) | (L2(T)VZ3) : Zs (L2(11) 2 Zsg) : Zo (L2(13) 1 Zs2) : Zo
G Lo(17) Ly(19)
(Inv) La(17) Ls(19)
Aut(G) Ly(17) : Zo Ly(19) : Zo
Aut(®) | (Ly(17)1Zs) : Zo (L2(19) 2 Zy) : Zo
Aut(T) | (Lo(17)2Z2) = Za (L2(19) 1 Zs9) : Zo

Our calculation given in Table 3 suggests the following conjecture:

Conjecture 4.40. If p > 7 is a prime number then
Aut(Cay(La(p), Inv)) = Aut(®(La(p), Inv)) = (La(p) 1 Zo) : Za.
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Now we bring the structure of the automorphism group of the following finite groups:

Dy, = {a,bla” =v*=1,b"tab=0a"1),

Van = <abya2"—b4_1aba_b1ab Lo =),
SDg, = {a,bla™ =b*=1,bab=a*"1),

Ty, = (a, b]aZ"—la =020 tab=a"1),
Ugnmy = (a,bla® =b"=1aba" =b"").

Also in the next result, we will obtain the automorphism group of the involution Cayley graph and

the involution G-graph of them.

Lemma 4.41. The automorphism group of Dan, Vsn, Tan, and Ugy, ) are as follows:

i) Let G = Day, then Aut(G) = Z) ¥ Zy,. Explicitly,
AUt(DQH) = {fs7t|8 S Z,:,t S Zn},

with fsi(a') = a® and fs1(a'b) = a™*Ttb;
ii) Let G = Vg, and n > 1, then Aut(G) is of order 4n¢(2n) and for n = 1, G = Dsg, then

Aut(G) = Dg;

iii) Let G = Tyy, then Aut(G) = Zoy, X Z 9y, of order 2n¢(2n), where Z*oy, is the group of units of
Lon;

iv) Let G = Ugpm)y = ZonX-1Zm, if m or n ids not an odd number, then

|Aut(Uzn,m))| = mo(m)¢(2n) and

Aut(Ugnmy) = {fijelfijela) =a'V, fijr(b) =b",(i,2n) = (r,m) = 1}
= Ly X (L X ZLyy,)

where Z3,, is the group of invertible elements of Zay,.
If both m and n are odd, then |Aut(U oy m))| = 2me(m)p(2n) and

AUt(U(gn,m)) = (L5, X (L, )X Z3)) X ZLa,

We refer to [37] for computing the automorphism group of Ty, Vg, (n is odd). The automorphism
group of Vg, n is even, is obtained by Darafsheh and Poursalavati, [24]. The automorphism group of
Uan,m) = LanX —1Zn, is obtained by Yaghoobian in his PhD thesis [10].

Theorem 4.42 ([2]). The automorphism group of the involution Cayley graph I' = Cay(G, Inv) and
involution G-graph P = (/I\)(G', Inv), for the groups Ty, dihedral, semi-dihedral, Vs, and Uy, 1) are as
follows,
1) Aut(Cay(Tyn, Inv)) = Z1 Sy, and Aut(D(Tyy, Im))) > Son;
2) For odd n > 3, Aut(Cay(Dap,Inv)) = Aut(®(Day, Inv)) = S, Zy; For even n > 2,
Cay(Day, Inv) is a connected, (n + 1)—regular graph with 2n vertices and ®(Day,, Inv) is
a connected (n + 1)—partite graph of size n(n + 1);
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3) For oddn >3,
Aut(Cay(SDsn, Inv)) = Aut(®(SDsy, Inv)) = (Dg 1 Z) 1 Sy

and for even n > 2, Aut(Cay(SDsp, Inv)) = S4 1 Sap;

4) For odd n, Cay(Vsn, Inv) is a connected (2n + 3)—regular graph with 8n vertices. For even
n =4k — 2, (Inv) = Zs X Zo X D,, and for n = 4k, (Inv) = Zg X Da, and Cay(Vgy,, Inv) is a
disconnected graph. Finally, P = ‘/I;(Vén, Inv) is a 4(n + 1)—regular graph which is connected,
for odd n, but it has two isomorphic connected components, when n is even;

5) For odd number m when n is odd, Aut(Cay(Uan,m), Inv)) = (Sm1Z2) 1 Sn and when n is even

Aut(Cay(Ugn,my, Inv)) = Zo U Sy For even number m, when n is odd,
Aut(Cay(Ugn,my, Inv)) = Aut(Cay(Ua,my, Inv)) Sy,

and when n is even

Aut(Cay(Uan,my, Inv)) = Syt Smn.

5. G-graph as a network

The important property of the networks especially for the computer scientists, is continuing to
work with no losing connectivity. They seek the communication networks with the best degree of
robustness to enable communication, even if the network is damaged. Then there are two aspects
to studying network robustness. These two aspects correspond to two types of connectivity of the
associated graph: vertex-connectivity and edge-connectivity. Based on the interesting property of
vertex transitivity, every node or link is independent, which means that any damage that happens,
does not depend on its position in the corresponding graph.

In [23], Tanasescu et. al, motivate further studies on the structure of G-graphs by investigating some
of its connectivity presenting robustness properties in some particular cases. They believe in this case
it’s really important to ask about the recognizing these graphs. For instance, some transitivity and
connectivity properties of G-graphs and several optimally connected cases especially for the abelian
group are investigated. So the following results help us to study the general class of G-graphs which
are optimally connected and can be easily computed from a group.

As we mentioned in the introduction, for any graph I' the following relation holds for the vertex-

connectivity and edge-connectivity of I'.
k() < AT) <46(T).

According to [23], vertex and edge-connectivity of graphs are two key aspects of network robustness;
the best case corresponds to optimally connected networks for which x(I') = 6(I"). Also, the vertex
and edge transitivity as desirable properties for networks are interesting for their close link with
connectivity illustrated by the following result. Now we define the concept of an optimally connected

graph.
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Definition 5.1. A graph T satisfying A(I') = 0(T") is called optimally edge-connected and a graph with
k(') = §(T) is called optimally connected.

Theorem 5.2. A connected vertex-transitive graph is optimally edge-connected. If it is also edge-

transitive, then it is optimally connected.

There is a nice and close relation between vertex and edge-transitivity of G-graphs and the presen-

tation of the group. The following lemma will be used for proving Theorem 5.4.

Lemma 5.3. Let (S|R) be a presentation of group G and 7 a permutation on the set S of size k = |S]|.
If R is invariant under 7, then m can be associated with a group automorphism fr € Aut(G), such

that fr(si) = sz, for every s; € S.

Proof. Consider a given presentation G = (S|R) of a group G, a group H, and a mapping © : S — H.

Then O extends to a homomorphism © : G — H if and only if for all » € R the result of substituting

r with every s € S by O(s) yields the identity of H. We directly apply this theorem to 7 and G = H

since R is invariant by m and we get an extended homomorphism f,. Note that, since G is finite, R is

also invariant by 77! . Hence we can similarly define f,—1 . We have frof,—1 = f.—10fr = id, where

id denotes the identity automorphism. So, fr and fi-1 are automorphisms of G. O
Inspiring from Lemma 5.3, we associate a graph automorphism

~

Tr € Aut(®(G, S)) to m with the following function:

Tr((80)2) = (fr(50)) fx (%) = (8x(3)) [ (2)-

Also 7,.-1 is defined similarly. Clearly 7 and 7,-1 are graph automorphism inverse one of the other.

Now the main result of this section is as next theorem:

Theorem 5.4. If G is a finite group with symmetric presentation (S|R), then </IS(G, S) is both vertex-

transitive and edge-transitive.

Proof. Vertex-transitivity:
Consider two vertices u, v € Ule vs;, we prove that there is a graph automorphism h € Aut(:I;(G, S))
such that h(u) = v. For given two vertices u = (s;)x,v = (s;)y € Vs, for a fixed i, the automorphism
dy-14 is our required automorphism. Now consider that u € Vs, and v € Vj;, i # j with the trans-
position m = (i,7). By Lemma 5.3, there exists a group automorphism fr € Aut(G) and a graph
automorphism 7, € Aut(®(G,S)) such that fr(s;) = Sx(5) = 85 and 7r(u) = v' € Vi;. From above,
there exists dy € Aut(®(G, S)) such that dy(v") = v. Now we have that 6y (7r(u)) = v. Hence the
automorphism h = ¢4 07, satisfies h(u) = v. This concludes vertex-transitivity.

Edge-transitivity:
Let uv and u/v/ be two different edges of ®(G, S). We should show that h € Aut(®(G, S)), such that
h(uv) = uw'v'. There are two cases as follows:

Case 1. If u,u’ € Vi, and v,v" € Vg, for the fixed i, j, the result is proved.
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Case 2. In the general case, suppose we have i1,19,43,44 with i1 # i, and let u € Vsil,u’ €
v

51y U € Vsis,v’ € V;,,. Let m be a permutation on S such that 7(siy) = si, and w(siy) = Siy-

Hence we can consider the graph automorphism 7, € Aut(®(G,S)), such that 7x(u) = v € Vsi,
and 7,(v) = v € Vs,, with u'v" € E. From Case 1 there exists an automorphism & , such that
S, (u") =« and 3, (v") = v'. By composition the automorphism h = § g 0T satisfies h(u) = v’ and

h(v) = v, which finishes the proof. O

We can see that if R is invariant under the transposition 7 = (i, j), then for all u € Vs, and v € V,
there is an automorphism h; € Aut(®(G,S)) such that h.(u) = v. Moreover the proof of previous
theorem says that for any two edges uv and u/v’, there is an automorphism h € Aut(EI;(G, S)), such
that h(u) =« and h(v) = v' which shows that the graph is symmetric.

Using the previous results, some interesting connectivity properties for G-graphs are presented:

Theorem 5.5. Let G be a finite group with symmetric presentation (S|R). Then C/I\D(G, S) is optimally

connected.

Proof. By Theorem 5.4, &)(G, S) is vertex-transitive and edge-transitive. Also, by the fact that S is a
generating set of GG, then the G-graph is connected. Using Theorem 5.2, the result follows. O

One of the important cases is the bipartite case which helps interconnect two separated networks.

The needed condition is known already as orbits:

Theorem 5.6 ([23]). For a connected bipartite graph T' = (V, E), suppose the action of Aut(T') on
V(') has two orbits. Then the graph is optimally connected.

Theorem 5.7. Any connected bipartite G-graph is optimally connected.

Proof. Let @(G, S) be a connected, bipartite G-graph with a generating set S = {s1,s2}. Then
the graph is edge-transitive and has at most two orbits regarding the action of Aut(®(G,S)) on the
vertices. If ZI;(G, S) has only one orbit, it is certainly vertex-transitive, and by Theorem 5.2, it is
optimally connected. If Cf(G, S) has two orbits regarding the automorphism group, then by Theorem
5.6 it is optimally connected means the minimum degree x(I') and the vertex connectivity 6(I") are

equal. O
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