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BOUNDEDNESS OF COMPOSITION OPERATORS ON X? SPACES

A. R. BAGHERI SALEC*, S. M. TABATABAIE, L. SZEKELYHIDI, AND A. H. K. ALHUSSEINI

ABSTRACT. In this paper, we study composition operators on the space X%, where ® is a Young
function and X% is a generalized Orlicz space associated to a Banach function space X. We give some

necessary and sufficient conditions for a composition operator to be bounded on X?.

1. Introduction

Composition operators between several kinds of known function spaces have been studied. In
particular, in the last decades, many researchers worked on the issue of composition operators on
Lebesgue spaces with many applications in operator theory, linear dynamical systems, and Banach
algebras. Boundedness of composition operators on a Lebesgue space LP(u) with 1 < p < oo appeared
in [10] and [15] for finite and o-finite measures p. Indeed, if 1 < p < oo and 7 is a measurable

function, then the composition operator C, is bounded on LP(u) , if and only if go 77! < u and also

dpor—?!
1

Boundedness, compactness, and other properties of composition operators on Orlicz spaces, as

lloo < 00.

generalizations of Lebesgue spaces, have been studied firstly by Kumar (1997) in [13]. Cui, Hudzik,
Kumar, and Maligranda (2004) in [3] considered the composition operator between Orlicz spaces
induced by a non-singular measurable transformation and studied its properties. See e.g. [5,6,9,11,14]
for more details and results in this context.

In this work, we initiate the study of bounded composition operators on a generalized Orlicz space

X?® space associated to a Banach function space X, extending the previous results on Orlicz spaces
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In fact, in the case X := L', (L')® is same as the usual Orlicz space L®. So, the results of this paper
cover several classes of known Banach function spaces related to the Orlicz spaces. In Section 2, we
recall some definitions and facts used in the rest of the paper. In Section 3, we first describe a property
on function norms which can be considered as a version of Radon-Nikodym Theorem. This property
has a key role in the sequel. Then, we give some necessary and sufficient conditions for a composition

operator to be bounded on X?.

2. Preliminaries

2.1. Banach Function Spaces. In this section, we recall some facts and concepts related to Banach

function spaces [3], X ®-spaces [, 12], and the general theory of composition operators.

Definition 2.1. Let (2, A, ) be a measure space (as was described in [3]) with a non-negative measure
p. Let £9(2) be the set of all real-valued measurable functions on €2, and assume that £9 (€2) be the
set of all nonnegative functions in £°(£2). Two functions in £°(2) which are equal almost everywhere,
are considered the same. A mapping p : £ (Q) — [0, +oc] is called a quasi function norm, if there is
a constant C' > 0 such that for all f,g € £5(Q), (fn)n € L£L(Q), and all sets E € A, the following
conditions hold:
(1) p(f) =0, if and only if f =0 a.e.;
plaf) = ap(f) for all @ > 0; and
p(f+9) < Cp(f) + p(9));
(2) if g < f a.e., then p(g) < p(f);
(3) if fn 1 f a.e., then p(fn) 1 p(f);
(4) if p(E) < oo, then p (xg) < co. Also, there is a constant Cz > 0 such that for each h € £ ()
we have [ hdu(z) < Cgp(h).
While C' = 1, then p is called a function norm.
A (quasi) function norm p is called a strict (quasi) function norm, if for each E € A with u(E) >0
and f,g € £L(Q) with f < g on E, we have p(f) < p(g).

Any (quasi) function norm induces a (quasi) Banach space of measurable functions.

Definition 2.2. Let p be a quasi-function norm (function norm, respectively) on a measure space
(Q, A, j1). Then, the set of all elements f in £9(2) with || f||x, := p(|f|) < oo is denoted by X, and is

called a quasi Banach function space (Banach function space, respectively).

For a monograph regarding these spaces see [3]. By [3, Theorem 1.6, (X,, || - [x,) is a Banach

space.

2.2. X®-spaces.

Definition 2.3. A continuous convex function ® : [0,00) — [0,00) is called a Young function, if

®(0) = lin%) ®(x) =0and lim ®(z) = co. We denote the set of all strictly increasing Young functions
T—r T—00

by &.
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An important constant connected with the Young ® is
ag := inf{u > 0: ®(u) > 0}.

Definition 2.4. A Young function & is called Ay-regular (globally) whenever there is a constant C' > 0
such that ®(2z) < C®(x) for all z > 0.

Definition 2.5. Let ® be a Young function, and X, be a Banach function space on ). For each

function f € £°(0) we put
/]
(), = 1}'

Then, the set of all f € £(Q) with || f]|¢ < oo is denoted by X 7.
As in [4, Theorem 4.11], (X®, || - ||¢) is a quasi Banach function space on Q. If p > 0 and the

(2.1) Iflle == inf{)\>0: ‘I’(|§|> € X,

function @, is defined by @, (x) := 2” for all z > 0, then we denote X? := X ®® . In particular, if

X =LY, A, i), then X® = L®(Q) and XP = LP(f2), the usual Orlicz and Lebesgue spaces.
Moreover, if E € A and 0 < u(E) < oo, then ||xalle = 1/®1(1/|xE|x), where ®~1(¢) := inf{s >

0: ®(s) > t} is the right continuous inverse of ® ( [4, Lemma 4.8]). To study new results in X ®-spaces

in the fields of convolution product, spaceability, and inclusion, see references [I,2, 10].
2.3. Composition Operators.

Definition 2.6. Let (€2, A, 1) be a o-finite complete measure space. A measurable function 7 :  — Q

is called p-non-singular, if the measure p o 7= defined by
(or N)E)=n(r"H(E), (EcA
is absolutely continuous with respect to u i.e. for all y-null set ¥ € A we have u (Tﬁl(E)) =0.

If (Q,A, ) is a o-finite complete measure space and 7 is a p-non-singular function, then by the

Radon-Nikodym Theorem, there is a non-negative locally integrable function f. on €2 such that

d(po T_l)(a:) = fr(x)du(x).

In fact, f; is the Radon-Nikodym derivative of p o7~ with respect to p.
Since 7 is a p-non-singular function, the linear mapping C; : £%(Q2) — L£°(Q) defined by

Crf(x) = f(r(x), zeQ,feLQ)
is well-defined. This linear mapping is called composition operator.

Let p be a function norm on Q. If C7(X,) C X, then by Closed Graph Theorem and [3, Theorem
1.4], C; : X, — X, is a bounded linear operator. Hence, the inclusion C;(X,) C X, is equivalent to
the phrase “C’ is bounded on X"

Throughout, (€2, A, 1) is a o-finite complete measure space, T is a p-non-singular function, ® is a

Young function, and p is a function norm on 2.
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3. Boundedness of composition operators on X?®

Before giving the main results of this paper, we initiate the below concept.

Definition 3.1. Let (€2, A, 1) be a o-finite complete measure space. A measurable function 7 :  — 2
is called p-RN , if there is a function f; € £9(f2) such that for each E € A and g € £°(Q) with
p(g) < oo we have

(3.1) p(xe [r) = p(Xr-1(g)) and  p(goT) < p(g fr).

Lemma 3.2. Let (2, A, 1) be a o-finite complete measure space. Then, any p-RN function is p-non-

singular.

Proof. Let 7 be a p-RN function. Let £ € A and u(E) = 0. Hence, xgfr = 0 in £%(Q) and so
p(XxE fr) = 0, because p is a function norm. Now, the equality in (3.1) implies that p(x,;-1(g)) = 0.
Again by the condition (1) in Definition 2.1 we have x,-1(p) = 0 a.e. and so u(t=Y(E)) = 0. This
implies that o 77! < p, and the proof is complete. O

Remark 3.3. Note that if for each f € £9(£2), we define

po(f) = /Qfdu,

then pg is a function norm on €2 and by the Radon-Nikodym Theorem, a function 7 is p-non-singular,
if and only if 7 is pg-RN. This fact shows that the above concept is a generalization of non-singular

functions.

If (2, A, ) is a measure space, we denote
Ao ={F e A: p(E) <oc} and Ayp:={FEc A: u(E)>0}.

Theorem 3.4. Let (2, A, n) be a o-finite complete measure space, p be a strict function norm on €

and 7 : Q2 — Q be a p-RN function. Let K > 0. Then, the following conditions are equivalent:
(1) We have

(3.2) p(Xr-1(4)) < Kp(xa)

forall E € Ax.
(2) The inequality

(3-3) p(2(IC-f1)) < Kp(@([f1)

holds for all f € LO(Q) with p(®(|f])) < .

Proof. (1) = (2): Assume that condition (1) holds. Since 7 is p-RN, there is a function f, € £9(Q)
which satisfies the conditions in Definition 3.1. We show that ||f;||,, < K. Otherwise, there is a set
E € A () Ao such that f, > K on E. Since xgfr > Kxg, we conclude that

p(x-—1(g)) = p(xefr) > p(K xE) = K p(XE),

DOL https://dx.doi.org/10.30504/jims.2024.476597.1205


https://dx.doi.org/10.30504/jims.2024.476597.1205

J. Iran. Math. Soc. 6 (2025), no. 1, 1-7 A. R. Bagheri Salec et al. 5

a contradiction. So, if f € £°(Q2) and p(®(|f|)) < oo, then we have

p(2(ICrf) = p(@o|floT) < p((Rolf]) fr) < K p(R(|f]))-

(2) = (1): Assume that the condition (2) holds and let ' € Aw. If E ¢ Ay, then by Lemma 3.2
we have p(x,-1(g)) = 0 = p(xr), and so the inequality (3.2) holds. Now assume that £ € A ) Ao.
Take a € (ag,00) and put h := axg. Then

p(2(|h]) = p(®(a) xE) = ®(a) p(xE) < 00
because p(E) < co. As Crxa = X,-1(4), Hence, by the inequality (3.3) we have
®(a) p(xr-1(;)) = P(®(a) X7-1(m))

= p(®(|C-h]))

< Kp(®(|h[))

= K®(a) p(xe)-
Now, since 0 < ®(a) < oo, we can conclude (3.2). O
Theorem 3.5. Let (2, A, u) be a o-finite complete measure space, p be a strict function norm on 2

and 7 : Q — Q be a p-RN function. Then, we have (1) = (2). Also, if ® is Ag-regular for all u > 0,
then we have (2) = (1):

(1) There is a constant K > 0 such that for each E € Ax,

(3.4) p(Xr-1(4)) < Kp(xa)-

P

p s G-e. there is a constant M >0 such that

(2) The composition operator Cr is bounded on X
(3.5) IC: fllg < MlIflla  for all f € X7,

Moreover, if (1) holds, then we have

sup & 1(1/|Ixellx)
Beds NAo 271 (1/ X101 x)

< ||l

@ (suppea a0 (10 /el x) )
< sup > L(u) :
u>0

Proof. (1) = (2): Assume that the condition (1) holds. We can assume that K > 1. Then, by
Theorem 3.4,

(3.6) p(@(IC7f1) < Kp(@(|f1))
for all f € £°(€2) with p(®(|f])) < co. Thus, for every h € X7 we have

P (2Gire) = 7o () =v (o)) <

whence ||C; f|lg < K||flo for all 0 # z € L*(Q).
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(2) = (1): Assume that ® is Ag-regular for all w > 0. Let E € Ax () Ao. Then, xg € X;)I) and so
setting f := xp is the inequality (3.5) by [/, Lemma 4.8] we have

1 M
— i =Crxele < Mlxelle = ————
oty e,
and so,
1
(3.7) o Y < Mo (—
IxEll X712l

for all E € Ax[)Ao. Since ® is Ag-regular for all u > 0, there is a constant L > 0 such that
®(Mu) < L®(u) for all u > 0, and this implies that which gives for u = ®~1(v) that M®~!(x) <
@~ 1(Lz) for all z > 0. So, by (3.7) we have

1 L

SR B S [
Ixzll, X108l
This implies that |[x,-1(g)ll, < L|lxzll, for all E € Ax (). Ao. This completes the proof. O
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