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BOUNDEDNESS OF COMPOSITION OPERATORS ON XΦ SPACES

A. R. BAGHERI SALEC∗, S. M. TABATABAIE, L. SZEKELYHIDI, AND A. H. K. ALHUSSEINI

Abstract. In this paper, we study composition operators on the space XΦ, where Φ is a Young
function and XΦ is a generalized Orlicz space associated to a Banach function space X. We give some
necessary and sufficient conditions for a composition operator to be bounded on XΦ.

1. Introduction

Composition operators between several kinds of known function spaces have been studied. In
particular, in the last decades, many researchers worked on the issue of composition operators on
Lebesgue spaces with many applications in operator theory, linear dynamical systems, and Banach
algebras. Boundedness of composition operators on a Lebesgue space Lp(µ) with 1 ≤ p < ∞ appeared
in [10] and [15] for finite and σ-finite measures µ. Indeed, if 1 ≤ p < ∞ and τ is a measurable
function, then the composition operator Cτ is bounded on Lp(µ) , if and only if µ ◦ τ−1 ≪ µ and also
∥dµ◦τ−1

dµ ∥∞ < ∞.
Boundedness, compactness, and other properties of composition operators on Orlicz spaces, as

generalizations of Lebesgue spaces, have been studied firstly by Kumar (1997) in [13]. Cui, Hudzik,
Kumar, and Maligranda (2004) in [8] considered the composition operator between Orlicz spaces
induced by a non-singular measurable transformation and studied its properties. See e.g. [5,6,9,11,14]
for more details and results in this context.

In this work, we initiate the study of bounded composition operators on a generalized Orlicz space
XΦ space associated to a Banach function space X, extending the previous results on Orlicz spaces

Communicated by Hamid Reza Ebrahimi Vishki

MSC(2020): Primary: 46E30; Secondary: 47B38.

Keywords: Young function, Banach function spaces, boundedness, composition operator, function norm, generalized Orlicz spaces.

Received: 2 September 2024, Accepted: 18 December 2024.

∗Corresponding author

DOI: https://dx.doi.org/10.30504/jims.2024.476597.1205 .
1

http://jims.iranjournals.ir
http://en.ims.ir/
https://dx.doi.org/10.30504/jims.2024.476597.1205


2 J. Iran. Math. Soc. 6 (2025), no. 1, 1-7 A. R. Bagheri Salec et al.

In fact, in the case X := L1, (L1)Φ is same as the usual Orlicz space LΦ. So, the results of this paper
cover several classes of known Banach function spaces related to the Orlicz spaces. In Section 2, we
recall some definitions and facts used in the rest of the paper. In Section 3, we first describe a property
on function norms which can be considered as a version of Radon-Nikodým Theorem. This property
has a key role in the sequel. Then, we give some necessary and sufficient conditions for a composition
operator to be bounded on XΦ.

2. Preliminaries

2.1. Banach Function Spaces. In this section, we recall some facts and concepts related to Banach
function spaces [3], XΦ-spaces [4, 12], and the general theory of composition operators.

Definition 2.1. Let (Ω,A, µ) be a measure space (as was described in [3]) with a non-negative measure
µ. Let L0(Ω) be the set of all real-valued measurable functions on Ω, and assume that L0

+(Ω) be the
set of all nonnegative functions in L0(Ω). Two functions in L0(Ω) which are equal almost everywhere,
are considered the same. A mapping ρ : L0

+(Ω) → [0,+∞] is called a quasi function norm, if there is
a constant C > 0 such that for all f, g ∈ L0

+(Ω), (fn)n ⊆ L0
+(Ω), and all sets E ∈ A, the following

conditions hold:
(1) ρ(f) = 0, if and only if f = 0 a.e.;

ρ(αf) = αρ(f) for all α ≥ 0; and
ρ(f + g) ≤ C(ρ(f) + ρ(g));

(2) if g ≤ f a.e., then ρ(g) ≤ ρ(f);
(3) if fn ↑ f a.e., then ρ (fn) ↑ ρ(f);
(4) if µ(E) < ∞, then ρ (χE) < ∞. Also, there is a constant CE > 0 such that for each h ∈ L0

+(Ω)

we have
∫
E h dµ(x) ≤ CE ρ(h).

While C = 1, then ρ is called a function norm.
A (quasi) function norm ρ is called a strict (quasi) function norm, if for each E ∈ A with µ(E) > 0

and f, g ∈ L0
+(Ω) with f < g on E, we have ρ(f) < ρ(g).

Any (quasi) function norm induces a (quasi) Banach space of measurable functions.

Definition 2.2. Let ρ be a quasi-function norm (function norm, respectively) on a measure space
(Ω,A, µ). Then, the set of all elements f in L0(Ω) with ∥f∥Xρ := ρ(|f |) < ∞ is denoted by Xρ and is
called a quasi Banach function space (Banach function space, respectively).

For a monograph regarding these spaces see [3]. By [3, Theorem 1.6], (Xρ, ∥ · ∥Xρ) is a Banach
space.

2.2. XΦ-spaces.

Definition 2.3. A continuous convex function Φ : [0,∞) → [0,∞) is called a Young function, if
Φ(0) = lim

x→0
Φ(x) = 0 and lim

x→∞
Φ(x) = ∞. We denote the set of all strictly increasing Young functions

by Φ.
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An important constant connected with the Young Φ is

aΦ := inf{u > 0 : Φ(u) > 0}.

Definition 2.4. A Young function Φ is called ∆2-regular (globally) whenever there is a constant C > 0

such that Φ(2x) ≤ CΦ(x) for all x ≥ 0.

Definition 2.5. Let Φ be a Young function, and Xρ be a Banach function space on Ω. For each
function f ∈ L0(Ω) we put

(2.1) ∥f∥Φ := inf

{
λ > 0 : Φ

(
|f |
λ

)
∈ Xρ,

∥∥∥∥Φ(
|f |
λ

)∥∥∥∥
Xρ

≤ 1

}
.

Then, the set of all f ∈ L0(Ω) with ∥f∥Φ < ∞ is denoted by XΦ
ρ .

As in [4, Theorem 4.11], (XΦ, ∥ · ∥Φ) is a quasi Banach function space on Ω. If p > 0 and the
function Φ(p) is defined by Φ(p)(x) := xp for all x ≥ 0, then we denote Xp := XΦ(p) . In particular, if
X := L1(Ω,A, µ), then XΦ = LΦ(Ω) and Xp = Lp(Ω), the usual Orlicz and Lebesgue spaces.

Moreover, if E ∈ A and 0 < µ(E) < ∞, then ∥χA∥Φ = 1/Φ−1(1/∥χE∥X), where Φ−1(t) := inf{s >

0 : Φ(s) > t} is the right continuous inverse of Φ ( [4, Lemma 4.8]). To study new results in XΦ-spaces
in the fields of convolution product, spaceability, and inclusion, see references [1, 2, 16].

2.3. Composition Operators.

Definition 2.6. Let (Ω,A, µ) be a σ-finite complete measure space. A measurable function τ : Ω → Ω

is called µ-non-singular, if the measure µ ◦ τ−1 defined by

(µ ◦ τ−1)(E) := µ
(
τ−1(E)

)
, (E ∈ A)

is absolutely continuous with respect to µ i.e. for all µ-null set E ∈ A we have µ
(
τ−1(E)

)
= 0.

If (Ω,A, µ) is a σ-finite complete measure space and τ is a µ-non-singular function, then by the
Radon-Nikodým Theorem, there is a non-negative locally integrable function fτ on Ω such that

d(µ ◦ τ−1)(x) = fτ (x)dµ(x).

In fact, fτ is the Radon-Nikodym derivative of µ ◦ τ−1 with respect to µ.
Since τ is a µ-non-singular function, the linear mapping Cτ : L0(Ω) → L0(Ω) defined by

Cτf(x) = f(τ(x)), x ∈ Ω, f ∈ L0(Ω)

is well-defined. This linear mapping is called composition operator.
Let ρ be a function norm on Ω. If Cτ (Xρ) ⊆ Xρ, then by Closed Graph Theorem and [3, Theorem

1.4], Cτ : Xρ → Xρ is a bounded linear operator. Hence, the inclusion Cτ (Xρ) ⊆ Xρ is equivalent to
the phrase “Cτ is bounded on Xρ”.

Throughout, (Ω,A, µ) is a σ-finite complete measure space, τ is a µ-non-singular function, Φ is a
Young function, and ρ is a function norm on Ω.
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3. Boundedness of composition operators on XΦ

Before giving the main results of this paper, we initiate the below concept.

Definition 3.1. Let (Ω,A, µ) be a σ-finite complete measure space. A measurable function τ : Ω → Ω

is called ρ-RN , if there is a function fτ ∈ L0
+(Ω) such that for each E ∈ A and g ∈ L0(Ω) with

ρ(g) < ∞ we have

(3.1) ρ(χE fτ ) = ρ(χτ−1(E)) and ρ(g ◦ τ) ≤ ρ(g fτ ).

Lemma 3.2. Let (Ω,A, µ) be a σ-finite complete measure space. Then, any ρ-RN function is µ-non-
singular.

Proof. Let τ be a ρ-RN function. Let E ∈ A and µ(E) = 0. Hence, χEfτ = 0 in L0(Ω) and so
ρ(χE fτ ) = 0, because ρ is a function norm. Now, the equality in (3.1) implies that ρ(χτ−1(E)) = 0.
Again by the condition (1) in Definition 2.1 we have χτ−1(E) = 0 a.e. and so µ(τ−1(E)) = 0. This
implies that µ ◦ τ−1 ≪ µ, and the proof is complete. □

Remark 3.3. Note that if for each f ∈ L0
+(Ω), we define

ρ0(f) :=

∫
Ω
f dµ,

then ρ0 is a function norm on Ω and by the Radon-Nikodým Theorem, a function τ is µ-non-singular,
if and only if τ is ρ0-RN. This fact shows that the above concept is a generalization of non-singular
functions.

If (Ω,A, µ) is a measure space, we denote

A∞ := {E ∈ A : µ(E) < ∞} and A0 := {E ∈ A : µ(E) > 0}.

Theorem 3.4. Let (Ω,A, µ) be a σ-finite complete measure space, ρ be a strict function norm on Ω

and τ : Ω → Ω be a ρ-RN function. Let K > 0. Then, the following conditions are equivalent:

(1) We have

(3.2) ρ(χτ−1(A)) ≤ Kρ(χA)

for all E ∈ A∞.
(2) The inequality

(3.3) ρ(Φ(|Cτf |)) ≤ Kρ(Φ(|f |))

holds for all f ∈ L0(Ω) with ρ(Φ(|f |)) < ∞.

Proof. (1) ⇒ (2): Assume that condition (1) holds. Since τ is ρ-RN, there is a function fτ ∈ L0
+(Ω)

which satisfies the conditions in Definition 3.1. We show that ∥fτ∥∞ ≤ K. Otherwise, there is a set
E ∈ A∞

⋂
A0 such that fτ > K on E. Since χEfτ > KχE , we conclude that

ρ(χτ−1(E)) = ρ(χEfτ ) > ρ(K χE) = K ρ(χE),
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a contradiction. So, if f ∈ L0(Ω) and ρ(Φ(|f |)) < ∞, then we have

ρ(Φ(|Cτf |)) = ρ(Φ ◦ |f | ◦ τ) ≤ ρ
(
(Φ ◦ |f |) fτ

)
≤ K ρ(Φ(|f |)).

(2) ⇒ (1): Assume that the condition (2) holds and let E ∈ A∞. If E /∈ A0, then by Lemma 3.2
we have ρ(χτ−1(E)) = 0 = ρ(χE), and so the inequality (3.2) holds. Now assume that E ∈ A∞

⋂
A0.

Take a ∈ (aΦ,∞) and put h := aχE . Then

ρ(Φ(|h|) = ρ(Φ(a)χE) = Φ(a) ρ(χE) < ∞

because µ(E) < ∞. As CτχA = χτ−1(A), Hence, by the inequality (3.3) we have

Φ(a) ρ(χτ−1(E)) = ρ(Φ(a)χτ−1(E))

= ρ(Φ(|Cτh|))

≤ Kρ(Φ(|h|))

= KΦ(a) ρ(χE).

Now, since 0 < Φ(a) < ∞, we can conclude (3.2). □

Theorem 3.5. Let (Ω,A, µ) be a σ-finite complete measure space, ρ be a strict function norm on Ω

and τ : Ω → Ω be a ρ-RN function. Then, we have (1) ⇒ (2). Also, if Φ is ∆2-regular for all u > 0,
then we have (2) ⇒ (1):

(1) There is a constant K > 0 such that for each E ∈ A∞,

(3.4) ρ(χτ−1(A)) ≤ Kρ(χA).

(2) The composition operator Cτ is bounded on XΦ
ρ , i.e. there is a constant M > 0 such that

(3.5) ∥Cτf∥Φ ≤ M∥f∥Φ for all f ∈ XΦ
ρ .

Moreover, if (1) holds, then we have

sup
E∈A∞

∩
A0

Φ−1(1/∥χE∥X)

Φ−1
(
1/∥χτ−1(A)∥X

) ≤ ∥Cτ∥

≤ sup
u>0

Φ−1
(
supE∈A∞

∩
A0

(
∥χτ−1(A)∥X/∥χE∥X

)
u
)

Φ−1(u)
.

Proof. (1) ⇒ (2): Assume that the condition (1) holds. We can assume that K ≥ 1. Then, by
Theorem 3.4,

(3.6) ρ(Φ(|Cτf |)) ≤ Kρ(Φ(|f |))

for all f ∈ L0(Ω) with ρ(Φ(|f |)) < ∞. Thus, for every h ∈ XΦ
ρ we have

ρ

(
Φ(

|Cτf |
K∥f∥Φ

)

)
≤ 1

K
ρ

(
Φ(

|Cτf |
∥f∥Φ

)

)
≤ ρ

(
Φ(

|f |
∥x∥Φ

)

)
≤ 1,

whence ∥Cτf∥Φ ≤ K∥f∥Φ for all 0 ̸= x ∈ LΦ(Ω).
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(2) ⇒ (1): Assume that Φ is ∆2-regular for all u > 0. Let E ∈ A∞
⋂

A0. Then, χE ∈ XΦ
ρ and so

setting f := χE is the inequality (3.5) by [4, Lemma 4.8] we have

1

Φ−1( 1
∥χτ−1(E)∥ρ

)
= ∥CτχE∥Φ ≤ M∥χE∥Φ =

M

Φ−1( 1
∥χE∥ρ )

,

and so,

(3.7) Φ−1(
1

∥χE∥ρ
) ≤ M Φ−1(

1

∥χτ−1(E)∥ρ
)

for all E ∈ A∞
⋂
A0. Since Φ is ∆2-regular for all u > 0, there is a constant L > 0 such that

Φ(Mu) ≤ LΦ(u) for all u > 0, and this implies that which gives for u = Φ−1(v) that MΦ−1(x) ≤
Φ−1(Lx) for all x > 0. So, by (3.7) we have

Φ−1(
1

∥χE∥ρ
) ≤ Φ−1(

L

∥χτ−1(E)∥ρ
).

This implies that ∥χτ−1(E)∥ρ ≤ L ∥χE∥ρ for all E ∈ A∞
⋂
A0. This completes the proof. □
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