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INNER AMENABILITY OF CERTAIN LAU ALGEBRAS ASSOCIATED TO
DISCRETE CROSSED PRODUCTS

M. R. GHANEI

ABSTRACT. For a discrete group I', a Hopf von Neumann algebra (9, A) and a W*-dynamical system
(M, T, ) such that (s ® as) o A = A o s, we show that the crossed product M x, I' with a co-
multiplication is a Hopf von Neumann algebra. Furthermore, we prove that the inner amenability of
the predual M. is equivalent to the inner amenability of (9 x4 I').. Finally, we conclude that if the
action a : I' = Aut(£>°(T")) is defined by s (f)(t) = f(s™'ts), then the inner amenability of discrete

group I is equivalent to the inner amenability of (¢*°(T") X I')..

1. Introduction

In the field of mathematical analysis, Lau [5] established the foundation for investigating a category
of Banach algebras initially termed as F-algebras. Subsequently, Pier [9] adopted the term "Lau
algebras” for this classification. A Lau algebra, denoted as £, is a complex Banach algebra that serves
as the predual of a von Neumann algebra 91, with the identity element 1. This category of Banach
algebras contains both the group algebras and the measure algebras of locally compact groups, as
mentioned in [5,6]. Moreover, the predual of a Hopf von Neumann algebra, specifically the quantum
group algebra L!(G) associated with a locally compact quantum group G is contained in the class of
Lau algebras.

Lau defined the notion of left amenability of these algebras in [5]. A Lau algebra L is left amenable
if there is a mean M € £, ie. |M| = M(1) = 1, such that M(f -a) = 1(a)M(f) for all a € L
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and f € £*. Equivalently, a ® M = 1(a)M, where the first Arens multiplication ® is defined by the

equations
<F®H7f>:<F7Hf>7 <Hfaa>:<H7fa>’ <fa7b>:<f7ab>

for all FH € L™, f € L*, and a,b € L. For more details about this notion, we refer the reader
to [10, 11]. It is worth noting that for any Banach space X, the duality between X and its dual
Banach space X* is written as (¢, &) or ¢(§) for all £ € X and ¢ € X*.

Nasr-Isfahani [8] introduced and studied inner amenability for Lau algebras. Indeed, if £ is a Lau
algebra, then a mean M € L£** is said to be inner invariant mean for £, if M(f -a) = M(a - f), or
equivalently a © M = M ® a for all a € L. The Lau algebra L is called inner amenable, if there is an
inner invariant mean in £**; see also [1,3].

In the context of Lau algebras, an element E in L£** is called mized identity, if it satisfies a ©® £ =
FE ®a = a for every a € L. Notably, a simple observation reveals that £ € £** qualifies as a mixed
identity, if and only if it serves as a weak™ cluster point of a bounded approximate identity within
L. Note that, if the Lau algebra £ has a bounded approximate identity, then it is inner amenable.
Consequently, we define a strictly inner invariant mean for £ as an inner invariant mean that avoids
the mixed identity status. Hence, our focus on the exploration of inner amenability shifts to cases
where a strictly inner invariant mean for £ exists.

Recall that a pair (9, A) is a Hopf von Neumann algebra when 9 is a von Neumann algebra and

A 9N — MM is a co-multiplication; i.e., a normal, unital, and *-homomorphism satisfying
(id®A)oA=(A®id) oA,

where id is the identity map on 9t and ® denote the von Neumann algebra tensor product. For a Hopf
von Neumann algebra (901, A), one can define a product * on 91,, turning it into Banach algebra, by
(fxg,x) = (f ® g, Az) for all f,g € M, and = € M. Moreover, the module actions of M, on M are
given by

frx:=>0d® f)(Azx) and z-f:=(f®id)(Az),

for all f € M, and = € M.

It is worthwhile to mention that there exists a Hopf von Neumann algebra H, := (L*°(G), A,)
obtained from a locally compact group G, where L°°(G) is the usual Lebesgue space as defined in [1]
and the co-multiplication A, : L*°(G) — L>®(G)RL>®(G) = L*(G xG) is defined by A, f(r,t) = f(rt)
for all f € L*°(G) and r,t € G.

In this paper, by using a discrete group I' and a W*-dynamical systems (9, T, ), we show that if
(9, A) is a Hopf von Neumann algebra and (s ® as) o A = Aoag, then the crossed product (9 x, I')
is Hopf von Neumann algebra and we prove an equivalence between the inner amenability of the Lau
algebra 9, and the Lau algebra (9t x4, I'),; see Theorem 2.2. At the end of the paper we show that
if the action of o : I' — Aut(¢>°(I")) is defined by as(f)(t) = f(s~'ts), then the inner amenability of
" is equivalent to the inner amenability of (£°°(T") x4 I')4; see Corollary 2.4.
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2. Inner amenability and crossed product

A discrete W*-dynamical system is defined as a triple (9, I, ), where 91 is a von Neumann algebra,
I is a discrete group and « : I' = Aut(9) is a homomorphism of I" into the group of *-automorphisms
of 9.

If we denote the Hilbert space on which the von Neumann algebra 9t acts as H, then a faithful
normal *-representation 7 : M — B(¢*(T, H)) and a unitary representation A : I' — B(¢*(T', H)) can

be defined as follows:

T(2)€(s) = a1(2)E(s),  AL(t) =E(s7')
for all z € M, s,t € I and ¢ € (2(T', H), where B({? (T, H)) is the algebra of bounded linear opera-

tors on the Hilbert space ¢2 (I', H). Additionally, the pair (7, \) forms a covariant representation of
(M, T, ), in the sense that 7 (as(x)) = Asm(x)A: for all z € M and s € T

The von Neumann algebra generated by 7(9%) U A\(T') is termed the crossed product of 9t by I and
is denoted by MM x4, I'. It is worth noting that M x I includes an isometric copy of 9 and the group
von Neumann algebra VN(I') of I" and

Mx, [ = span{m(x)As : €M, s € I‘Tw*.

For simplicity, we will use the same notation for copies of elements, denoting both x € 9t and s € I"
by x and s, respectively. Henceforth, we will simplify notation and represent generating elements of
M X, ' as zs for all z € M and s € T, subject to the relations zs := w(x)As and sz = Agm(z).

Therefore,
st = A () Ag-1 A5 = T(as(x))As = as(z)s.

Moreover, it is clear that s = A\sm(ag—1(x)) = sa,—1(z).

We denote by ¢>°(I";9) (resp. K(I';9)) the space of all bounded (resp. with compact support)
functions u of I' into M with the norm ||ul|s = sup,er ||u(s)]].

Let (9, T, ) be a discrete W*-dynamical system. Define in K (I'; 9t) the involutive normed algebra

structure by

wey(t) = Y als)as (y (s78)) , #*(s) = as (2 (7)), Nl = D ()l

sel sel’

For each z € K (I'; M), define 71, (2) € M x4, I by

Ta(2) = Zﬂa(z(s)))\s = Zz(s)s.
sel sel’
Then, it is not hard to see that 7, is a faithful x-representation of K (I';9) into 9 %, I' and the
image of K (I'; M) by 7, is a o-weakly dense *-subalgebra of 9t x,, .
The elements of (M x, I'), can be identified with functions u : I' — 9, such that u(s)(z) = u(zs)
for s € I and = € 9, where & € (M x4 '), takes the form: a(T) = > 07 (T, n,) for some
(&), (nn) C (T, H), satisfying 32 | [|€4]1* < 00, 325, [|7a]|? < 00 and T € M x,, T
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We denote by B, (I'; M,) the set of all functions u of I' into M, such that ||u|| < 400, where

> (=(8),u(s))

sel’

(2.1) [ull = sup
I ()| 1,2€ K (Tm)

= sup |(Ta(2), @)
e (2|12 K(T:0)

Then, (2.1) defines a norm on B, (I'; M) and B, (I'; M) is a Banach space under this norm. Moreover,

[ufloo = ffull;

so that, in particular, B, (I';9,) is contained in ¢*° (I'; 9,); see [2].

We will focus, in particular, on the preduals of Hopf von Neumann algebras arising from the
crossed product constructions. Insight into their structure can be found in [2,7], where the framework
of "Fourier spaces” for crossed products has been described.

A discrete Hopf von Neumann algebra dynamical system is a quadruple (9%, A,T",«) such that
(M, T, «) is a discrete W*-dynamical system, (9%, A) is a Hopf von Neumann algebra and (as®as)A =
Aoqg forall seTl.

Lemma 2.1. Let (M, A, T, ) be a discrete Hopf von Neumann algebra dynamical system. Then
Mixo I is a Hopf von Neumann algebra.

Proof. Define A : Mx,I' — Mx LM, by A(zs) = A(x)(s® s) for all z € M and s € I'. Thus,
for every x,y € 9 and s,t € I' we have

Azsyt) = Azos(y)st)

)(A(y)) (st @ st)
s ® as)(AW) (s @ s) (s @ s71) (st @ st)
s®8)Ay)(s L@ s (st @ st)

)

Moreover, by using sx = as(z)s we have

A(sz) = Alas(x)s) = Aas(2))(s @ 8) = (s @ ) (Az)) (s ® 5) = (s @ s)A().
Consequently,
A(szty) = A(stay-1(z)y)

(st @ st)A(oy-1(2)y)
= (s®@s)(t@t) (a1 @ 1) (A(2))Aly)

(s ® 5)Ax)(t ® )A(y) = A(sz) A(ty).
Hence, we conclude that A(szty) = A(sz)A(ty). Moreover,
A(szyt) = Mag(z)syt) = Alas(z)s)Ayt) = Asz) A(yt).
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Thus, we conclude that Aisa x-representation. Suppose that @,v € (Mx,I).. For every s € T we

define w(s) = u(s) * v(s), then

[l =

IN

Therefore, w € (Mx,I"),. Now,

So,

lim (A (z5;), @ ® )

7

Therefore, A is a normal *-representation.

sup

e ()| <126 K(T,m) | 2o

Hfra (Z)”SLZEK(va) sel’

lall[2]

sup

sup

- sup [
7o ()<L zeK(Tm) 555

<A(Z z(s)s),u ® v)

sel’

> s)sll < Jalllia]l.

= th<A($i)(8i ® 8;), U ® V) = lign(A(a:i), u(s;) ®@v(s;))

= li£n<xi, cu(si) xv(s;)) = lign(xi,w(si»

= lim(x;s;, w) = 0.

7

(A ®id)A(xs)

Thus, (A ® id)A = (id ® A)A. In summary, we have proved that (Mx,I',A) forms a Hopf von

Neumann algebra.

Moreover,

A ®id)(A(z)(s® s))
(A®id)A(z)) (s® s ® s)
(id® A)A(2)) (s ® s ® s)

(
(
(
(id ® A)A(xs).

suppose that z;s; — 0 in the weak® topology o(Mx,I', (M x,I").).

O

Theorem 2.2. Let (M, A, T, «) be a discrete Hopf von Neumann algebra dynamical system. Then

M, is inner amenable, if and only if (M x, )

is inner amenable.

*

Proof. Suppose that F': 9t — C is an inner invariant mean and v : 9t x, I' — C is a state. Define

P:Mx ' — C by

Plas) = F(x)p(As)

(xeMsel).

If 4 € (M x4 I')s, then the following equalities hold:

G-2s = (id®a)Axs) = (id @ @) (A(z)(s ® 5))
— (A ®u(s)A@) s = (uls) - 2)s.
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In the same way, s -4 = (z - u(s))s. Consequently,

Pla-zs) = P((u(s)-2)s) = F(u(s) - 2)(¢(As)
= F(z-u(s)pAs) = P((x - u(s))s) = P(xs - a).

Moreover,

a-sr = (idea)A(sz) = (id ® @)((s @ s)(A(z))
= s(id@u(s))(A(x)) = s(u(s) - z).

Similarly, sz - @ = s(x - u(s)). Furthermore,

aslz-u(s)) = aul(uls) ®id)(A@))) = (u(s) 0 g ®id) (s ® a,)(A(x))
= (uls) 0 a1 @) Ay (@) = (@) - uls) 0 g

In the same way, as(u(s) - z) = u(s) o ag-1 - as(x). Thus,

P(a-sr) = P

So, (Mt x4, I'), is inner amenable.
Conversely, suppose that P : 9 x, I' — C is an inner invariant mean. Define F' : 9 — C by
F(z) = P(ze), where e is the identity element of I'. It is known that if f € 9, then f =" wp, k.,
for some sequences (hy,), (kn,) € H with 0% | ||hn]]? < 00, 30% [|kn|? < o0 and wh,, k, (z) = (xhn, kn)
for all z € 9.
Since M 3, [ is a von Neumann algebra defined on the Hilbert space ¢*(I', H) = /2(T') ® H, it can
be deduced that by setting @ = > > | Ws,@h,.6.0k,, We ensure that @ belongs to the predual space

(M x4 T),. Hence, u(e) = f and consequently,

Therefore, 91, is inner amenable. O

Corollary 2.3. Let (M, A,T',«) be a discrete Hopf von Neumann algebra dynamical system. M, is

strictly inner amenable, if and only if (M x4 '), is strictly inner amenable.

Proof. Suppose that F' : 9 — C is a strictly inner invariant mean. If ¢ € 9, then there is a
Uy € (M xo I')s such that uy(e) = ¢. Define P : M o I' = C by P(xs) = F(z)y(Xs) for all z € M

and s € I'. Then P is an inner invariant mean. If P : 9t x, ' — C is a mixed identity in (90T x4 I')*,
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then

for all ¢ € M, and x € M. Similarly, F(¢-x) = (p,z). Therefore, F is a mixed identity in 9* leading
to a contradiction.

Conversely, assume P : 9 x, I' — C is a strictly inner invariant mean. Define F' : 9t — C by
F(z) = P(ze) for all x € M. If p € M, and = € M, then

Flp-z) = Flug(e)- =)

Therefore, 91, is strictly inner amenable. O

Let us recall that the concept of an inner amenable discrete group I'. A discrete group I' is called
inner amenable, if there exists a mean M # . on £>°(T") such that M (¢.f) = M (r.f) holds for
all t € I" and f € ¢°°(I'). Here, d.(f) = f(e), the functions ¢;f and rf in ¢*°(I") are defined by
Lf(s) = f(ts) and r f(s) = f(st) for all s,t € " and f € £>°(T).

Moreover, a mean M # 0. on £*°(I") satisfies M (¢;f) = M (rif) for all t € I' and f € ¢>°(I), if
and only if M(f - @) = M(p- f) for all ¢ € £(I') and f € £°°(I'). This equivalence arises from the
expressions

fro=> otf and @ -f=>Y o(t)rf.

tel’ tel’
Define o : I' — Aut(¢>°(T")) by as(f)(t) = f(s 'ts) for all s,¢ € T'. On the other hand, (¢°(T), A,) is
a Hopf von Neumann algebra, where A,(f)(s,t) = f(st). Then it is easy to see that (as ® as) 0o Ay =

A, o as. Consequently, we can deduce the following corollary.

Corollary 2.4. The discrete group I' is inner amenable, if and only if ((°°(T') x4 ')« is inner amenable.
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