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A GENERALIZATION OF NORMAL ALMOST CONTACT MANIFOLDS

F. MALEK∗ AND A. GHOUJAEI BAVIL OLIAEI

Abstract. In this article, a new definition, called φ-normal, is introduced, which is a generalization
of normal condition on almost contact manifolds. Then some examples of φ-normal almost contact
manifolds that are not normal are presented, and a sufficient and necessary condition for equivalence
of these two definitions in 3-dimensional almost contact manifolds is provided. In the end, it is proven
that a φ-normal contact metric manifold is a Sasakian manifold.

1. Introduction

An almost contact structure on a (2n+ l)-dimensional manifold M is a reduction of the structural
group of the tangent bundle of M to the unitary group U(n). If a manifold M has a contact structure,
i.e., there exists a globally defined 1-form η on M such that η ∧ dηn never vanishes, then η induces an
almost contact structure on M [3]. An almost contact manifold naturally endows with structure tensors
(φ, ξ, η), and there can be defined an almost complex structure J on M × R on which J(X, f d

dt) =

(φ(X) − fξ, η(X) d
dt), for vector field X on M and f ∈ C∞(M × R). If now J is integrable, we

say that the almost contact structure is normal [7]. As the vanishing of the Nijenhuis torsion of J

is a necessary and sufficient condition for integrability [4], this also corresponds to a necessary and
sufficient condition for the Nijenhuis torsion of φ. In this way a Sasakian manifold [5], that is a
normal contact metric manifold, is analogous to Kähler manifolds. Sasakian manifold is a member of
a larger family of almost contact manifolds, called trans-Sasakian manifold, that contains Sasakian,
α−Sasakian, Kenmotsu, β−Kenmotsu, and cosymplectic manifolds, that all are normal almost contact
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manifolds. Also by a result of Sasaki-Hsu [6], every Brieskorn manifold has a normal contact structure.
In [8], Sato proved that if M admits a normal almost contact structure, then π2(M) = 0 or M is
homotopy equivalent to S1×S2, where π2(M) denotes the second homotopy group of M . Then Geiges
completed the investigation begun by Sato and gave a classification of the closed 3-manifolds that
admit normal contact forms or normal almost contact structures [2].

According to the description above, normality plays an important role in almost contact manifolds.
This motivates us to introduce a new definition called φ-normal, as a generalization of the normal
condition. In this paper, we replace the normal condition in almost contact manifolds with a weaker
condition named by φ-normal, and demonstrate the validity of the new definition.

The paper is organized as follows: In Section 2, fundamental concepts and definitions essential for
the study are presented, including the new definition of φ-normality for almost contact manifolds. In
section Section 3, an example of a φ-normal almost contact manifold that is not normal is provided,
and a necessary and sufficient condition for the equivalence of these two definitions in 3-dimensional
almost contact manifolds is presented. In Section 4, the focus is on φ-normal contact metric mani-
folds, and it is proven that the normal and φ-normal properties are equivalent on the contact metric
manifolds.

2. Preliminaries

In this paper, the notion X(M) represents the Lie algebra of all vector fields on M.

A smooth manifold M2n+1 is referred to as an almost contact manifold ([1]) if there exist a (1, 1)-
tensor field φ, a 1-form η, and a vector field ξ satisfying the following conditions,

φ2 = −I + η ⊗ ξ, η(ξ) = 1.

Moreover, an almost contact manifold M with the almost contact structure (φ, ξ, η), together with
the Riemann metric g, is called an almost contact metric manifold, if for every X,Y ∈ X(M) the
following equation holds,

g(φX,φY ) = g(X,Y )− η(X)η(Y ).

In this case, the fundamental 2-form Φ is defined as,

Φ(X,Y ) = g(X,φY ),

for every X,Y ∈ X(M). An almost contact metric manifold is further referred to as a contact metric
manifold if Φ = dη. On a contact metric manifold (M,φ, ξ, η, g), the following relation is satisfied
([1]),

(∇Xφ)Y + (∇φXφ)φY = 2g(X,Y )ξ − η(Y )(X + hX + η(X)ξ),(2.1)

where the tensor field h on almost contact manifolds is defined by

h =
1

2
Lξφ,
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in which Lξ denotes the Lie differentiation in the direction of ξ. This can be expressed as,

2h(X) = [ξ, φX]− φ[ξ,X].

It is proved that on a contact metric manifold, h is a symmetric operator, that means g(hX, Y ) =

g(X,hY ), and it anti-commutes with φ, meaning φ ◦ h = −h ◦ φ, additionally

∇Xξ = −φX − φhX(2.2)

holds.
A contact metric structure (φ, ξ, η, g) is called K-contact if, ξ is a Killing vector field, which is

equivalent to h = 0 ([1]).
The Nijenhuis torsion [T, T ] of a tensor field T of type (1, 1) is defined as a tensor field of type (1,

2) given by

[T, T ](X,Y ) = T 2[X,Y ] + [TX, TY ]− T [TX, Y ]− T [X,TY ].

Almost contact manifolds, which are analogous to almost complex manifolds in a certain sense, are
defined as manifolds with structural group U(n)× 1 ([1]). They can be thought of as odd-dimensional
analogues of almost complex manifolds. Let M be an almost contact manifold with structure tensors
(φ, ξ, η). The product M ×R naturally carries an almost complex structure J defined by,

J(X, f
d

dt
) = (φX − fξ, η(X)

d

dt
).

If J is integrable, meaning [J, J ] = 0, the almost contact structure (φ, ξ, η) is said to be normal. This
follows that an almost contact structure (φ, ξ, η) is normal, if

[φ,φ](X,Y ) + dη(X,Y )ξ = 0.(2.3)

A Sasakian manifold is a normal contact metric manifold, and this is equivalent to the fact that
(M ×R, J) is a Kähler manifold [1]. It is known that the Sasakian condition can be expressed as an
almost contact metric manifold satisfying the relation [1],

(∇Xφ)Y = g(X,Y )ξ − η(Y )X.

An interesting property to note on Sasakian manifolds is immediate, namely φ[φ,φ] = 0. The question
arises whether the converse is true: if in a contact metric manifold the equality φ[φ,φ] = 0 holds, can
we deduce that the manifold is Sasakian?

Motivated by the so called property of the Sasakian manifolds, we introduce the new definition:

Definition 2.1. An almost contact structure (φ, ξ, η), is said to be φ-normal, if φ[φ,φ] = 0.

By equality (2.3), and since φξ = 0, it is evident thatnormal almost contact manifolds are φ-normal,
but the converse is not necessarily true.
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3. φ-normal almost contact manifolds

In this section, we compare two notions, normal and φ-normal conditions on almost contact man-
ifolds and provide a necessary and sufficient condition for the equivalence of these two notions.

It is evident that φ-normality is a generalization of normal condition. In the following, we give an
example of a φ-normal almost contact manifold which is not normal.

Example 3.1. Consider M = R3 with vector fields

e1 =
∂

∂x
, e2 =

∂

∂y
+ z

∂

∂z
, e3 =

∂

∂z
.

Then M carries an almost contact structure (φ, ξ, η) defined by

ξ = e3, η = dz − zdy,

φe1 = e2, φe2 = −e1, φξ = 0.

Thus we have η(e1) = 0 = η(e2), and η(ξ) = 1. It can be seen that η ∧ dη = 0, and thus η is not a
contact form.

The following Lie brackets can easily be obtained,

[ξ, e1] = 0 = [e1, e2], [ξ, e2] = ξ.

By a simple calculation one can see that [φ,φ](ei, ej) = 0 for each i, j = 1, 2, 3. Thus we have
φ[φ,φ] = 0 and thus M is φ-normal. But M is not normal because,

[φ,φ](ξ, e2) + 2dη(ξ, e2)ξ = −η[ξ, e2]ξ

= −η(ξ)ξ

= −ξ ̸= 0.

As is known, in normal almost contact manifolds we have h = 0 [1], but such a role is not necessarily
established in φ-normal almost contact manifolds, even in such a case, η ◦ h may not vanish. For
example in the above example we have 2h(e1) = ξ and thus η ◦ h(e1) = 1

2 . In the following , we show
the importance of vanishing of η ◦ h in 3-dimensional φ-normal almost contact manifolds.

Proposition 3.2. The 3-dimensional φ-normal almost contact manifold (M,φ, ξ, η) is normal, if and
only if η ◦ h = 0.

Proof. If M is normal, then evidently h = 0, and thus η ◦ h = 0.

Now suppose that M is φ-normal and η ◦ h = 0, then

0 = φ[φ,φ](ξ,X) = φ(φ2[ξ,X]− φ[ξ, φX])

= −φ[ξ,X] + [ξ, φX]− η([ξ, φX])ξ

= 2h(X)− 2dη(ξ, φX)ξ.
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According to the given assumption we have η◦h = 0, thus by the above equality, we get dη(ξ, φX) = 0,

and using again the equality h(X) − dη(ξ, φX)ξ = 0 gives h = 0, and since [φ,φ](ξ,X) = −2φh(X),

then we have [φ,φ](ξ,X) = 0, and thus

([φ,φ] + 2dη ⊗ ξ)(ξ,X) = 0.

Now let’s take the local φ -basis {X,φX, ξ} for M , then we have,

[φ,φ](X,φX) = [φX,φ2X] + φ2[X,φX]− φ[X,φ2X]

= −[φX,X] + (φX)(η(X))ξ + η(X)[φX, ξ]

− [X,φX] + η([X,φX])ξ − η(X)φ[X, ξ]

= {(φX)(η(X)) + η([X,φX])}ξ + η(X)([φX, ξ]− φ[X, ξ])

= 2dη(φX,X)ξ + 2η(X)h(X).

= −2dη(X,φX)ξ,

which proves ([φ,φ] + 2dη ⊗ ξ)(X,φX) = 0. Therefore we have [φ,φ] + 2dη ⊗ ξ = 0, that means M is
normal. □

In the following, we provide an example that shows that the above Proposition is not necessarily
true for dimensions greater than 3.

Example 3.3. Consider M = R5 with vector fields

e1 =
∂

∂x1
, e2 =

∂

∂x2
, e3 = x2

∂

∂x5
+

∂

∂x3
, e4 =

∂

∂x4
, e5 =

∂

∂x5
.

Then M carries an almost contact structure (φ, ξ, η) defined by

ξ = e5, η = dx5 − x2dx3,

φe1 = e2, φe2 = −e1, φe3 = e4, φe4 = −e3, φξ = 0.

We have η(ei) = 0 for i = 1, ..., 4, and η(ξ) = 1. It can be seen that η ∧ (dη)2 = 0, and thus η is not a
contact form.

It is evident that the only non vanishing Lie bracket is [e2, e3] = ξ.

Also by a simple calculation one can see that the only non vanishing terms of [φ,φ](ei, ej) are

[φ,φ](e1, e4) = [φ(e1), φ(e4)] = −[e2, e3] = −ξ.

Thus we have φ[φ,φ] = 0 and this shows that M is φ-normal. But M is not normal because,

([φ,φ] + 2dη ⊗ ξ)(e1, e4) = [φ,φ](e1, e4) + η([e1, e4])ξ,

= −[e2, e3]

= −ξ ̸= 0.

It is noteworthy that h = 0. Thus this is an example of a φ-normal almost contact manifold with
h = 0, that is not normal.
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4. φ-normal contact metric manifolds

In this section, the equivalence between normality and φ-normality on contact metric manifolds
is established, showing that φ-normal contact metric manifolds are Sasakian manifolds. The proof
involves some lemmas and propositions.

Lemma 4.1. On a contact metric manifold (M,φ, ξ, η, g), for every X,Y ∈ X(M), the following
equation holds,

1

2
φ[φ,φ](X,Y ) = ((∇Xφ)Y − (∇Y φ)X) + η(Y )X − η(X)Y.(4.1)

Proof. By definition of [φ,φ](X,Y ), we have ([1], p.87):

[φ,φ](X,Y ) = (∇φXφ)Y − (∇φY φ)X − φ((∇Xφ)Y ) + φ((∇Y φ)X),

and then,

φ[φ,φ](X,Y ) =φ(∇φXφ)Y − φ(∇φY φ)X + (∇Xφ)Y − (∇Y φ)X

+ (η(∇Xφ)Y − η(∇Y φ)X)ξ

=φ(∇φXφ)Y − φ(∇φY φ)X + (∇Xφ)Y − (∇Y φ)X

− g(φY,∇Xξ) + g(φX,∇Y ξ).

Using formula (2.2) and symmetrization of h, results the following formula,

φ[φ,φ](X,Y ) = φ(∇φXφ)Y − φ(∇φY φ)X + (∇Xφ)Y − (∇Y φ)X.(4.2)

On the other hand, using the equality

φ(∇φXφ)Y = −(∇φXφ)φY + ((∇φXη)Y )ξ + η(Y )∇φXξ,

and changing the role of X and Y in the above equality, and subtracting the obtained one, from the
above equality, we get

φ(∇φXφ)Y − φ(∇φY φ)X =− (∇φXφ)φY + ((∇φXη)Y )ξ + η(Y )∇φXξ + (∇φY φ)φX

− ((∇φY η)X)ξ − η(X)∇φY ξ.

Comparing the above equality with formula (2.1), we get

φ(∇φXφ)Y − φ(∇φY φ)X =(∇Xφ)Y + 2η(Y )X − g(hX, Y )ξ

− (∇Y φ)X − 2η(X)Y + g(hY,X)ξ

=(∇Xφ)Y − (∇Y φ)X + 2η(Y )X − 2η(X)Y.

By substituting the above equality into equation (4.2), we get the assertion. □

Lemma 4.2. On a contact metric manifold (M,φ, ξ, η, g), for every X,Y ∈ X(M), the following
equation holds,

φ[φ,φ](φX,φY ) = −φ[φ,φ](X,Y ) + 2η(X)hY − 2η(Y )hX.(4.3)
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Proof. Using Lemma 4.1, and substituting X and Y by φX and φY respectively in formula (4.1), we
have

1

2
φ[φ,φ](φX,φY ) =(∇φXφ)φY − (∇φY φ)φX.

Adding the above equality to equation (4.1), and using (2.1), we obtain the desired result. □

Now let’s consider the effect of a weaker assumption than φ-normality, on contact metric manifolds.

Proposition 4.3. A contact metric manifold is K-contact if and only if

φ[φ,φ](X,Y ) + φ[φ,φ](φX,φY ) = 0.

Proof. Let (M,φ, ξ, η, g) be a contact metric manifold, if it is K-contact, that means h = 0, then
Lemma 4.2 gives the assertion.

Now suppose that,

φ[φ,φ](X,Y ) + φ[φ,φ](φX,φY ) = 0.

Using equation (4.3), we obtain,

η(X)hY − η(Y )hX = 0.

Substituting X by ξ, we obtain h = 0, which proves that M is K-contact. □

In the following example, we provide a contact manifold that is not φ-normal, but satisfies the
equality φ[φ,φ](X,Y ) + φ[φ,φ](φX,φY ) = 0. This shows that the latter relationship is weaker than
φ−normality.

Example 4.4. Consider M = R5 with vector fields

e1 =
∂

∂x1
, e2 = x1

∂

∂x1
+

∂

∂x2
− x1

∂

∂x3
, e3 =

∂

∂x3
, e4 =

∂

∂x4
− x5

∂

∂x3
, e5 =

∂

∂x5
− ∂

∂x3
.

Then M carries an almost contact structure (φ, ξ, η) defined by

ξ = e3, η = dx3 + x1dx2 + x5dx4 + dx5,

φe1 = e4, φe2 = e5, φe3 = 0, φe4 = −e1, φe5 = −e2.

We have η(ei) = 0, i = 1, ..., 4, and η(ξ) = 1. It can be observed that η ∧ (dη)2 ̸= 0, indicating that η

is a contact form.
It is evident that the only non vanishing Lie brackets are [e1, e2] = e1− ξ, and [e4, e5] = ξ. Through

a simple calculation, we find that the only non vanishing Nijenhuis torsions [φ,φ](ei, ej) are,

[φ,φ](e1, e2) = ξ − e1 = −[φ,φ](e4, e5), [φ,φ](e4, e2) = e4 = [φ,φ](e1, e5).

Thus we have,

φ[φ,φ](e1, e2) = −e4 = −φ[φ,φ](φe1, φe2)

φ[φ,φ](e4, e2) = −e1 = −φ[φ,φ](φe4, φe2).
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Therefor φ[φ,φ] ̸= 0, but φ[φ,φ] + φ[φ,φ](φ., φ.) = 0.

A Sasakian manifold is known to be a normal contact metric manifold. Here we prove that the
normal assumption can be replaced by the weaker assumption of being φ-normal.

Theorem 4.5. A φ-normal contact metric manifold is Sasakian.

Proof. By using the co-boundary formula for the exterior derivative d on 2-form Φ, we can express it
as follows,

3dΦ(X,Y, Z) = g(Z, (∇Y φ)X − (∇Xφ)Y ) + g(X, (∇Zφ)Y ),

considering that on contact metric manifolds, dΦ = 0, we obtain the equation,

g(X, (∇Zφ)Y ) = g(Z, (∇Xφ)Y − (∇Y φ)X).

Using Lemma 4.1, the above formula can be rewritten as,

g(X, (∇Zφ)Y ) = g(Z,
1

2
φ[φ,φ](X,Y )− η(Y )X + η(X)Y ).

Since manifold is φ-normal, we have

g(X, (∇Zφ)Y ) =g(Z,−η(Y )X + η(X)Y, )

=g(X,−η(Y )Z + g(Z, Y )ξ).

Consequently, we obtain the expression

(∇Zφ)Y = g(Z, Y )ξ − η(Y )Z,

and this proves that M is Sasakian. □

In the following we provide an example of a contact manifold, but not contact metric. That is
φ−normal, but not normal.

Example 4.6. Consider M = R5 with vector fields

e1 =
∂

∂x1
, e2 =

∂

∂x2
, e3 = x2

∂

∂x5
+

∂

∂x3
, e4 =

∂

∂x4
− (x1 − x5)

∂

∂x5
+ x3

∂

∂x3
, e5 =

∂

∂x5
.

Then M carries an almost contact structure (φ, ξ, η) defined by

ξ = e5, η = dx5 − x2dx3 + (x1 − x5 + x2x3)dx4,

φe1 = e2, φe2 = −e1, φe3 = e4, φe4 = −e3, φξ = 0.

We have η(ei) = 0 for i = 1, ..., 4, and η(ξ) = 1. It can be seen that η ∧ (dη)2 ̸= 0, and thus η is a
contact form.

It is evident that the only non vanishing Lie brackets are,

−[e1, e4] = [e2, e3] = −[e4, e5] = ξ, [e3, e4] = e3.
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Also by a simple calculation one can see that the only non vanishing Nijenhuis torsions [φ,φ](ei, ej)

are

[φ,φ](e2, e3) = ξ = −[φ,φ](e1, e4)].

Thus we have φ[φ,φ] = 0 and this shows that M is φ-normal. But M is not normal because,

([φ,φ] + 2dη ⊗ ξ)(e4, e5) = [φ,φ](e4, e5)− η([e4, e5])ξ,

= η(ξ)ξ

= ξ ̸= 0.
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