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A GENERALIZATION OF NORMAL ALMOST CONTACT MANIFOLDS

F. MALEK® AND A. GHOUJAEI BAVIL OLIAEI

ABSTRACT. In this article, a new definition, called p-normal, is introduced, which is a generalization
of normal condition on almost contact manifolds. Then some examples of p-normal almost contact
manifolds that are not normal are presented, and a sufficient and necessary condition for equivalence
of these two definitions in 3-dimensional almost contact manifolds is provided. In the end, it is proven

that a ¢-normal contact metric manifold is a Sasakian manifold.

1. Introduction

An almost contact structure on a (2n + [)-dimensional manifold M is a reduction of the structural
group of the tangent bundle of M to the unitary group U(n). If a manifold M has a contact structure,
i.e., there exists a globally defined 1-form 1 on M such that n A dn™ never vanishes, then 7 induces an
almost contact structure on M [3]. An almost contact manifold naturally endows with structure tensors
(p,&,m), and there can be defined an almost complex structure J on M x R on which J(X, f %) =
(p(X) — ff,n(X)%), for vector field X on M and f € C*°(M x R). If now J is integrable, we
say that the almost contact structure is normal [7]. As the vanishing of the Nijenhuis torsion of J
is a necessary and sufficient condition for integrability [], this also corresponds to a necessary and
sufficient condition for the Nijenhuis torsion of ¢. In this way a Sasakian manifold [5], that is a
normal contact metric manifold, is analogous to Kahler manifolds. Sasakian manifold is a member of
a larger family of almost contact manifolds, called trans-Sasakian manifold, that contains Sasakian,

a—Sasakian, Kenmotsu, —Kenmotsu, and cosymplectic manifolds, that all are normal almost contact
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manifolds. Also by a result of Sasaki-Hsu [0], every Brieskorn manifold has a normal contact structure.
In [8], Sato proved that if M admits a normal almost contact structure, then mo(M) = 0 or M is
homotopy equivalent to Sy x Sy, where mo(M) denotes the second homotopy group of M. Then Geiges
completed the investigation begun by Sato and gave a classification of the closed 3-manifolds that
admit normal contact forms or normal almost contact structures [2].

According to the description above, normality plays an important role in almost contact manifolds.
This motivates us to introduce a new definition called p-normal, as a generalization of the normal
condition. In this paper, we replace the normal condition in almost contact manifolds with a weaker
condition named by ¢-normal, and demonstrate the validity of the new definition.

The paper is organized as follows: In Section 2, fundamental concepts and definitions essential for
the study are presented, including the new definition of ¢-normality for almost contact manifolds. In
section Section 3, an example of a p-normal almost contact manifold that is not normal is provided,
and a necessary and sufficient condition for the equivalence of these two definitions in 3-dimensional
almost contact manifolds is presented. In Section 4, the focus is on ¢-normal contact metric mani-
folds, and it is proven that the normal and @-normal properties are equivalent on the contact metric

manifolds.

2. Preliminaries

In this paper, the notion X(M) represents the Lie algebra of all vector fields on M.
A smooth manifold M?"*! is referred to as an almost contact manifold ([1]) if there exist a (1,1)-

tensor field ¢, a 1-form 7, and a vector field £ satisfying the following conditions,

pr=-I+n®¢  nE) =1

Moreover, an almost contact manifold M with the almost contact structure (¢,&,7n), together with
the Riemann metric g, is called an almost contact metric manifold, if for every X,Y € X(M) the

following equation holds,
9(eX,¢Y) = g(X,Y) = n(X)n(Y).

In this case, the fundamental 2-form & is defined as,
(I)(Xv Y) = g(X’ (PY)’

for every X,Y € X(M). An almost contact metric manifold is further referred to as a contact metric

manifold if ® = dn. On a contact metric manifold (M, p, &, n,g), the following relation is satisfied

([,
(2.1) (Vx@)Y + (Voxp)pY = 29(X,Y)E —n(Y)(X + hX +n(X)E),
where the tensor field h on almost contact manifolds is defined by

1
h==
5 Lee;
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in which £¢ denotes the Lie differentiation in the direction of §. This can be expressed as,
2h(X) = [§, o X] — [, X].

It is proved that on a contact metric manifold, h is a symmetric operator, that means g(hX,Y) =

g(X,hY), and it anti-commutes with ¢, meaning ¢ o h = —h o ¢, additionally
(2.2) Vil = —oX — ohX

holds.

A contact metric structure (¢,&,7,g) is called K-contact if, ¢ is a Killing vector field, which is
equivalent to h =0 ([1]).

The Nijenhuis torsion [T',T] of a tensor field T of type (1, 1) is defined as a tensor field of type (1,
2) given by

[T, T)(X,Y) = T*[X,Y] + [TX,TY] - T[TX,Y] — T[X,TY].

Almost contact manifolds, which are analogous to almost complex manifolds in a certain sense, are
defined as manifolds with structural group U(n) x 1 ([1]). They can be thought of as odd-dimensional
analogues of almost complex manifolds. Let M be an almost contact manifold with structure tensors

(¢,&,m). The product M x R naturally carries an almost complex structure J defined by,

d

T 5 5) = (pX — JEn(X) )

If J is integrable, meaning [J, J] = 0, the almost contact structure (p,&,n) is said to be normal. This

follows that an almost contact structure (¢, &,n) is normal, if
(2.3) [P, 0] (X,Y) + dn(X,Y)§ = 0.

A Sasakian manifold is a normal contact metric manifold, and this is equivalent to the fact that
(M x R,J) is a Kéhler manifold [I]. It is known that the Sasakian condition can be expressed as an

almost contact metric manifold satisfying the relation [1],
(Vxe)Y =g(X,Y)§ —n(Y)X.

An interesting property to note on Sasakian manifolds is immediate, namely ¢[p, ¢] = 0. The question
arises whether the converse is true: if in a contact metric manifold the equality [, ¢] = 0 holds, can
we deduce that the manifold is Sasakian?

Motivated by the so called property of the Sasakian manifolds, we introduce the new definition:
Definition 2.1. An almost contact structure (p,&,n), is said to be p-normal, if vlp, ] = 0.

By equality (2.3), and since ¢& = 0, it is evident thatnormal almost contact manifolds are ¢-normal,

but the converse is not necessarily true.
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3. ¢-normal almost contact manifolds

In this section, we compare two notions, normal and ¢-normal conditions on almost contact man-
ifolds and provide a necessary and sufficient condition for the equivalence of these two notions.
It is evident that @-normality is a generalization of normal condition. In the following, we give an

example of a p-normal almost contact manifold which is not normal.

Example 3.1. Consider M = R? with vector fields
0 0 0 0

%, 62:@—’-2%, 6325.

€1 =
Then M carries an almost contact structure (,&,n) defined by

£ =e3, n=dz—zdy,
pep = e, pey = —ep, & =0.
Thus we have n(e1) = 0 = n(e2), and n(§) = 1. It can be seen that n A dn = 0, and thus n is not a

contact form.

The following Lie brackets can easily be obtained,

[57 61] =0= [61762]7 [5762] =¢.

By a simple calculation one can see that [¢,¢](e;,ej) = 0 for each i,j = 1,2,3. Thus we have

©lp, ] =0 and thus M is ¢-normal. But M is not normal because,

[907 90] (57 62) + 2d77(§’ 62)5 = _"7[67 62]5
= —n(£)¢
= £ #0.
As is known, in normal almost contact manifolds we have h = 0 [1], but such a role is not necessarily
established in ¢-normal almost contact manifolds, even in such a case, n o h may not vanish. For

example in the above example we have 2h(e;) = £ and thus no h(e1) = % In the following , we show

the importance of vanishing of n o h in 3-dimensional ¢-normal almost contact manifolds.

Proposition 3.2. The 3-dimensional @-normal almost contact manifold (M, ¢,&,n) is normal, if and

only if noh = 0.

Proof. If M is normal, then evidently A = 0, and thus no h = 0.
Now suppose that M is p-normal and 1o h = 0, then
0= plp, ¢](& X) = 99?6, X] — ¢l€, 9X])

= —pl&, X] + [€, 0 X] — (&, pX])¢
= 2h(X) — 2dn(&, pX)E.
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According to the given assumption we have noh = 0, thus by the above equality, we get dn(&, 9 X) = 0,
and using again the equality h(X) — dn(&, X)§ = 0 gives h = 0, and since [p, ¢](£, X) = —2ph(X),
then we have [p, ¢](§, X) = 0, and thus

([p, 9] +2dn ® €)(€, X) = 0.

Now let’s take the local ¢ -basis {X, ¢ X, £} for M, then we have,
[0, P)(X, 0X) = [0X, 9 X] + 9?[X, 0 X] — o[ X, " X]
= —[pX, X] + (X)(n(X))€ + n(X)[pX, ]
— [X, o X] + n([X, pX])§ — n(X)p[X, ]
= {(X)(n(X)) + n([X, e X])}¢ + n(X)([pX, €] — [X,&])
= 2dn(pX, X)€ + 2n(X)h(X).
= —2dn(X, X)¢,
which proves ([, ] +2dn ® €)(X,¢X) = 0. Therefore we have [p, @] + 2dn ® & = 0, that means M is

normal. O

In the following, we provide an example that shows that the above Proposition is not necessarily

true for dimensions greater than 3.

Example 3.3. Consider M = R> with vector fields

I R T B B )
T orl P T 02 BT 95 T o T ot T

Then M carries an almost contact structure (¢,&,n) defined by

€1

E=e5, n= da® — 2%da3,
e = ey, pep = —eq, ez = eyq, peqg = —e3, & =0.

We have n(e;) =0 fori=1,...,4, and n(&) = 1. It can be seen that n A (dn)?> = 0, and thus 7 is not a
contact form.

It is evident that the only non vanishing Lie bracket is [ea, e3] = &.

Also by a simple calculation one can see that the only non vanishing terms of (¢, ¢(ei, e;) are

[o, ¢l(e1, e4) = [p(e1), p(es)] = —lea, e3] = —¢.
Thus we have p[p, p] = 0 and this shows that M is p-normal. But M is not normal because,
([p, ] + 2dn @ €)(e1, e4) = [, @l(ex, ea) + n([en, ea])S,
= —[ez, €3]
=—£#0.

It is noteworthy that h = 0. Thus this is an example of a p-normal almost contact manifold with

h =0, that is not normal.
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4. p-normal contact metric manifolds

In this section, the equivalence between normality and (-normality on contact metric manifolds
is established, showing that p-normal contact metric manifolds are Sasakian manifolds. The proof

involves some lemmas and propositions.

Lemma 4.1. On a contact metric manifold (M,p,&,n,q), for every X, Y € X(M), the following

equation holds,

(1) Sole Al(X V) = (Vxg)Y — () X) + ()X — n(X)Y.

Proof. By definition of [¢, ¢](X,Y), we have ([1], p.87):
[0, el(X,Y) = (Vox @)Y = (Vo) X —o((Vx9)Y) + o(Vye) X),

and then,

ele, o)(X,Y) =p(Vox )Y — o(Vey ) X + (Vx @)Y = (Vyp)X
+ ((Vxp)Y —n(Vyp)X)E
=0(Vex@)Y — o(Vey )X + (Vx9)Y — (Vyp)X
= 9(¢Y,Vx&) + g(pX, Vy§).

Using formula (2.2) and symmetrization of h, results the following formula,

(4.2) elo, ol(X,Y) = o(Vexp)Y — o(Veyp) X + (Vxp)Y — (Vyp) X.

On the other hand, using the equality

P(Vexp)Y = =(Voxe)eY + ((Vexn)Y)E + n(Y)Vexé,
and changing the role of X and Y in the above equality, and subtracting the obtained one, from the

above equality, we get
P(Vox @)Y —p(Vey )X = = (Vox @)oY + (Vexm)Y)E +n(Y)Vex§ + (Veye)pX
- ((VQDYT/)X)g - U(X)vgoYf-
Comparing the above equality with formula (2.1), we get
P(Voxp)Y —o(Veye) X =(Vxe)Y +2n(Y)X — g(hX,Y)¢
= (Vyp)X —2n(X)Y + g(hY, X)¢
=(Vxp)Y — (Vyp)X +2n(Y)X — 2n(X)Y.

By substituting the above equality into equation (4.2), we get the assertion. O

Lemma 4.2. On a contact metric manifold (M, ¢,&,n,g), for every XY € X(M), the following

equation holds,
(4.3) e, pl(9X, oY) = —plp, o(X,Y) + 2n(X)RY —2n(Y)hX.
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Proof. Using Lemma 4.1, and substituting X and Y by ¢ X and @Y respectively in formula (4.1), we

have
1
2Pl Pl(0X, oY) =(Vox )oY — (Voy p)pX.
Adding the above equality to equation (4.1), and using (2.1), we obtain the desired result. O

Now let’s consider the effect of a weaker assumption than p-normality, on contact metric manifolds.

Proposition 4.3. A contact metric manifold is K-contact if and only if
ple, Al(X,Y) + elp, o] (X, ¢Y) = 0.

Proof. Let (M, p,&,m,g) be a contact metric manifold, if it is K-contact, that means h = 0, then
Lemma 4.2 gives the assertion.

Now suppose that,

ele, pl(X,Y) + olp, l(9 X, oY) = 0.
Using equation (4.3), we obtain,
n(X)hRY —n(Y)hX = 0.
Substituting X by &, we obtain h = 0, which proves that M is K-contact. O

In the following example, we provide a contact manifold that is not -normal, but satisfies the
equality @[y, o|(X,Y) + ¢lp, ¢|(¢X, YY) = 0. This shows that the latter relationship is weaker than

p—normality.

Example 4.4. Consider M = R> with vector fields
_ 9 _p2 90 w0 0 9 59 _0 0
T oxl 7T T 9xl T 0a2 03" T 93 Tt Oat ox3’ P T 0r% 0¥

Then M carries an almost contact structure (,&,n) defined by

€1

€ =es3, n=de® + ztde? + 25dat + da®,
pe1 = e4, pex = es5, ez =0, pey = —e1, pes = —ea.

We have n(e;) = 0,i = 1,...,4, and n(€) = 1. It can be observed that n A (dn)? # 0, indicating that n
s a contact form.
It is evident that the only non vanishing Lie brackets are [e1,es] = e1 — &, and [eq, e5] = €. Through

a simple calculation, we find that the only non vanishing Nijenhuis torsions [¢, (e, e;) are,

[307 @](61’62) = 6 — €1 = _[90’ 90](64765)’ [30’ @}(64762) = €4 = [‘707 90](61765)'

Thus we have,

elp, pl(e1,e2) = —es = —@lp, p](pe1, pea)
elp, pl(es, e2) = —e1 = —p[p, p](peq, pea).
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Therefor @[y, p] # 0, but [p, @] + plp, ©](p., .) = 0.

A Sasakian manifold is known to be a normal contact metric manifold. Here we prove that the

normal assumption can be replaced by the weaker assumption of being ¢-normal.
Theorem 4.5. A p-normal contact metric manifold is Sasakian.

Proof. By using the co-boundary formula for the exterior derivative d on 2-form ®, we can express it

as follows,
3dD(X,Y, Z) = g(Z, (Vy )X — (Vx¢)Y) + 9(X, (Vz9)Y),
considering that on contact metric manifolds, d® = 0, we obtain the equation,
9(X, (Vze)Y) = 9(Z,(Vx @)Y = (Vyp)X).
Using Lemma 4.1, the above formula can be rewritten as,
9(X, (V20)Y) = 9(Z, el @l(X,¥) — n(¥)X + n(X)Y).
Since manifold is ¢-normal, we have
9(X, (Vze)Y) =g(Z, —n(Y) X + n(X)Y,)
=9(X, =n(Y)Z +g(Z,Y)§).
Consequently, we obtain the expression
(Vzp)Y =g(Z,Y)§ —n(Y)Z,
and this proves that M is Sasakian. O

In the following we provide an example of a contact manifold, but not contact metric. That is

p—normal, but not normal.

Example 4.6. Consider M = R° with vector fields

0 0 a0 0 o
_8561762_(9:102’63_3:8:105 8x3’64_8x4

Then M carries an almost contact structure (,&,n) defined by

N 3:5)i + 23

“ oz® ox3’

es = —.

57 9zb
€ =e5, n=dz® —22da® + (z' — 2° + 2%23)dz?,

pe| = ea, pep = —eq, ez = eyq, peqg = —e3, & =0.

We have n(e;) = 0 fori = 1,....4, and n(§) = 1. It can be seen that n A (dn)? # 0, and thus n is a
contact form.

1t is evident that the only non vanishing Lie brackets are,
—le1, eq] = [e2, e3] = —[eq, e5] =&, [es,eq] = e3.
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Also by a simple calculation one can see that the only non vanishing Nijenhuis torsions [, p](e;, ;)

are

[907 80](627 63) =¢= _[907 90](617 64)]'

Thus we have p[p, ¢] = 0 and this shows that M is p-normal. But M is not normal because,

([p, 0] +2dn ® &) (ea, e5) = [, pl(eq, e5) — n([ea, e5])E,
=n(§)§
=£#0.
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