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AN ALGEBRAIC PROOF OF THE CLASSIFICATION OF FIVE-DIMENSIONAL
NILSOLITONS

H. R. SALIMI MOGHADDAM

ABSTRACT. In 2002, using a variational method, Lauret classified five-dimensional nilsolitons. In
this work, using the algebraic Ricci soliton equation, we obtain the same classification. We show that,
among ten classes of five-dimensional connected and simply connected nilmanifolds, seven classes admit
the Ricci soliton structure. Furthermore, we compute the derivation that satisfies the algebraic Ricci

soliton equation in each case..

1. Introduction

Suppose that (M, g) is a complete Riemannian manifold and ric, denotes its Ricci tensor. If for a

real number ¢ and a complete vector field X, the Riemannian metric g satisfies the equation
(1.1) ric, = cg + Lxg,

then ¢ is called a Ricci soliton. In this equation, if ¢ > 0, ¢ = 0 or ¢ < 0, then ¢ is named shrinking,
steady, or expanding Ricci soliton.

Although the above definition is a generalization of Einstein metrics but the main motivation for
considering Ricci solitons is the Ricci flow equation

0 .
(1.2) &g(t) = —2ricy(),

which was introduced by Hamilton in 1982 for a curve g(t) of Riemannian metrics on a manifold M

(see [2]). A Riemannian metric g is a Ricci soliton on M if and only if the following one-parameter
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family of Riemannian metrics is a solution of (1.2) (see [13] and [11]),

(1.3) gt = (—2ct + 1)pi g,

where ¢, is a one-parameter group of diffeomorphisms. A very interesting case happens when we study
Ricci solitons on Lie groups. Suppose that G is a Lie group, g is its Lie algebra and ¢ is a left invariant
Riemannian metric on G. If for a real number ¢ and a derivation D € Der(g), the (1,1)-Ricci tensor

Ricy of g satisfies the equation
(1.4) Ricg = cld+ D,

then g is called an algebraic Ricci soliton. Moreover, if G is a nilpotent Lie group then it is called
a nilsoliton. It is shown that all algebraic Ricci solitons are Ricci soliton (for more details see [7]
and [3]).

In 2001, Lauret proved that on nilpotent Lie groups a left-invariant Riemannian metric g is a Ricci
soliton if and only if it is an algebraic Ricci soliton. In fact, for left-invariant Riemannian metrics on
nilpotent Lie groups the equations (1.1) and (1.4) are equivalent (see [3] and [(]).

A solvable Lie group S, equipped with a left-invariant Riemannian metric, is termed a solvmanifold.

© is abelian, and is termed rank-one if

Let n := [s,s]. A solvmanifold is called standard, if a := n
dim(a) = 1. Consider (n,(-,-)) as a fixed inner product vector space of dimension n. We denote
the real algebraic variety of all nilpotent Lie algebra structures on n by AN/ C /\2 n* ®n. For an
element y € NV, let NV, be the simply connected nilpotent Lie group equipped with the left-invariant
Riemannian metric ¢ = (-,-) and Lie algebra (n, ). In [9], Lauret demonstrated that any element
p € N can naturally be viewed as an (n + 1)-dimensional rank-one solvmanifold S,, where S, is
the unique rank-one metric solvable extension of NV, that satisfies the conditions to be Einstein. He
characterized the Einstein spaces of the form S), as critical points of the functional sc : /\2 neon—R
restricted to S, the sphere in A?n* @ n (see Theorem 1 of [9]). The critical points of this restricted
functional, which is a polynomial of degree 4, contains the set of all nilsolitons. In this work, we
utilize equations based on structural constants. This method is simpler than computing the critical
points of the aforementioned functional. Additionally, this approach allows for the computation of
the derivation associated with algebraic Ricci solitons. Furthermore, while the previous functional is
limited to nilsolitons, the current equations apply not only to nilsolitons, but also to all algebraic Ricci
solitons (for more details see [3,11,14-17] and [20], for a non-Riemannian (Finslerian) case see [19]).

Naturally, one can generalize the concept of algebraic Ricci soliton to homogeneous spaces. In 2014,
Jablonski showed that any homogeneous Ricci soliton is an algebraic Ricci soliton (see [6]). So the
classification of left-invariant Ricci solitons on Lie groups reduces to the classification of algebraic
Ricci solitons on them.

While the classification of spaces with specific properties is a significant area of study in mathemat-
ics, the classification of five-dimensional nilsolitons holds particular importance. Specifically, since any

Einstein solvmanifold is standard (see [12]), the classification of five-dimensional nilsolitons leads to the
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classification of all six-dimensional Einstein solvmanifolds. Moreover, these spaces have numerous ap-
plications in physics (see [3] and [1]). Hervik, in [1], utilized nilsolitons to discover higher-dimensional
black holes with Ricci nilsoliton horizons. He established that every n-dimensional nilpotent group
(for n < 6) corresponds to a (n + 2)-dimensional Ricci nilsoliton black hole solution. In this paper, we
use the equations 1.6 and 1.7. These equations can use for any Lie group equipped with a left-invariant
Riemannian metric. Using these equations and the classification of five-dimensional nilmanifolds given
in [5] and [!], we classify five-dimensional nilsolitons. We see that our results are compatible with the
results of [10]. So these equations are applicable for computation to classify algebraic Ricci solitons
in general cases.

Suppose that g is a left-invariant Riemannian metric on a Lie group G, and «;j;, are the structural
constants of the Lie algebra g, with respect to an orthonormal basis {E1, -, E,}, defined by the

following equations:

n
(1.5) [Ei, Ej] = aijuBr.
k=1
In an earlier paper (see [13]), we proved that g is an algebraic Ricci soliton if and only if there exists
a real number c such that, for any ¢,p,q = 1,--- ,n the structural constants satisfy in the following
equation:
1
Cagpt + ; ; ; 2aj; (aiqt(apm' + Qipr — Qpip) — ipt(Qgri + Qigr — ariq))

+2(aji + Qirj = jir ) (Qipt Qqjr — Aigt pjir)

(1.6) Hayri + aijr — arij) (az‘pt(aqy‘r + Qrgj = Qyrg) — Qigt(apjr + rpj — ajrp)>
—20qi0trjj (Qire + Qi — Qrgs) + 20gi ijr (e + Qttrj — Qjr)
+apgi(Qijr + rij — i) (e + Qujr — ayy) = 0.

In this case we showed that, for any i = 1,--- , n, the derivation D satisfies in the following equation:

n n

1 n
D(Ei) = —cEi+7 > { DY 200 (ain + ouir — i)

=1 j=lr=1

(1.7) =20y (Qpit + Qurj — iy
—(@ijr + arij — jri)(Qjrr + Qujr — Oérlj)}El-

In [18], using the above equations, we classified all algebraic Ricci solitons on three-dimensional Lie
groups.

Using the equations (1.6) and (1.7) which is different from Lauret’s variational method, again, we
classify all five-dimensional nilsolitons.

In this paper, a Riemannian nilmanifold means a connected and simply connected Riemannian
manifold (M, g), such that there exists a nilpotent Lie subgroup of its isometry group I(M) which
acts transitively on M. Wilson, in [21], proved that if M is a homogeneous Riemannian nilmanifold,

then there is a unique nilpotent Lie subgroup of I(M) which acts simply transitively on M. Also, he
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showed that this Lie subgroup is a normal subgroup of I(M). Thus, we can assume a homogeneous
Riemannian nilmanifold as a nilpotent Lie group N equipped with a left-invariant Riemannian metric
g.

In 2006, Homoloya and Kowalski, up to isometry, classified five-dimensional two-step nilpotent Lie
groups equipped with left-invariant Riemannian metrics (see [5]). In a paper by Figula and Nagy in
2018, the classification of five-dimensional nilmanifolds has been completed ,up to isometry, by the
classification of five-dimensional nilpotent Lie algebras of nilpotency classes three and four equipped
with inner products. It is important to note that this classification does not include the Lie algebras
that are direct products of Lie algebras of lower dimensions (see [1]).

In the next section we will classify all left-invariant Ricci solitons on all ten classes of five-dimensional

nilmanifolds.
2. The classification of five-dimensional nilsolitons

In [5], all five-dimensional two-step nilmanifolds up to isometry have been classified by Homolya
and Kowalski. Recently, in [1], Figula and Nagy have completed the classification of five-dimensional
nilmanifolds up to isometry by the classification of five-dimensional nilpotent Lie groups of nilpotency
class greater than two. In this section using formula (1.6) and the above classifications, we classify all
algebraic Ricci solitons on simply connected five-dimensional nilmanifolds.

Suppose that N is an arbitrary simply connected five-dimensional nilmanifold then, up to isometry,
its Lie algebra is one of the following ten cases. In all cases the set {E1,---, Es} is an orthonormal
basis for the Lie algebra and in any case we give only non-vanishing commutators. We use the notation
d(ayi,--- ,ap) to denote the diagonal matrix with entries aj,--- , ay.

In the cases of nilpotency class greater than two, we will consider in detail the cases 2.6 and 2.7,

which are the most difficult cases.

2.1. Two-step nilpotent Lie algebra with one-dimensional center. Let N be the two-step
nilpotent Lie group with one-dimensional center and n denotes its Lie algebra. By [5], the non-zero

Lie brackets are as follows:
(2.1) [Eh, Bo] = sks,  [E3, B4 = mEs,

where s > m > 0. So, in this case, the structure constants with respect to the orthonormal basis

{E1,---, E5} are of the following forms:
Q25 = —Q215 = S, (345 = —O435 = M.
Easily, using the formula (1.6), we see that n is an algebraic Ricci soliton, if and only if

{ cs—i—%smz—i-%s?’ =0,

em + ims® + %m?’ =0.
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A direct computation shows that the above equations hold, if and only if m = s. So for the constant

c we have ¢ = —2m?. Now, the equation (1.7) shows that for the matrix representation of D we have

_ o3 93 93 93 4 2
D—d(2m,2m,2m,2m,3m).

2.2. Two-step nilpotent Lie algebra with two-dimensional center. The second case is two-step
nilpotent Lie group N with two-dimensional center. In [5], it is shown that there are real numbers

m > s > 0 such that the non-zero Lie brackets are
(2.2) [Ev, E9) = mEy, [Ey, Es) = sEs.
In this case for the structure constants we have:
Q24 = —Q214 =M, 0135 = —Q315 = S.
Now, the equation (1.6) shows that n satisfies the algebraic Ricci soliton equation (1.4), if and only if

cm + %m?’ + %s2m =0,
cs + %33 + %m2s =0.

Easily we can see, for the solutions we have m = s and ¢ = —2m?. Now, by equation (1.7), for the
matrix representation of D in the basis {E,--- , F5} we have
3 3 5 5
D = d(m?, §m2, §m2, imz, §m2)

2.3. Two-step nilpotent Lie algebra with three-dimensional center. The third Lie group which
we have considered is the two-step nilpotent Lie group N with three-dimensional center. This is the
last five-dimensional two-step nilpotent Lie group. Based on [5], the non-zero Lie bracket of this case
is

(2.3) [E1, Eo] = mEs,

where m is a positive real number. So, the non-zero structure constants are

(123 = —Q213 = M.

It is easy to show that the equation (1.6) holds, if and only if em + %m?’ = 0. The last equation shows
that ¢ = —%mQ. So, by (1.7), the representation of D in the basis {Ej,--- , E5}, is of the form

3 3
D = d(m?* m?,2m?, §m2, §m2)

2.4. Four-step nilpotent Lie algebra I57, (case A). In [1], Figula and Nagy have proven that
the five-dimensional nilpotent Lie algebras n of nilpotency class greater than two are of the forms I5 7,
l56, I5,5 and I59. In this subsection and the next subsection, we study the necessary and sufficient
conditions for the Lie algebra [57 to be an algebraic Ricci soliton. By [1], the non-vanishing Lie

brackets of [57 are
(2.4) [E1, Es) = mEs + sEy+uls, [Ey, B3] =vEy+wEs, [Ey, Ey] = 1Es,
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where for the real numbers m, s, u, v, w,z we have two cases: (case A: m,v,z >0, s =0 and w > 0)
and (case B: m,v,x > 0 and s > 0). In this subsection we study the case A. In the case of I5 7 (in two

cases A and B) for the structure constants we have:

123 = —Q@213 = MM, (124 = —Q214 = S, 125 = —Q215 = U,

134 = —Q314 = U, 135 = —Q315 = W, Q145 = —Q415 = L.

The equation (1.6) together with some computations shows that [57(caseA), satisfies the algebraic

Ricci soliton equation (1.4), if and only if

r=m, c=-2m", u=w=s=0, and v = m.

g

Now, using (1.7), the matrix representation of D is of the form

D=t 2’% , 11 , 13 , 5

1 1l g9 15 90 5
3™ m,6m,6m,2m).

2.5. Four-step nilpotent Lie algebra [57, (case B). As we mentioned above, in this case (case B)
for the same structure constants of case A, we have m,v,z > 0 and s > 0. We see that the equation
(1.6) deduces to a system of equations with no solution. So the Lie algebra [57, (case B) does not

admit algebraic Ricci soliton structure.

2.6. Four-step nilpotent Lie algebra [56, (case A). During this subsection and the next subsec-
tion, we have considered the Lie algebra [56. In two cases (cases A and B), by [1], the Lie brackets

are
(2.5) [E1, B3] =mE3+sEy+uls, [Ey, B3] =vEy+wEs, [E1, By =aFs5, [Ea, B3] = yEs,
where m, s, u, v, w, z,y are real numbers such that m, v, z,y # 0. For the structure constants we have:

123 = —Q213 = M, (124 = —Q214 = S, (125 = —Q215 = U, (V]34 = —Q314 =V,

Q135 = —Q315 = W, (145 = —Q415 = T, Q235 = —Q325 = Y.

Similar to the Lie algebra [5 7 we have two cases, case A and B. In the case A we have s = 0 and w > 0

and for the case B s > 0.
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A direct computation, using (1.6), shows that the Lie algebra [5¢(caseA), is an algebraic Ricci
soliton, if and only if (for two cases A and B)

( myu = 0,

mvs + mwu + stu = 0,

cm + 37m(m2 + 82+ u?) + 5(xm — sw) =0,

s+ 2(m? + 2 + u? 4+ 0?) + F(—mwz + w?s + y?s) + wou =0,
cu+37“(m2+52+u2+w2+x2+y2)+”27“+vsw=0,
uxv = 0,
mus + mwu — “5° = 0,

cv+ (s + 02 + w?) + §(u® + y?) + usw = 0,

cw+ 22 (u? + 02+ w? + 22 + y?) + £(—ma + sw) + svu =0,

umx = 0,

sru +vrw — 15 =0,

cx + 32 (u? + w? + 22) + L(m?x — msw + zy?) = 0,
mou = 0,

mwu + sru + vew = 0,

suy + vwy = 0,

ey + Z(u? +w? +y?) + Y(s? + 0% +2?) =0,
wyr — 75¥ =0,

uyx = 0.

A direct computation shows that the above equations hold, if and only if

11
u:w:s:(),m::t\/gx,y:ix,v::t\/gx andc:—zx?

The equation (1.7) shows that for the matrix representation of D we have

1
D= d(%xQ, gxz, Za:?, 322, Z5m2)

2.7. Four-step nilpotent Lie algebra [5 6, (case B). In the case B for the same structure constants
of the above case, we have s > 0. Then we see that the system of equations defined by (1.6) has no
solution. Therefore similar to the case [57 (case B), the Lie algebra I56 (case B), does not admit an

algebraic Ricci soliton structure.

2.8. Three-step nilpotent Lie algebra [55. This section is devoted to l55 which is a three-step
nilpotent Lie algebra with one-dimensional center. For the real numbers s,u > 0, and m,v,w > 0,

the non-vanishing Lie brackets are as follows:
(2.6) [Ev, Eo) = mEy + sE5, [Ei1, Es3] =uFEs, [Ey,Ey) =vE5, |[Es, B3] =wkEs.
Hence for the structure constants we have:

0124 = —0214 = M, Q125 = —Q215 = S, 135 = — Q315 = U,

Q45 = —Q45 = U, (1235 = —Q325 = W.
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Now substituting the above structure constants in the equation (1.6), leads us to a system of equations

with the following solution,

Ve 7,

u:s:O,v:m,w:7m,c:—1m.

So the Lie algebra [5 5 admits an algebraic Ricci soliton structure, if and only if the above equations
hold. In this case, by (1.7), the matrix representation of D in the basis {E1,--- , Es}, is
3 3 7 5
D=d(Z 2 2 <2 2 ' 2 Y 2 )
(4m,m,2m,4m,2m)
2.9. Three-step nilpotent Lie algebra [59, (case A). For the non-vanishing Lie brackets of this

case we have:
(27) [El, EQ] = mE3 + sEy + uE5, [El, Eg] = Q}E4, [EQ, Eg] = ’LUE’57
where m > 0, w > v > 0 and s,u > 0. So we have:

Q123 = —Q213 =M, Q124 = —Q214 = 5, X125 = — Q215 = U,
Q134 = —Q314 = U, Q235 = —Q325 = W.

Easily we see that the system of equations which is defied by (1.6) has no solution. Therefore, the

case A of the Lie algebra [5 9 does not admit Algebraic Ricci soliton structure.

2.10. Three-step nilpotent Lie algebra [59, (case B). In the case B of the Lie algebra [5 g, for
the same Lie algebra brackets, we have m,v > 0, v = w, u = 0 and s > 0. Then, the equation (1.6),

leads us to the following system of equations:

mus = 0,

em + 3(m3 + s?m) = 0,

s+ 3(s3 + m?s) + 20%s = 0,
v+ 3520+ 20° =0,

cv + %821) + 203 = 0.

The solution of the above system of equations is as follows:

V3 3

s:O,v:Tm,c:—im

So the case B of the Lie algebra [59 admits an algebraic Ricci soliton structure with the derivation
) ) 5 15 15
D= d<§m2, §m2, Zm2, §m2, §m2)

Now, we summarize the above results and give their relations with Lauret classification (Theorem
5.1 of [10]) in the table 1.

Remark 2.1. For the Lie groups of nilpotency class greater than two we have used the classification
given in [1], and we only consider Lie algebras which are not direct products of Lie algebras of lower

dimension. Therefore, class pg of Lauret classification does not appear in our classification.
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TABLE 1. The classification of five-dimensional nilsolitons

case | Lie algebra structure conditions Ricci soliton | the constant ¢ and the derivation D equivalence
for param- class in
eters of Lauret clas-
Lie algebra sification
structure
case | [Ey, E2] = sEs3, s>m>0 +,if s=m c= —2m?, A
2.1 [E3, E4] = mEs D =d(2m?, 2m?, 3m?, 3m? 3m?)
case | [E1, E2] = mEy, m>s>0 +,if s=m c= —2m?, K
2.2 [Ey, E3] = sEs D:d(mz,%mz,%mz,%mQ,%m2)
ga?fc [E1, Es] = mEs3 m >0 + c= 7%m2, A
’ D:d(mz,mQ,sz,%mQ,%m2)
gaze FE1,Es] = mEs+sEs+uFEs, | m,v,z > 0, | 4+, liz =m, | c= 72m2, p,'l
. Ei,E3] =vE4 + wEs, fu>:00 an Y Z 0Yand | D=d(3m?, 3m?, Lm? Bm? im?)
FE1,E4] = zEs5 - v = %Tn
case | m,v,z > 0, | — — —
2.5 w > 0 and
s >0
gaﬁse Ei, Es] = mEs+sEs+uEs, | myv,z,y # | +, if u = | c= 7%302, 1h
. = 5 0 w=s5=0 _ (3.2 3,2 9.2 2 15,2
gi:gi :Z§§7+wE07 o 0w > | ™ j vo= | D=d(32°, 32°, J2°,3z%, L)
E3, Es] = yEs 0 i\/;a;’
y=+x
case | s >0 — — —
2.7
case FEy,Es] = mE4 + sEs, s,u > 0, | +, if s =] c= 7%m2, /,J,é
2.8 | [Ey, B3] = uEs, mov,w>0 | u=0,0=|p_ g3,2 2 8,2 T2 502
E1, E4] = vEs, m and w = 4 ’ 72 v 4 2
Ey, B3] = wkEs gm
case FE1,Es] =mEs+sEs+uFEs, | m > 0, | — - -
2.9 E1, Es] = vEy, w > v >0,
Es, B3] = wEs, s,u>0
galsg ” m, v v> 0, +,ifs=0, | c=-3m?, A
’ s> 0, v="Ym D =d(§m?, 5m?, Sm?, Lm? L5m?)
u =0

Remark 2.2. Based on the results given in table 1, there are some three and four-step nilmanifolds

which are not nilsoliton.
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