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ANALYSIS OF A CERTAIN PSEUDO ¢-CALCULUS AND ITS APPLICATIONS
IN INTEGRAL INEQUALITIES

H. FALLAH ANDEVARI, A. BABAKHANI® AND D. S. OLIVEIRA

ABSTRACT. We define three new operators which, in exceptional cases, are reduced to
g-integral /derivative gq-integral/derivative and bq—integral/derivative operators. Fundamental prop-
erties emerge among these specific g-operators, like fractional calculus. By utilizing these three newly
introduced operators, we can prove various inequalities, the most notable of which are the Chebyshev
and Hermite-Hadamard types. Consequently, these new operators provide a generalized approach to

many problems in classical inequalities using classical fractional calculus.

1. Introduction

The g-fractional operator (quantum fractional calculus) was introduced by Jackson [19,20]. This
operator has tremendous potential for applications in several fields, such as optimal control problems,
g-transform analysis, and solutions of the ¢-difference, g-fractional integral inequalities, etc. [4, 0].
Al-Salam collaborated with Verma in the early 1970s on the g-fractional Leibniz rule [5-7]. They
discovered g-analogues of parts of a series of papers by Osler on fractional calculus, whose first paper
appeared in 1970. Recent developments in g-fractional calculus have naturally followed DIFdelthe
developments advancements in the theory of g-series and orthogonal polynomials by several mathe-
maticians including Askey and Andrews [3,9, 15]. Interestingly, most of the results established in
the fields of classical differential calculus and classical fractional calculus, like g-type Leibniz rules,
g-Mittag-Leffler functions, g-Laplace transform, g-Mellin transform, g-Taylor series, g-Newton series,

g-Hypergeometric series, g-Riemann-Liouville fractional operators, g-Caputo fractional derivatives,
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and various existence and uniqueness theorems, and many others deal with generalization of differ-
entiation and integration to g-fractional order were able to derive with g-fractional calculus operator.
Recently, some fractional integral inequalities have been obtained using the different kinds of ¢- inte-
gral. The interested reader is referred to [13,24,30,10,11] and references therein for more information
and other extensions of Hermite-Hadamard inequality.

Pseudo-analysis, as one of the nonlinear analysis tools, generalizes the classical analysis, and is
applicable in various fields, including partial differential equations, probability and measure theory,
fuzzy logics, functional equations, variational calculus, semiring theory, functional analysis, control
theory, and optimization, as in [3, 18, 34,35, 358, 45]. Hence, pseudo-analysis is a vital issue with
high capability in different fields. Recently, some researchers have proposed pseudo-analysis in the

subject of inequalities such as Chebyshev type inequality and Hermite-Hadamard type inequality

in a semiring ([a, 8], ®, ®) [2, 18,50]. For further information, we recommend that readers consult
the papers [1,2,26,32,33,36]. In 2017, the classical fractional operators were extended to pseudo
fractional operators by Babakhani et al. [12]. Some researchers have made significant advancements

in this field [11,31,43,44].

In this paper, we introduce the g-integral /derivative. We define three new operators, which in excep-
tional cases, reduce to g-integral /derivative g,-integral/derivative and B g-integral /derivative operators
of order ¢ € (0,1) using a generator g on a semiring ([, 8], ®, ®) which pseudo analysis descript in
this space. We also establish some properties for these operators. Then, using these three newly
introduced operators, we investigate various inequalities, the most notable of which are the Cheby-
shev and Hermite-Hadamard inequality types. First, the definitions and results mentioned below are

required throughout this manuscript.

Theorem 1.1 ([I14], Chebyshev’s Inequality). If fi, f2 : [a, 8] — R are nonnegative integrable

functions on [a, f] which are all either monotonic increasing or monotonic decreasing then,

(1.1) /f1 ) Fat)dt < (8 — )~ 1/ fit dt/ fa()

Theorem 1.2 (Hermite-Hadamard Inequality). If o : [, 8] — R is a convex function, then the

Q<a;ﬂ)§51axfmwﬁg9W%?W%

Moreover, the inequalities are reversed if f is concave.

following holds:

Definition 1.3. A function ¢ : [a, f] — R is said to be convex on [, B] if for all t,s € [a, 5] and all
0<n<1

o(nt + (1 = n)s) <no(t) + (1 —n)o(s).
Definition 1.4 ([28,48]). Suppose that fa : [0,1] — [0,00) and f1 : [, 5] € R — [0,00) be two
functions. The function fi is called an fo-convex function whenever the inequality
filnt + @ —=n)s) < fa(m) fr(t) + fo(1 =) f(s)
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holds for all t,s € [a, 5] and all n € (0,1).

Two exceptional cases are as follows: If fo(t) = t is the identity function, then the notion of
fo-convex function f; coincides with the well-known concept of a convex function. Furthermore, if

6 € (0,1] and fo(t) = %, then the fo-convex function f is called an f-convex function.

Definition 1.5 ([29,19]). Suppose that fo : [0,1] — [0,00) and f1 : [, 8] C R — [0,00) be two
functions. The function fi is called a modified fa-convex function whenever the inequality
Sfi(nt+ (L =mn)s) < fa(n) f(t) + (1 = fa(n)) fr(s)
holds for all t,s € [, 8] and all n € (0,1).
Similarly, two exceptional cases are as follows: If fo(¢) =t is the identity function, then the notion

of modified fo-convex function f; also coincides with the well-known concept of a convex function.
Moreover, if 6 € [0,1] and h(t) = t?, then the modified fo-convex function f; is called an (6, 1)-convex

function.
Pseudo-analysis g-calculus
[ Our main result: 1
Pseudo-g-derivative and
{ pseudo-g-integral J
Chebyshev’s inequality Hermite-Hadamard inequality Hermite-Hadamard inequality
by pseudo-g-integral by pseudo-g-integral by pseudo ¢ and #¢ integral

2. Preliminaries

Our main result is included in the third section of this manuscript. For this purpose, we require two

essential tools, pseudo-analysis, and g-calculus, which are described in Sections 2.1 and 2.2, respectively

2.1. Pseudo-Analysis. This section gives some primary results of pseudo-operations, pseudo-analysis
and pseudo-additive measures, and integrals [21,25,27, 33,38, 39)].

Let [a, 8] be a closed (in some cases, can be considered semiclosed) subinterval of [—oo, cc]. The
full order on [, 8] will be denoted by =.

Definition 2.1 ([38]). A binary operation & on |a, (] is pseudo-addition, if it is commutative,
non-decreasing (for <), continuous, associative, and with a zero (neutral) element denoted by 0. Let

[, Bl+ = {t|t € [a,[],0 = t}. A binary operation ® on |«, ] is pseudo-multiplication, if it is
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commutative, positively non-decreasing, i.e., t < s implies that t © u < s ® u for all u € |a, [+,
associative and with a unit element 1 € [a, B], i.e., for each t € [a, ], 1 ©t =t. Also, 0©t =0 and

that © is distributive over &, i.e.,
tO(sdu)=({tos)d(tou).

The structure ([a, 5], @, ®) is a semiring [25]. Generator g will be denoted by R, respectively, by
0, and 14 [21]. The generator function g : R, — R is monotone (increasing or decreasing). The order

relation in Ry, denoted by <, satisfies the following:
t<ys5+—t0s<,0,
Ift <, s, we can also write it as s >, t. If t <, s and t # s, we shall write it as ¢ <, s, or equivalently,

§>gt.

Definition 2.2 ([39]). Let Q be a non-empty set and F be a o-algebra of subsets of a set Q. A set

function m : F — [«, 5] is called a o-®-measure if it satisfies the following conditions:

(1) m(0) = 0;
(2) m U F;| = @m(FJ) holds for any sequence {F}};en of pairwise disjoint sets from F.
j=1 j=1

Definition 2.3 ([39]). Let g : [a,b] — [0,00] be a monotone and continuous function. Then the

pseudo-operations © and © are given by
@y =g "(9(z) +9(y) and zOy=g " (g9(z)g(y))
for all z,y € |a,b].

If the pseudo-addition’s zero element is a, we will consider increasing generators with g(a) = 0 and

g(B) = oo. If the pseudo-addition’s zero element is 3, then we will consider decreasing generators with
9(8) = 0 and g(a) = oc.

Definition 2.4 ([27]). Let g be a generator of a pseudo-addition @& on the interval [—oo, +00]. Binary

operation © and @ on [—oo,+00| defined as follows:

tos=g '(gt) —g(s) tos=g" (58» ‘
g(t)

If expressions g(t) — g(s) and o) have sense are said to be the pseudo-subtraction and pseudo-division

consistent with the pseudo-addition @.

Definition 2.5 ([21]). Let g : R, — R be a generator function which is monotone (increasing or

decreasing). Then the pseudo-scalra product is given as
kot =g(kg(t)
forallt € R, and k € R.
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Definition 2.6 ([39]). Let pseudo-operations & and © be defined by a monotone and continuous

function g : [a, B] — [0,00]. The g-integral for a measurable function o : [7y,d] — |«, 5] is given by

/{j{ﬂ oodt=g! </jg(g(t))dt> )

Definition 2.7 ([33]). Let g be the additive generator of the strict pseudo-addition @ on |a, []
such that g is continuously differentiable on («,8). The corresponding pseudo-multiplication © is
w® z =g Yg(w)g(2)). If the function o is differentiable on (v,8) and has the same monotonicity as
the function g, then the g-derivative of o at the point x € (v, 9d) is defined by

Lo g (Saten).

Also, if there exists the k-g-derivative of o, then

(k)@ k
A g (Spatat)).

Definition 2.8 ([27]). Let g : [—00,400] = [—00,+00] be a continuous, strictly increasing, and odd
function such that g(0) =0, g(1) =1, g(4+00) = +00. The system of pseudo-arithmetical operations
{®,5,©,0} generated by this function is the consistent system.

2.2. g-Calculus. In this section, we remind concepts of g-derivative/integral, g,-derivative/integral
and #¢-derivative/integral. These operators are generalized to a specific g-derivative/integral using

the pesudo-analysis in the next section, named pesudo-g-derivative/integral.

Definition 2.9 ([23]). The g-derivative of a real function o(t) is defined as

o(qt) — o(?)
qt —t

with ¢ € (0,1). The gq-derivative calculates the rise of o(t) over the interval (qt,t). As such, it is

(2.1) Dgo(t) =

numerically equal to the slope of the line that passes through points (qt,o(qt)) and (t,o(t)).

Definition 2.10 ([23]). Suppose 0 < a < . The definite q-integral is defined as

B8 o .
(2.2) / o)t = (1 - )8 S ¢ o(e’B)
0 =

/j o(t)dyt = /O ? o(t)dqt — /O " o)yt

The definite g-integral defined above is too general for our purpose of studying inequalities. For
example, if o(t) > 0, it is not necessarily true that ff o(t)dqt > 0.

and

From now on, we will use a particular type of definite g-integral, which we will call the restricted

definite g-integral.

Definition 2.11 ([17]). Let 0 < g <1, 8> 0, and k € Z". The restricted q-integral is fﬁﬁqk o(t)dqt.
In addition to o(t), the restricted definite q-integral depends on q, 3, and k.
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From now on, throughout the paper, we will use the following notations:
) ] &
v =8¢, j€{0,1,....k}t, a==p8q"

The following formula readily follows from (1.3) and (1.4):

B 8 k—1 ‘ ‘ k—1
/ o(t)dyt = / o0)dgt = (1— )8 g o(be) = (1— ) 3" v0(7).
a Ba* j=0 j=0

Note that the restricted integral [ f o(t)dqt is just a finite sum, so no questions about convergency

arise. It is easy to check that:
B
/ Dgodyt = o(8) — o(a).
o

Obviously, if o(t) > g(t) on [a, 8], then faﬁ o(t)dqt > ff g(t)dqt. If 0 < j < k, then

[ et = [ tvag+ [ i

The following is the formula for the g-integration by parts [23]:
B B
| e®0Dg)t)dat = o(5)a(®) - elalgle) = [ glat)(Dye)(o)at.
The usual Riemann integral can be considered as a limit of the restricted definite g-integral in the
following way. Since a = ¢, it follows that ¢ = (%)% Fix a and 3, and suppose that k — oo (hence

g — 1). Then ff o(t)dgt — ff o(t)dt and so g is Riemann integrable on [a, ).
Definition 2.12 ([23]). ¢: [a, 8] = R is called g-convez on [, 8], if DZo >0 on [a, ).

It is easy to see that o(t) is g-convex, if and only if : qo(t) — (1 + q)o(qt) + o(¢*t) > 0 for all

t € [a, 8] and ¢*t € [, f]. If g is convex on [a, 8], then it is also g-convex on [a, 3].

Example 2.13. Consider the function o = sin(4t). Clearly, o is not a convex function on [% 77] , but

co 1
0 18 2—CO’I’L’U€I.

A generalization of the g-derivative (2.1) was introduced in [16,417]. Here, the notion of g,-derivative

is extended to an analogous notion, namely, the ¢®-derivative.

Definition 2.14 ([13]). Suppose that o : [, B] — R is a continuous function and q € (0,1). The
qa-derivative of o at a point t € (o, 8] is defined by
o(t) — o(gt + (1 — g)a)
(1—q)(t—a)
If t = «, then the qq-derivative of ¢ at « is defined by

(2.3) adgo(t) =

adqQ(a) = }B}clv adqQ(t)y
provided that the limit exists and it is finite.
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Analogously, the ¢°-derivative of o at a point t € [a, B) is defined by

8 ~o(t) = o(qt + (1 = q)B)
(24) R e (i G

If t = B, then the ¢°-derivative of f at B is defined by
B = lim ? ¢
dqo() lim dqo(t),
provided that the limit exists and it is finite.

Remark 2.15 ([13]). If we set a« =0 in (2.3) ort = in (2.4), then both the notions of qo-derivative
and q°-derivetive coincide with the familiar notion of the q-derivative of o at a point t € [a, 8], which
was defined in Definition 2.9.

Motivated by the notion of a g,-definite integral, which is defined in [10,17], one can define the

notion of a ¢?-definite integral as follows:

Definition 2.16 ([13]). Suppose that o : [, ] — R is a continuous function and q € (0,1). The
qa-definite integral of o on the interval [a, 8] is defined by

3 > . .
(2.5) / o) adgt = (1 - )€~ )Y o€+ (1 — ¢')a)
«a =0

for all & € [a, B].
Analogously, the q°-definite integral of o on the interval |, ] is defined by

B > ) )
(26) [ e Pt == 0E -3 delwe+ (1= a)9)
j=0
for all € € [a, 5].
Remark 2.17 ([13]). If we set a =0 in (2.5) or & = B in (2.6), then both the notions of qo-definite
integral and q°-definite integral coincide with the familiar notion of the classical g-integral of o on the

interval [, 8], which was defined in Definition 2.10.
Also, if we set « =0 and £ = 3 =1 in (2.5), then we obtain

1 00
/ o(t) odgt = (1= )Y _do(d).
0 =0
Analogously, if we set f =1 and { = a =0 in (2.6), then we obtain

1 o0
/0 o(t) 'yt = (1—q) Y _¢/o(1—¢’).

=0

Remark 2.18 ([13]). Suppose that fi : [, B] = R is a continuous function and q € (0,1). From [22,10]

we have

3
od, / £1() adyt = F1(6) — fr(a)
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and c
[ adafi@) oyt = £1©) = £(2)
.
for all v € (a,§). Arguments similar to that appeared in [10] yield
B
dy [ (0) Pdat = £1(8) - 7(©
3

and
/5 By fa() Pyt = () — Fi(©)

for all v € (&,8). Furthermore, if fo: [, B] = R is a continuous function and c is an arbitrary real

number, then we have

/j[(cfl)()-irfz t—C/ fi(t dt+/f2

B B B
| e ®+ £o] it =c [ At P+ [ (o P
3 3 1
Hence, whenever fi < fo, that is, f1(t) < fa(t) for allt € [a, B], we find

/f1 dt</f2 /fl 5dt</f2 t) Pdgt.

Several examples are constructed for the notions defined in Definitions 2.14 and 2.16. Here, we do

and

not intend to provide any examples. However, the interested readers may see, e.g., [13, Examples 9
and 10].

3. Pseudo-¢-Derivative and Pseudo-¢-Integral

In this section, as mentioned before at the beginning of section 2.2, the three operators of the

previous section are extended to three new operators using pseudo analysis.

Definition 3.1. Let ¢ : [o, 8] — R be a continuous function, q € (0,1), and let f be q-differentiable

on o, B]. Assume further that g : [a, 8] — [0, 00] is a monotone function such that either g(a) =0 or
g(B) =0. Then we have
(3.1) D¥o(t)=g" <Dq (g(g(t))>> =g <g(g(qtq)t)__g<g(t)>> :
Moreover, if ¢ is qo-derivative and t € («, 8], then we define the qq-g-derivative of f as
_ -1 _ 1 (9le(®) —gle(gt + (1 = g)a)
(3.2) wdgo(t) = g7 (adag(0(t) ) = ¢ ( L-q)(t-a) ) |
Analogously, the g-q°-derivative of o at a point t € [a, B) is defined by

B _ —1(p _ 1 (9le(®) —glelgt) + (1 — q)B)

(3.3) A =g < dq(g(a(t)))> =9 ( (1-q)(t—p) '

Theorem 3.2. Let f1 and fo be two q-g-differentiable functions on (vy,0) with the values in [o, (].
Then, for any arbitrary c € |, 5] we have
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(i) DZ(f1 @ f2) = DY f1 @ D fa;
(i) D (c® f1) = c® D fi1;
(iii) DSBC =0.
Theorem 3.3. Let f1 and fy be two g-q-differentiable functions on [a, 5]. Then we have

(3.4) DZ(f1(t) © fa(t)) = DT f1(t) © f2(t) @ fi(qt) © DT fa(t).

Proof. Note first that

DY (1) © L) =97 (Dag (1) © fo(1)))

(s o))

— g*l(Dqg(fl(t))qul(t)g(f2(t)) + g(f1(qt))Dqg(fQ(t))quQ(t)>,

Then we have

(DS f1(t) © f2(1)) & (f1(qt) © DY fa(t))
=97 (9(DZ A © L) +g(fi(at) © DY fo(1))

_gl<g<g1(9(D§afl(t))g(f2(t)))> g( oAt (D?fa(t)))))
—g! (9 <91(Dq(f1(t)))>9(f2(t)) +9(f1(qt))g<gI(DC’(h(t)))))

=g <Dq9(f1(t))qu1 (t)g(f2(t)) + g(f1(qt)) Deg(f2(t)) Dy (fz(ﬂ))- U

Theorem 3.4. If f5(t) # fa(qt) and both are non-zero, then

DY (f1 0 f2)(t) = D f1(t) © fat) © f1(t) DY fa(t) @ fa(t) @ fa(qt).

Proof. From the left side, we have

DE(f1 @ f2)(t) = g~ (Dag(f1 @ f2)(1))

_ o1 g(fa(t
-7 <Dq <g(f2(t
=g! ( Dqag(f1(t))Dq(f1(t)

)
(t)g(
g

fo(1)) qg(fQ(t))Dq(fz(t))g(fl(t))>
( ()) (f2(qt)) '
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And from the right side we have

9(DF (f1(1) © fa(t) © f(1) © D?fz(t))
) © f2(qt))

g(fa(t
g(D? f1(t) )©

)
t
(g(f2(t))g(f2(qt))))
09(1(1) © f2(1)))) —g9(9™" (g (fl(t))g(D?fz(t))))>
)

(f
(t) © f2(t)) — g(f1(t) © DY fa(t))))

9(9~ t

"(D

g

DE(f1(t)) © f2(t) © fi(t) © DE f2(t) @ fo(t) © fa(qt)

(g(

(g(
( ()g(fzq)

1(t 09(f2(t))

9-
))g(f(

t
9(fa(
(

< (
<g(g‘
<9(

(

(
) — 9(
)

(
Dqg(f fa(1) >
t)g( f2 qf

(

=g
=g
:gi
:g_

( a9(f1(1)) Dq f1(1)g(f2(t)) — Dqag(f2(t)) D qu(t)g(f1(t))>
9(f2(t)g(f2(qt)) .

Theorem 3.5. Let fi, fa: [, B] = R be two continuous functions and q € (0,1). Then we have

(1) odP(f1 ® f2) = odf f1 © odf fo;
(i) PdP(f1 @ fo) =PdP f1 ©Pd fa;
) adg (c® f1) = c® odg f1;
) PdT(c® fa) = c®Pd3 fo.

(iii

(v

Proof. It can be done by utilizing Definition 3.1 and conducting some elementary calculations similar
to Theorems 3.3 and 3.4. O

Theorem 3.6. Let fi, fa: [, B] = R be two g-qq-differentiable functions on [a,b]. Then we have

oDg (f1 © fo)(t) = f1(t) © o DY fo(t) ® f2 (gt + (1 — g)a) @ oD f1(t)
(3.5) = fo(t) © o DY [1(t) @ f1 (gt + (1 = @)a) © o DY fa(t).
Proof. Since f1 and fy are continuous and g € (0,1), we have

_ (g(fl © f2)(t) —g(fi(gt+ (1 - q)a)) © fo (gt + (1 — g)a)

oDE(f1 O f2)(t)

(1-q(t—a)
_ -1 (9 (f1(1) g (f2(t)) — g (f1 (gt + (1 = g))) g (f2 (gt + (1 — q)@)))
(1-q)(t—a)
g (1) g (f2(1)) — g (f1(t)) g (f2 (gt + (1 = q)a))
+9(f1(t) g (f2 (gt + (1 —q)a))
1 —g(filgt+ (1 -qa)g(f2(qt + (1 —q)a))

(
1-g)(t-a)

=g " (g (f1(2)) ( gl (1 —q)( f I ))

v (200 — (fl(qt+ (1-

+g(f2(qt+(1 Q) ))( (l—q)(t—a) )

=97 (9(f1(t)) o« DZ fot) + g (f2 (gt + (1 — )a)) (a DF f1(1)))

= f1(t) @ o DY f2(t) ® fa (gt + (1 — @)) © (o D falt )) O
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Remark 3.7. The proof of the second equality in Equation (3.5) is similar by interchanging the

functions fi and fo. Also, the proof of Theorem 3.6 for 5D§9 is similar, and thus, is omitted.

Theorem 3.8. Assume that f1, f2 : [, 5] = R are two g-qu-differentiable functions on [a, B]. Then
oDg (f1 @ f2)(t) = fo(t) © o DG f1(t) © f1(t) © o DY fo(t) @ fo(t) © fa (gt + (1 = g)a).

Proof. Since f1 and fy are continuous and g € (0,1), we have

® _ o (9(hof)t) —g((fL@f) (¢t + (1 —q)a))
Dy (fr@ fo)(t) = < (1=g)(t—a) )

g(hi®)  glfil(et+(1-g)))
_ 971 g(f2(¥)  g(f2(qt+(1—q)a))
(1-q)(t—a)

-1 <9(f1(t)) g (falgt+ (1 —q)a)) —g(fo(t) g (f1 (et + (1 - g ))>
(f2(t)) g (f2 (gt + (1 —Q)a))( )( @)

1) —g(f1(gt+(1—
(o)

=g

a)

g(f2(t)) g (f2(qt + (1 - q)a)

= fa(t) © o DY f1(t) © f1(t) © o DY f2(t) @ fot) © fo (gt + (1 — q)a). O

Remark 3.9. The proof of Theorem 3.8 for 5D39 follows a similar approach and is thus omitted.

9(f2(t)) gfz(qt+(1 Qo )))
=g

Definition 3.10. Let 0 < ¢ < 1,0<a < fB,0< 0 < d and k € ZTand let g : [, ] — [0,00] be

a monotone and continuous function . The g-integral by using q-calculus for a measurable function

o:la,B] —10,9] is :

@ o B o - k—1 | |
/[aﬂ]@(t)qut—g (/a 9<Q(t))dqt>—g ((1 q)jzofy]g(g(%)))

We will use the following notations: v; = B¢, for j € {0,1,---  k}, a =y = Bq~.

Definition 3.11. Let 0 < ¢ < 1,0<a < fB,0< 60 < and k € ZTand let g : [, 5] — [0,00] be
a monotone and continuous function . The pseudo-q-integral by using qu-calculus for a measurable

continuous function o : [, B] — [0,0] for & € |o, B] is:

(3.6) /[@]Q(t)®adqt:g_1</£a9(g(t))adqt> <1—q -« qu (@E+ (1 —¢))a ))>

a’é‘

Similarly, we define the g-integral by using ¢° integral of o0 on [a, B]:

(3.7) /€B @(t)Q’qutzg1</£ﬂg(g(t))5dqt> (1—q )(B—€) qu old?é+ ( 1—q])ﬁ))>

[€.8]

Remark 3.12. If we take a« = 0 in (3.6) or B =1 in (3.7), we obtain the g integral by using q-calculus
(Definition 3.10):

¢ -1 ! _1 > 4
/[0’1] ot) Odgt =g (/0 g(a(t))dqt> =g |- q)]z:%q g(o(d))
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Analogously, if B=1and £ =a =0 in (3.7) then:

/[@}Q(t)qutzg1</Olg(g(t))dqt> (1-9q) Zqﬂ o(1—4¢"))).

0,1

Example 3.13. Let o, ,m,d € R and q € (0,1) and consider a function g : R — R defined by the
rule o(t) = mt + d for all real numbers t. Then, provided that o < (3, we have

® 3
(@] a

=g [(1-9-a qumt+d))

Jj=0

g 0= aE-a) Y d (m(Bd + (1~ ¢)a) +d>)

J=0

[e.e]

=g ' A-9)B-0a)d ¢ (mB-a) + (ma+ d)))

j=0

—ot (- ae-a) (M )

1+¢
(B-a) ("Ee2 +d) —d
m

Similarly,

® B
/ ot)® Pdt=g7! (/ g(mt + d) deqt)
[€.6] ¢

- ((1 —q)(B—¢) qug(m[aqj +(1-q)B +d]))

J=0

(o520
(- (”“;“thqwd) -d

m

Theorem 3.14. Some properties of the pseudo-q-integral are mentioned below:

)f[am(fl )@ fo(t)) © dgt = f[aﬁ]fl ) ©dat & [0 5 Fo(£) © dgt;
)f[aﬁ](ccafl())@d t=co [y fi(t) ©dgt;

) If f1 <g fo, thenf[amfl ) ©dgt <, f[aﬂ]fg t) © dyt;

(V) IO <j <k, then [iJ 5 fi(t) ©dgt = [ 1 fit) ©dat @ [T 5 fi(t) © dgt.

_

ii

(iii
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Theorem 3.15. The rule of pseudo-q-integration by parts is
D

(f ©g)(ag®) - / Dg fa(t) © fi(qt) © dgt.

[0,0]

38 [ AW)©DERM e dt = (6 H)a)

— lim

[0,a] k—o0

If f1 and fa are g-q-regular at zero, then the limit on the right side of (3.8) can be replaced by
(f1© f2)(0).

The following theorem is analogous to the fundamental theorem of usual calculus. Its proof is

straightforward and, thus, is omitted.

Theorem 3.16. Let f be a g-q-regular function at zero on a q-geometric set 0 containing zero. Define

F(w) := Y f(t) ©dgt (weQ),
[v:¢]

where 7y is a fized point in ). Then F is g-q-reqular at zero. Furthermore, Dy F(w) exists for each

w € Q and we have
@ _
Dy F(w) = f(w)
for all w € Q.

Conversely, if a and 8 are two points in €, then

D
/[ DRIt = 15)© S,

Theorem 3.17. Suppose that o is continuous on [y,d]. Then we have

S

Dy( [ e odi) =
’y’

for allt € (v,9).

Proof. We have

Dg?(/[j; o(t) @dqt) — pP (g—1<fg(g(t))dqt)> =gt <Dqg<g—1<Lég(Q(t))dqt>))

= 9‘1<Dq /fg(g(t))dqt) = o(t),

where we used the fundamental theorem of classical calculus. O

The next three theorems can be proved by utilizing Definition 3.11 and performing some elementary

calculations.

Theorem 3.18. For any q € (0,1) and any arbitrary continuous function o : (o, 8] — R, which is
g-qo-differentiable, we have

(i) f[iﬂ aDgaQ(t) O adgt = 0(§) © o(a);
(i) [ "D olt) ® Pdy(t) = o(5) © o(c).

DOL https://dx.doi.org/10.30504/jims.2024.455086.1177


https://dx.doi.org/10.30504/jims.2024.455086.1177

218  J. Iran. Math. Soc. 5 (2024), no. 2, 205-232 H. Fallah Andevari, A. Babakhani and D. S. Oliveira

Theorem 3.19. Let fi, fo: [, B] — R. Integration by parts says
2

(3.9) - filat+ (1= q)a) © oDE f2(t) © adgt = [f1(t) © fo(t)] / fo(t) © aDgfi(t) @ adgt.
and

D D
(3.10) - filgt+ (1= q)B) ©PD2 fo(t) © Pdyt = [f1(t) © fo(t)]2 — . fo(t) ©P Dy fi(t) © Pdyt.

Theorem 3.20. Let o : [a, B] = R be a continuous function. Then we have

(1) aD§ fiogq () © adgt = 0(€).;
(i) fhg] DZo(t) © adgt = 0(§) © o(y) for all v € (o, §);
(iii) °DF f[gﬁ]@ ® dt—@(i),
(V) iy " D§ ot) © Pdgt = 0(€) © 0(v) for all v € (€, B).

4. Chebyshev’s Inequality by Pseudo-g-Integral

In 2002, Strboja proved Chebyshev’s inequality using a pseudo integral [37]. In 2004, Chebyshev’s

inequality has been proven in g-calculus [17]. We aim to establish Chebyshev’s inequality using the

g-pseudo integral type.

Lemma 4.1. Let fi and fy be both q-decreasing or both q-increasing (f1, f2 : [0,1] = [a, B]). If an
additive generator g : [a, B] — [0,00] is a decreasing function, then the compositions g o f1 and g o fo

are momnotonic g-increasing or monotonic q-decreasing functions and nonegative.

Theorem 4.2. Let f1 and fa be both q-decreasing or both g-increasing (fi, f2 : [0,1] — [, 5]). If
an additive generator g : [, B] — [0,00) of the pseudo-addition ® and pseudo-multiplication ® is a
q-increasing function then:

(4.1) /[01}(f1()®f2( @dt>/ fi(t @dt@/ fo(t) ® dgt

Proof. According to Definition 3.10

k—1
[ e oo dg =g 10— 0 Y nathen) © o))

0,1]

j=0
Using the pseudo multiply property:
k—1
=g ' ((1—¢q Z%g Hafi)g((0) | =g | (1= D vig(fi(v)a(f2(7;)
§=0

According to Lemma 4.1

k—1 k—1
>g [ A=) wg(h(1)( =) vglf2(77))

j=0 7=0
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or, equivalently,

k—1 k—1
=g |9g7 (=) Y- vig(f(m)) x 9™ (L= a) Y vi9(f2(7))

j=0 Jj=0

Using the pseudo integral property:

(5] S5 D
g! <(g o fi(t) © dgt) x (g f2( )© dqt)> =g ((g fi(t) ©dgt) © (g f2(t) © dqt)> :

[0,1] [0,1] [0,1]

Using the pseudo multiply property:

2 @
= f1 (t) © dgt X fo (t) © dgt. (]
[0,1] [0,1]

The next example is a small application for Theorem 4.2.

Example 4.3. Let fi(z) = fa(x) = z and g(x) = 2% with Dy = [0,+00). Then obviously we have
g Y(x) = /x. We first go on the left-hand side of (4.1). Note that

A1) 6 f(t) = g7 (9(()9(F2(1)) = g7 (1) =%,

So taking the interval [0, 1] as the integration range, we obtain

(4.2) / (1(t) © fo(t)) © dgt = / Pt =g | (1—a) Y _v9(v})
(0,1] [0,1] §=0

Setting v; = ¢/ we get

k—1 . k—1 - k—1 . 1— q5k

2%9%:2 Tg(¢*) =) ddV =) @7 =7

i= =0 =0 1

and thus,
1— % 1 —g— ok 4 ok+1

(4.3) (1-q) Z%g ) =(1—qx — 12474 *4

1-¢ 1—¢°

Therefore, by replacing (4.3) in (4.2), the left-hand-side of (4.1) is

) -— g — ook 4 gkt
/[0 1] () © L) Odt =g | (1=a) D_70(]) | = \/1 A i
, 2

On the other hand, for the the right-hand-side of (4.1) note that

(&) (&)
(4.4) o fi(t) © dgt = o Ll odt=g"(1-q)> v9(y)

Setting v; = ¢ again we get

Z%g ;)

=Y @)= ¢ => "=

k—
7=0 7=0 7=0
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and thus,

1—q3k:1—q—q3k—|—q3k+l
1-¢3 1-¢3

k—1
(4.5) 1=q)> vgly) =10—-q) x
=0

Therefore, by replacing (4.5) in (4.4), the right-hand-side of (4.1) is
@

o k—1 k—1
o fi(t) ©dgt © /[0 , ) odt=g" 1= vgly) | og | Q-0 v
3 s ]:O ]:O

_ 1_q_q3k+q3k+1® 1—q— g3k 4 g3k+1
1—¢3 1—¢3

_ 1 — g — g3 4 g3k
1—¢q? '

Consequently, from Theorem 4.2 we find

\/1_q_q5k+q5k+1 - 1—q— g3 4 g3k+1

1—¢° - 1—¢3 ’

or equivalently,

(4.6)

2
1_q_q5k+q5k+1 S 1_q_q3k+q3k+1
1—¢° - 1—¢q? '

Finally, it is worth mentioning that since q € (0, 1), it follows for sufficiently large k that

e R L )

Hence (4.6) is reduced to
1 1—g¢q
> .
1—¢> = (1-¢)?

Remark 4.4. In the general case, with normal addition and multiplication, Theorem 4.2 becomes the

same theorem in [17].

Remark 4.5. Inequality (4.1) is valid when od,t and Pd,t are substituted for dgt. In this case, the
proof is similar to the proof of Theorem 4.2.

5. Hermite-Hadamard Inequality by Pseudo-g-Integral

In this section, we shall consider the special case of the integral f[i gl o(t) ® dt, i.e., f[f 8] o(t) ® dt
given by Definition 2.2. The aim of this part is a g-analogue of this inequality.

Definition 5.1 ([21]). A function o : [a, B] = Ry is said to be pseudo-convex on [o, B], if for all
t,s € [a,f] and all0 <n <1

o(nt+ (1 —=1n)s) <gnGo(t) ® (1 —n) © ofs).
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Theorem 5.2 ([21]). Let o : [a, B] = Ry be a pseudo-convex function. Then the following Hermite-
Hadamard inequality holds:

o(5) = (sE) o [ ooz e

Theorem 5.3. [¢-Hermite-Hadamard Ineqlalﬁity] 23] Let f be g-convex on [a, B]. Then
(5.1) / " olt)dat < - [(Ba = @)ete) + (8 — qa)o(5)],

(5.2) / " olatyaat < (6 - qa)ete) + (a8 — )0(5)],

(5.3) . i _ /j o(t) zg(qt)dqt L o) ;r o(B)

We want to prove the g-Hermite-Hadamard inequality for pseudo integral using g-calculus by The-

orems 5.2 and 5.3.

Theorem 5.4. Let ¢ : [a, B] = Ry be a pseudo-convex and a q-convex function. Then:

g
- 1 1 1
(5.0 i (525) [, 3000 da) od < 5 o (ol & o(3).
)
a+f 1 1 ®
(5.5) 0 < 5 ) <g <5 — a> /[a,ﬁ] o(t)dgt.

Proof. (1) According to the definitions of @ and ® we have
1 1

5@ (el @ o(B) =g~ Gg(@(a) o= g(ﬂ))) =g (29 (gl (g(g(a)) + g(@(ﬁ))))) :

According to (5.3), we have

_ gl<ﬂ i ag(gl(/j g(e(t)) J;g(g(qt))dqt»)

According to the Definition 2.6,

_ (B ! ag(/[oi] % ® (o(t) & olgt)) © dqt)>.

According to the Definition 2.3,

1
.|
9 (5 - a)
Thenwe have:

52
(5:6) Gy [ 50 e @ olat) 0 < 5 ofo) 00(9)).

DOL https://dx.doi.org/10.30504/jims.2024.455086.1177

1
[ o0 o
[a,]



https://dx.doi.org/10.30504/jims.2024.455086.1177

222 J. Iran. Math. Soc. 5 (2024), no. 2, 205-232 H. Fallah Andevari, A. Babakhani and D. S. Oliveira

(2) Since g is a convex function on [a, ], then we have the following inequality (0 <7 < 1)

Q<a—2wi’> _Q{(l—n)a+n6—;na+(1—n)6] S%{Q[(l—n)aJrnB] +g[na+(1—n)ﬁ]}

Taking g-integration over n € [0, 1], we have

[o(*57) ans i [l elomosoans [ oo a-nian]

1

Since g is increasing , then g~ is also increasing function. So we can write

Lol (7)) ap o foe(57)) [ o)

< g‘l{; {/0 glo((X =n)a+npB))] dgn

(5.7) + [ g[@(na+(1—n)ﬁ]dqn}-

Since fol dyn =1, the Eqn. (5.7) can be rewritten as follows:

)2 bl @)l (oo
¢ Lot oo (55))

<g! <;> ©g! (/01 gle((L =ma+n8))] dgn

Hence
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Making the changes of variable = [(1 — n)a + 18] and v = [na + (1 — 1)8], we have
0 (a;ﬁ> g ! (;) ® {g‘l (/jg(@(u))ﬁiadqu> dg! </Bag(g(V))a i 3 dqu) }
g (;) ® {9‘1 (/jg(@(u))ﬁiadqu> ®g! </jg(e(V))5 i - dqu) }

Admitting x = p = v, we can write

(532 2 (o (5 [ e (51 [ o)
o o 5 o)

IN

IN

Then we have:

52
(5.9) g ! <B i a) © /[aﬁ] o(t)dgt < % © [o(a) @ o(B)]. O

The next example is a small application for Theorem 5.4.

Example 5.5. Let « =0, 8 =1, o(z) = x and g(z) = 2% with Dy, = [0,+00). Then obviously we
have g(x) = \/x. We first go on the left-hand side of (5.4). Note that

o(t) @ o(gt) = g7 (9(o(t)) + g(olat))) = g (t* + ¢*¢*) = V2 + 22 = t\/1 + ¢*.
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So taking the interval [a, ] = [0, 1] as the integration range, we obtain

g1< 1 )/@ 1®(g(t)@g(qt))dt—/® Lot/ E @)t
B—a) Jag 2 ! [0,1] 2 !

[0,1]
k—1
_ . /1+ 2
(5.10) =g! (1—q)Z'ng <%2q>
j=0

Setting v; = ¢/ we get

k—1 k—1 k—1
S m Y 1+Q) 1+q2z 5 1+ —¢%)
Y59 q = q”’ = 4(1—q3)
= J=0 J=0
and thus,
k—1
al 2 1 2 1— 3k 1 2 1— 3k
(5.11) (1—q)27‘g YivIiTat —(1—¢)x te  1-4 _(A+4¢)(d—g¢ ).
= 2 4 1—¢  4(l+q+¢)

J
Therefore, by replacing (5.11) in (5.10), the left-hand side of (5.4) is

g ! </B i oz) /[ | %@ (Q(t) @ g(qt))dqt =gt (1—q) Z’ng ( m>

©®
aMB
L (A +¢*)(1 - g¢%)
2 l+q+q¢

On the other hand, the right-hand side of (5.4) is

5 0 (0(0) ® 0(8) = 5 © (20) @ 0(1) = 5 © (0@ 1) = 2 © g (9(0) + (1)
1 1 1 1 1
=3 g (1) = S 0l= 9! (g <2> 9(1)) =g (4> =3
Consequently, from Theorem 5.4(1) we find
L e - 1
2 l+qg+¢*> — 2
or equivalently,
(5.12) 1+¢)1-¢%) <1+q+

Finally, it is worth mentioning that since q € (0,1), it follows for sufficiently large k that ¢** ~ 0.
Hence (5.12) is reduced to

1+¢?<1+q+ ¢
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Now, for (5.5), note that

3 1 S5} S5}
(5.13) gt <ﬁ_a> / t)d,t = / tdgt =g~ | (1= )Y v9(%)
[, 5] (0,1] j=0
Setting v; = ¢/ we get
k—1 k-1 k—1 1— q3k
ng% =Z o) =) a7 =) a7 =15
j= 7=0 7=0 q
and thus,
1— g 1— g
5.14 (1-— (1-— = .
(5.14) qZ%g% DXl = Tra i

Therefore, by replacing (5.14) in (5.13), the right-hand side of (5.5) is

() oo () -
(o, b=y l+q+¢*) \1+q+¢*

Consequently, from Theorem 5.4(2) we find

or equivalently,
(5.15) 1+q+q¢*<4(1— ).

Finally, it is worth mentioning that since q € (0,1), it follows for sufficiently large k that ¢3* ~ 0.
Hence (5.15) reduces to
¢+q* <3

Remark 5.6. In the general case, using standard addition and multiplication, Theorem 5.4 becomes

the same theoremas presented in [17].

6. Hermite-Hadamard Inequality by Pseudo-g,, ¢-Integral

Definition 6.1. For a function fo : [0,1] = R®, a function f1 : o, 8] — Ry is said to be Pseudo-fa-
convex on [a, f], if for allt and s € [o,B] and all0 <n <1 :
(6.1) Silnt + (1 =n)s) <g fa(n) © f1(t) & (1 = fa(n)) © fi(s).

If fo(t) = t, then fi is a pseudo-convex function.

Theorem 6.2. Let f> : [0,1] — R® be a function with f2(3) # 0, and let fi : [a, 8] — Ry be a

pseudo—fg—convex function and g € (0,1). Then we have

53]
A < ()] 0o e
) B 5]

—

2 (% Aw© “a

(6.2) <

[c,]
®

([ pwoate [ pa-noddeheone)
[0,1] [0,1]
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Proof. From the fs-convexity of f;, we have

t+s
e )f1< 5 )<f1(t)+f1(3)-

By taking go-integration over [0, ¢] for ¢ € [0, 1] we obtain

/Ot fi%)fl <t—|2-8> adgt < /Ot (f1(8) + f1(5)) adyt

and putting t = nf8 + (1 —n)a and s = na + (1 — n)S we find

T g (55) e [ 1)t

Since g is increasing, it follows that ¢! is also increasing. Thus, we can write:

[ [ oG (437)) e <7 [ [[o(non 1) )
+ o5l (1-n)9) ol
<g! [g g‘1</0tg(f1(?76+(1—n)a)) adyt
/ (st 1-09) c00)) |
< g(Hi(mB+ (1 =ma)) adqt>
(6.3) &g < /0 g(frlna+ (1-mB)) adqt)~

Now, by taking ¢’-integration over [t, 1] for t € [0, 1] we obtain

/tl f;%)fl (t;rs) Aagt < /tl (F1(t) + f1(s)) Pdgt

and putting t = T;B + (1 —n)aand s =na+ (1 —n)B we find
1
/ O <a;6> 5dqt§/t (f1(nB+ (1L =m)a) + fi(na+ (1 = m)8) ) Pdgt.
-1

Since g and g~ are both increasing functions, we can similarly write

i (552)) ] 2 s )
(6.4) Gg! (/tl g(fl (na+ (1 — n)ﬁ)) 5dqt>.

By summing the inequalities (6.3) and (6.4) and setting u = (1 — t)a + ¢t and v = ta + (1 — t)[,

f2()f1<a+5>§ _1( _a> /f1 ® dt@/ flt Bdt

which proves the first inequality.

we get
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To prove the second inequality, note that from the definition of pseudo-gq.-integral we have

b B
[ Ao st =g (5= [ a(n) )

B—alag
— g—1<(1 - q)qug(f1(04+qj(5— 0‘))>>

J=0

D
= / fila+n(B—a)) @dgn.
[0,1]

By using the pseudo- fo-convexity of fi, we may estimate the last expression as
2] 53] 53]
[ Aerns-modnna@o [ pnodnep@o [ pi-nod

and similarly,

® B
/J’ioz O qut:gl(ﬁia/a o(5(1) ")

=g ! <(1 - q)ji_o;qjg<f1(5 ¢ (B - a))))

[S¥)
- /[ (B3 ) @ dgn

)

Using the pseudo- fo-convexity of f; once more yields

(&) D (&)
/[ . fi(B=nB-a) ©dm < fila)© f2(n) ©dgn & f1(B) © /[0 ; f2(L—n) ©dgn.

[0.1]

)

Finally, a summation completes the proof. O

The following example is a small application for Theorem 6.2.

Example 6.3. Let a =0, 3 =1, fi(z) =, fo(z) =1 and g(z) = 2* with D, = [0, +00). Note that
fg(%) =1+# 0 and f1 is a pseudo-fa-convex function. Then obviously we have g(x) = \/z. The left
hand-side of (6.2) is very simple:

1 a+pBY 1 1
fz(;)fl( ;) =15y

We will now discuss the middle term of (6.2). Note that

S2] @
filt) © adqt:/ tO qdgt
[a, 8] [0,1]

=g =1 =0)> gl x 0+ (1 —7) x 1)
j=0

(6.5) =g ' 1= vgd—)
=0
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Setting v; = ¢ we get

oo o0
> g1 =) qu 1—q;)* =) (¢; — 24} + )
j=0 Jj=0
1 2 1 q+q°
l-¢ 1-¢ 1-¢ (1-¢)(1+q1+q+¢)
and thus,
e} 3 3
q+q qg+q
6.6 1—gq vig(l — ;) = (1 —q) X = .
( ) ( )]z; J ( ]) ( ) (1_q)(1+q)(1+q+q2) (1+q)(1+q+q2)

Therefore, by replacing (6.6) in (6.5) we obtain

@ I I YT B 9+¢

=0
Similarly,

5] 5]

At)© Pdt= / to Pdgt
[o,8] [0,1]
=g [ (1= =0)D gl x 1+ (1—75) x0)
§=0

(6.7) =g ' (1=9) vig(n)

Setting v; = ¢ again we get

S vigty) => d¢¥ = ¢¥ = 13
=0 =0 j=0 !
and thus,

1
1+q+q¢*

1
(6.8) (1-q) 2%9% -9 x =5 =

Therefore, by replacing (6.8) in (6.7) we obtain

® s 1
Ne Pddeat |1 BN \/7
- filt) ® q g ( Q)jgowg(%) 1+q+q2
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Hence the middle term of (6.2) is

g_1< L >[ Y e sdte [ Ame 5dt}
B—a)l g T g !

D D
= g_l (g ( fl(t) © adqt) +g ( fl(t) O) Bd(ﬁ))
[.8] [.8]

-1 q+q 1
=9 n T 2
1+q¢)(1+qg+¢*) 14+q+g¢g

—gl< 1+2¢+¢° )_ 1+2¢+¢3
1+q¢)(1+q+q?) 1+q¢)(1+q+q?)

On the other hand, for the right-hand side of (6.2) note that

6.9 ®tdt—@1tdt—@1dt—_11 001
(6.9) ﬁ(ﬂDq—iéﬂﬁ(—)® = 1edi—g (—@;%wﬂ) |

[0,1] [0,1]

Setting v; = qj once more we get

dongM) =) d x1P=3 ¢ =
=0 =0 =0 1

and thus,

(6.10) 1-q)) g(1)=(1—-q) x
=0

Therefore, by replacing (6.10) in (6.9) we obtain
D

[0,1]
In addition,
file)e fi(B) = A0)@ (1) =0@1=g""(g(0) +9(1)) =g~ '(1) = L.

Therefore, the right-hand side of (6.2) is

2]

®
fo(t) ©dgt @ /[O ; (1=t 0O dqt} o [fi(a) ® f1(B)]
=V201=g"(g(v2)g(1)) =g7'(2) = V2.

[ [0,1]

Consequently, from Theorem 6.2 we find

3
2 -V (I+)(+qg+q?) ~

or equivalently,
1+2¢+¢°

STtolterd

1
4
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7. Conclusion

In this paper, we formulated and proved Chebyshev’s inequality using pseudo-g-integral as well as
Hermite-Hadamard inequality using pseudo-integral and Pseudo-qq, °¢-Integral. In our future research,
we will explore some other well-known inequalities such as Minkowski’s, Young’s and Strakowski’s
inequality and we will try to formulate and prove them using pseudo-g-integral and Pseudo-g,, q-

Integral.
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