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GEVREY REGULARITY ON MAXIMALLY REAL SUBMANIFOLDS

J. YESUF

Abstract. The Fourier -Brós -Iagolnitzer (FBI) transform is the right tool to characterize microlocal
analyticity, microlocal smoothness, and Gevrey regularity. In this paper, we characterize microlocal
Gevrey regularity of a distribution on a maximally real submanifold of Cm using the FBI transform.

1. Introduction

The commonly used FBI (Fourier -Brós -Iagolnitzer) transform has the form

(1.1) Fu(x, ξ) =

∫
Rm

eiξ.(x−y)−|ξ||x−y|2u(y)dy, x, ξ ∈ Rm,

where u is a continuous function of compact support on Rm, or distribution of compact support in
which case the integral is taken in the dual sense. This transform characterizes microlocal regularity
(analyticity, smoothness, and Gevrey regularity). The regularity of solutions of linear and nonlinear
partial differential equations has been studied (see [1–3,5, 9]).

Let U be an open neighborhood of 0 in Rm with coordinates x1, . . . , xm, and let Z = (Z1, . . . , Zm) :

U → Cm be a C∞ map, and dZ1, . . . , dZm linearly independent on U . Write Z(x) = x+ iϕ(x), where
ϕ is a real valued, and smooth function , ϕ(0) = 0 and dϕ(0) = 0. Then X = Z(U) is a smooth
maximally real submanifold. If the Zj ’s are Gs, then we obtain Gs maximally real submanifolds. For
a compactly supported distribution u on a manifold X , we define the FBI transform of u by

(1.2) Fu(z, ζ) =

∫
X
eiζ.(z−z′)−⟨ζ⟩[z−z′]2u(z′)∆(z − z′, ζ)dz′
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in which z ∈ X , ζ ∈ C1 = {ζ ∈ Cm : |=ζ| < |<ζ|}. In [10], the author used the above FBI transform
to characterize the smoothness of a distribution locally.

Christ ( [7, Theorem 2.3]) provides characterizations of the class Gs. Additionally, in [1], Adwan
and Hoepfner utilized the FBI transform, similar to the Fourier transform, to characterize Gevrey
regularity. Subsequently, in [5], the authors generalized Christ’s theorem to a subclass of generalized
FBI transforms. This work will extend the findings from [5] to maximally real submanifolds by
employing a variant of the FBI transform (1.2).

The paper’s organization is as follows: In section 2, we recall some notions and definition of max-
imally real submanifolds. We also define the FBI transform in a maximally real submanifold of Cm.
Characterization of microlocal Gevrey regularity via the decay of the FBI transform is given in section
3.

2. FBI transform on a maximally real Gs submanifold of Cm

We start this section by introducing the concept of a Gevrey function.

Definition 2.1. Let s ≥ 1, and let f∈ C∞(Ω), Ω ⊂ Rm open. Then the function f is said to be
Gevrey function of order s on Ω, if for any compact subset K of Ω there is a constant CK > 0 such
that

|∂αf(x)| ≤ C
|α|+1
K (α!)s, ∀α ∈ Nn

0 , ∀x ∈ K.

We denote the class of all Gevrey functions of order s on Ω by Gs(Ω).

Consider an involutive structure on a Gs manifold M ; as usual, the tangent and cotangent bundles
are denoted by V and T ′ and their fiber dimensions by m and n, respectively (for the details we refer
to [4]).

Definition 2.2. Let (M,V) be a involutive structure. A submanifold X ⊂ M is called Gs maximally
real, if the pullback map

π∗ : CT ∗M |X → CT ∗X

induces an isomorphism

T ′|X ∼= CT ∗X .

Note that dimRX = m.

We refer the image of the real cotangent bundle of X , T ′X , under the natural isomorphism CT ∗X ∼=
T ′|X as the real structure bundle of X , which is denoted by RT ′

X . We will denote variable points in
Cm by z or z′ and dual coordinates by ζj (1 ≤ j ≤ m). For any number κ > 0, we write

Cκ = {ζ ∈ Cm : |=ζ| < κ|<ζ|}.

For any z = (z1, . . . , zm) ∈ Cm put [z]2 = z21 + . . .+ z2m, and for ζ ∈ C1 set 〈ζ〉 = (ζ.ζ)
1
2 (main branch

of the square root).
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Let

(2.1) Mk =

m∑
j=1

µkj
∂

∂xj
, 1 ≤ k ≤ m

be the vector fields characterized by the relations

Mk(zj)|X ) = δkj .

Then the vector fields M1, . . . ,Mm form a Gs basis of CTX .

Definition 2.3. Let X be a maximally real submanifold of Cm and z0 ∈ X . Then X is said to be
well positioned at z0, if there is a number κ, 0 < κ < 1, and an open neighborhood Ω of z0 such that
the following holds:

i) |=ζ| < κ|<ζ|; ∀z ∈ Ω, ζ ∈ RT ′
X |z;

ii) ={ζ.(z − z′) + i〈ζ〉[z − z′]2} ≥ (1− κ)|ζ||z − z′|2, ∀z, z′ ∈ Ω,

∀ζ ∈
(
RT ′

X |z
)
∪
(
RT ′

X |z′
)

.

Finally, X is very well positioned at z0 if, given any number κ, 0 ≤ κ < 1, there exists an open
neighborhood Ω of z0 in X such that the above holds.

Let U be an open neighborhood of 0 ∈ Rm, and let Z : U → Cm with Z(x) = x + iϕ(x), where
ϕ : U → Rm is a Gs map, ϕ(0) = 0 and dϕ(0) = 0. Then X = {x+ iϕ(x) : x ∈ U} is a Gs maximally
real smooth submanifold of Cm. In this case a point (z, ζ) ∈ RT ′

X , with z ∈ Z(U), if there is x ∈ U

and ξ ∈ Rm such that
z = Z(x) and ζ = tZx(x)

−1ξ.

It was shown in [10] (Proposition IX.2.2) that X defined above is very well positioned at 0, that is,
given any number κ, 0 ≤ κ < 1, there is an open neighborhood Ω of 0 in X such that the following
holds :

1. |=ζ| < κ|<ζ|,(2.2)

2. =
[
ζ.(z − z′) + i〈ζ〉[z − z′]2

]
≥ (1− κ)|ζ||z − z′|2

where z, z′ ∈ Ω and ζ ∈ (RT ′
X |z) ∪ (RT ′

X |z′).
For ζ ∈ C1, z ∈ Cm, we use the notation

∆(z, ζ) = det{I + i(z � ζ)/〈ζ〉},

which is the Jacobian determinant of the map ζ → ζ + i〈ζ〉z.

Definition 2.4. Let u be a compactly supported distribution in the manifold X . For (z, ζ) ∈ Cm×C1,
the FBI transform of u defined as a duality bracket

Fu(z, ζ) =

∫
X
eiζ.(z−z′)−⟨ζ⟩[z−z′]2u(z′)∆(z − z′, ζ)dz′.

Note that Fu(z, ζ) ∈ O(Cm × C1).
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Definition 2.5. Define, for any ϵ > 0 and z ∈ Cm,

uϵ(z) =
1

(2π)m

∫
Rm

e−ϵ⟨ζ⟩2Fu(z, ζ)dζ

=
1

(2π)m

∫
Rm

∫
X
eiζ.(z−z′)−⟨ζ⟩[z−z′]2−ϵ⟨ζ⟩2u(z′)∆(z − z′, ζ)dz′dζ

(Of course, since ζ ∈ Rm, we have 〈ζ〉 = |ζ|).

Observe that for each fixed ϵ > 0, uϵ(z) ∈ O(Cm).

Theorem 2.6 ( [10],Theorem IX.2.2). (FBI Inversion Formula) Let X ⊂ Cm be maximally real
submanifold, 0 ∈ X and X is well-positioned at the origin. There is a neighborhood Ω of 0 in X such
that whatever u ∈ E ′(Ω),

u(z) = lim
ϵ→0+

uϵ(z) in D′(Ω).

To characterize the Gevrey regularity near 0 of a distribution u ∈ E ′(Ω) in terms of the ”rapid
decay” of its FBI transform, we need a modification of the inversion formula (see [10]).
Let then K be a compact subset of 0 in Ω and define, for any ϵ > 0,

(2.3) uϵK(z) = (2π3)−m/2

∫ ∫
eiζ.(z−z′)−⟨ζ⟩[z−z′]2−ϵ⟨ζ⟩2Fu(z

′, ζ)〈ζ〉
m
2 dz′dζ,

where the integration with respect to (z′, ζ) is carried out over RT ′
X |K . Property (i) of condition (2.2)

ensures that uϵK(z) is an entire holomorphic function in Cm.

3. Characterization of Gevrey micro regularity on maximally real submanifold

As before, let U ⊂ Rm be a neighborhood of 0, Zj(x) ∈ Gs(U) with dZ1, . . . , dZm linearly indepen-
dent on U so that X = Z(U) ⊂ Cm is a Gs maximally real submanifold and is very well positioned
at the origin. Note that u : X → C is in Gs(X ), if and only if u(Z(x)) is in Gs(U). We consider
almost-analytic extensions of the map Z, that is, a Gs mapping Z# : U + i(−1, 1)m → Cm such that:

i) Z#(x) = Z(x) for every x ∈ U ,
ii) there exist C > 0 such that ∂Zl

#

∂zj
(x+ iy) ≤ CN+1(N !)s−1|y|N , ∀j, ∀N, 1 ≤ l ≤ m.

Following the characterization of microregularity given in [4, Definition V.2.11 and Theorem V.3.7]
and ([5, Proposition 2.1]), we define Gevery microlocal regularity as follows.

Definition 3.1. Let u ∈ E ′(X ), ξ0 ∈ Rm \{0}. Then u is said to be micro-locally Gs regular at (0, ξ0)
if there is a neighborhood V of 0, open acute cones Γ1, . . . ,ΓN in Rm \ {0} and C1 functions fj on
Z#(V + iΓj

δ) (δ > 0) of tempered growth such that

i) u =
∑N

j=1 bfj near 0;
ii) ξ0.Γj < 0, ∀j;

iii)
∣∣∣∣ ∂fj∂zk

(z)

∣∣∣∣ ≤ A exp

(
−B(

dist(Z#(x+iy),Z(V ))
) 1

s−1

)
, ∀j = 1, . . . , N , ∀k = 1, . . . ,m for some A,B > 0.

The Gs− wave front set of u, is defined by WFs(u) = {(x, ξ) : u is not s− micro-regular at (x, ξ)}.
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We now state the Gevrey regularity result as follows:

Theorem 3.2. Let u ∈ E ′(X ), ξ0 ∈ Rm \{0}. Then u is microlocally Gs regular at (0, ξ0), if and only
if there are constants a, b > 0 such that

|Fu(z, ζ)| ≤ ae−b|ζ|
1
s ,

for (z, ζ) in a conic neighborhood of (0, ξ0) in RT ′
X .

Proof. Suppose u is microlocally Gs regular at (0, ξ0). Then without loss of generality assume there
is a neighborhood V of 0, open acute cone Γ in Rm \ {0} and C1 function f on Z#(V + iΓδ) (δ > 0)
of tempered growth such that

i) u = bf on Z(V );
ii) ξ0.Γ < 0;

iii) | ∂f∂zj
(z)| ≤ A exp

(
−B(

dist(z,Z(V ))
) 1

s−1

)
, for some A,B > 0 and z ∈ Z#(V + iΓδ).

Let r > 0 such that B2r = {x : |x| < 2r} ⊂⊂ V , Ω = Z(B2r). Let g ∈ C∞
0 (X ), g ≡ 1 in Z(Br) and

supp(g) ⊂ Ω.
Let v ∈ Γδ and u ∈ E ′(X ). Then

Fu(z, ζ) =

∫
X
eiζ.(z−z′)−⟨ζ⟩[z−z′]2u(z′)∆(z − z′, ζ)dz′

= lim
t→0+

∫
B2r

eiζ.(Z(x)−Z(x′))−⟨ζ⟩[Z(x)−Z(x′)]2f
(
Z(x′) + iZx′(x′)tv)g(Z(x′)

)
∆(Z(x)− Z(x′), ζ)dZ(x′)

Since g
(
Z(x)

)
∈ C∞, it has almost analytic extension g̃ on Z#(V + iΓδ). Then

Fu(Z(x), ζ) = lim
t→0+

∫
B2r

eiζ.(Z(x)−Z̃(x′))−⟨ζ⟩[Z(x)−Z̃(x′)]2f(Z̃(x′))g̃(Z̃(x′))∆(Z(x)− Z̃(x′), ζ)dZ̃(x′),

where Z̃(x′, v, t) = Z(x′) + iZx′(x′)tv.
For 0 < λ < 1, let

Dλ = {Z(x′) + iZx′(x′)tv ∈ Cm : x′ ∈ B2r, λ ≤ t ≤ 1}.

Let Q(x, x′, ζ) = iζ.(Z(x)− Z(x′))− 〈ζ〉[Z(x)− Z(x′)]2.
Consider the m - form

w(z̃) = eQ(x,z̃,ζ)g̃(z̃)f(z̃)dz̃1 ∧ . . . ∧ dz̃m , z̃ = z′ + iZx′(x′)y.
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Then by Stokes theorem we have

Fu(Z(x), ζ)= lim
λ→0+

∫
B2r

eQ0f(Z(x′) + iZx′(x′)λv)g̃(Z(x′) + iZx′(x′)λv)∆(Z(x)− Z(x′)− iZx′(x′)λv, ζ)dZ(x′)

=

∫
B2r

eQ1f(Z(x′) + iZx′(x′)v)g̃(Z(x′) + iZx′(x′)v)∆(Z(x)− Z(x′)− iZx′(x′)v, ζ)dZ(x′)

+ lim
λ→0+

m∑
j=1

∫
Dλ

eQ2 g̃(Z(x′) + iZx′(x′)tv)
∂f

∂z̃j
(Z(x′) + iZx′(x′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃

+ lim
λ→0+

m∑
j=1

∫
Dλ

eQ2f(Z(x′) + iZx′(x′)tv)
∂g̃

∂z̃j
(Z(x′) + iZx′(x′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃

= I0 + Iλ1 + Iλ2 ,

where

Q0(x, x
′, ζ) = iζ.(Z(x)− Z(x′)− iZx′(x′)λv)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)λv]2,

Q1(x, x
′, ζ) = iζ.(Z(x)− Z(x′)− iZx′(x′)v)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)v]2,

and

Q2(x, x
′, ζ, t) = iζ.(Z(x)− Z(x′)− iZx′(x′)tv)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)tv]2.

Let’s estimate Q2. Since v ∈ Γ and ξ0.Γ < 0, there is a conic neighborhood Γ1 of ξ0 and a constant
c > 0 such that

ξ.v ≤ −c|v||ξ|, ∀ξ ∈ Γ1.

Since X is well positioned at the origin, we have ∀x, x′ ∈ B2r , ξ ∈ Γ;

<
(
iζ.(Z(x)− Z(x′))− 〈ζ〉[Z(x)− Z(x′)]2

)
≤ −(1− κ)|ζ||Z(x)− Z(x′)|2.

So we have

|(tZx′(x′)v).ζ| = |(tZx′(x′)v).(tZ−1
x′ (x

′)ξ)|

= |tZx(x)Z
−1
x′ (x

′)v.ξ|

≤ t(1 + c1|x− x′|)|v||ξ)| since Zx(x)Z
−1
x′ (x

′) = Id+O(|x− x′|)

≤ tc′1|v||ξ| .c′1 = 1 + 4c1r

Thus after shrinking Ω, if needed, so that |ζ| ≤ 2|ξ|, we have

<(tZx′(x′)v.ζ) ≤ −1

2
c c′1t|v||ζ| = −1

2
c′t|v||ζ|.
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Also shrink Ω further if necessary so that |z − z′| ≤ c
16 for z, z′ ∈ Ω and ||ϕx|| ≤ 1

2 , ∀x ∈ B2r, since
|〈ζ〉| ≤ |ζ|, we have for δ < c

36 ,

<
(
− 〈ζ〉

(
− 2itZx′(x′)v.(Z(x)− Z(x′))− (tZx′(x′)v).(tZx′(x′)v)

))
≤ |ζ|

(
3t|v||Z(x)− Z(x′)|+ 9

4
|v|2t2

)
≤ |ζ||v|3t(|Z(x)− Z(x′)|+ 9

4
|v|)

≤ |ζ||v|t
(
3c

16
+

9

4

c

36

)
since v0 ∈ Γδ, δ <

c

36

=
1

4
tc|v||ζ|

≤ 1

4
tc′1c|v||ζ| =

1

4
c′t|v||ζ|.

Therefore, <Q2(x, x
′, ζ, t) ≤ −(1− κ)|ζ||Z(x)− Z(x′)|2 − tc′′|v||ζ|, c′′ = c′

2 .
Similarly, <Q1(x, x

′, ζ) ≤ −(1− κ)|ζ||Z(x)− Z(x′)|2 − c′′|v||ζ|.
Consider I0: Choosing |v| small, for ξ ∈ Γ1, ζ = tZ−1

x′ (x′)Γ1 , |ζ| ≥ 1 we have

|I0| ≤ e−c′′|v||ζ| sup
x∈B2r

|(fg̃)(Z(x′) + iZx′(x′)v)|
∫
B2r

|∆|e−(1−κ)|ζ||Z(x)−Z(x′)|2dZ(x′)

≤ de−c′′|v||ζ|
∫
B2r

|∆|e−(1−κ)|ζ||Z(x)−Z(x′)|2dZ(x′)

≤ d′e−b|ζ| , b > 0

≤ d′e−b|ζ|
1
s .

Since I0

e−c′|ζ|
1
s

is bounded on B2r × {ζ : |ζ| ≤ 1}, there exist a0, b0 > 0 such that

(3.1) |I0| ≤ a0e
−b0|ζ|

1
s for |x′| < 2r, ζ = tZ−1

x′ (x
′)ξ , ξ ∈ Γ1.

Consider

Iλ1 = lim
λ→0+

m∑
j=1

∫
Dλ

eQ2 g̃(Z(x′) + iZx′(x′)tv)
∂f

∂z̃j
(Z(x′) + iZx′(x′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃ :
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For ζ ∈ {tZ−1
x′ (x′)Γ1}, |ζ| ≥ 1,∣∣∣∣eQ2 g̃(Z(x′) + iZx′(x′)tv)

∂f

∂z̃j
(Z(x′) + iZx′(x′)tv)

∣∣∣∣
≤ C ′eℜQ2Ae

− B

|tv|
1

s−1 , (C ′ = sup(x′,t)∈B2r×[0,t]|g̃(Z(x′) + iZx′(x′)tv)|)

≤ A′e−(1−κ)|ζ||z−z′|2e−bt|ζ|e
− B′

|t|
1

s−1 , (taking v small)

≤ A′
(
N

s

)N
s

e−
N
s (bt|ζ|)−

N
s

[
s− 1

s
N

] (s−1)N
s

e−
(s−1)

s
N

(
B′

t
1

s−1

)− (s−1)
s

N

e−(1−κ)|ζ||z−z′|2

≤ DN+1N !|ζ|−
N
s e−(1−κ)|ζ||z−z′|2 , where we used e−α ≤ dde−dα−d , d, α > 0

with d = N
s for e−bt|ζ| and d = s−1

s N for e
− B′

|t|
1

s−1 for N ≥ 1.
Thus

lim
λ→0+

|Iλ1 |

≤ DN+1N !|ζ|−
N
s

m∑
j=1

∫ 1

0

∫
B2r

|∆|e−(1−κ)|ζ||z−z′|2dz̃j ∧ dz̃ for x′ ∈ B2r, ζ ∈ {tZ−1
x′ (x

′)Γ1}, |ζ| ≥ 1.

Therefore, limλ→0+ |Iλ1 | ≤ a1e
−b1|ζ|

1
s−1 for x′ ∈ B2r, ζ ∈ {tZ−1

x′ (x′)Γ1}, |ζ| ≥ 1 for some a1, b1 > 0

independent of λ.
But since |Iλ1 |

e−b1|ζ|
1

s−1
is bounded on B2r × {ζ : |ζ| ≤ 1}, there exist A1, B1 > 0 such that

(3.2) lim
λ→0+

|Iλ1 | ≤ A1e
−b1|ζ|

1
s−1

.

Consider

Iλ2 = lim
λ→0+

m∑
j=1

∫
Dλ

eQ2f(Z(x′) + iZx′(x′)tv)
∂g̃

∂z̃j
(Z(x′) + iZx′(x′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃ :

Since ∂g̃
∂zj

≡ 0 for |x| ≤ r, the integral over |x| ≤ r is zero. Then for |x′| < r
2 and |x| ≥ r and taking

|v| small we have

<Q2 ≤ −(1− κ)|ζ||Z(x)− Z(x′)|2 − c′′|ζ|

for ζ ∈ {tZ−1
x′ (x′)Γ1}, |ζ| ≥ 1. Since f is of tempered growth, there exist a constant d > 0 and an

integer k ≥ 0 such that

|f(Z(x′) + iZx′(x′)tv)| ≤ d

tk|v|k
.

Also since g̃ is almost holomorphic, there exist ck > 0 such that

| ∂g̃
∂z̃j

| ≤ ckt
k|v|k . ∀j = 1, . . . ,m.
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Thus we can get A2, B2 > 0 independent of λ such that

(3.3) lim
λ→0+

|Iλ2 | ≤ A2e
−B2|ζ|

1
s ∀ζ ∈ {tZ−1

x′ (x
′)Γ1} .x′ ∈ B r

2

Combining (3.1), (3.2) and (3.3) there are constants a, b > 0 such that

|Fu(z, ζ)| ≤ ae−b|ζ|
1
s ,

for (z, ζ) in a conic neighborhood of (0, ξ0) in RT ′
X .

For the converse let u ∈ E ′(Ω), Ω open neighborhood of 0 in X . Let B0 be a ball centered at zero such
that Z(B0) = Ω. Suppose that there exist a, b > 0 such that

|Fu(z, ζ)| ≤ ae−b|ζ|
1
s ,

for (z, ζ) in a conic neighborhood of (0, ξ0), that is, on a set of the form {(z, ζ) : z ∈ Z(V ), ζ ∈ tZ−1
x Γ},

where V is a neighborhood of 0 (V ⊂ B0) and Γ is a conic neighborhood of ξ0. Applying the inversion
formula (2.3) we have

uK̃(z) =
1

(2π3)
m
2

lim
ϵ→0+

∫∫
RT ′

X|
K̃

eiζ.(z−z′)−⟨ζ⟩[z−z′]2−ϵ⟨ζ⟩2Fu(z
′, ζ)〈ζ〉

m
2 dz′dζ,

where K̃ = Z(K); K is a compact neighborhood of 0 in U . Extend the map Z as a map Z̃ : Rm → Cm

and let Z̃(Rm) = Ω̃. Then the properties of wellposedness remains valid in Ω̃. Choose d > 0 such that
Ω′ = {Z(x′) : |Z(x′)| ≤ d} ⊂ Z(V ). Then we can write uϵ

K̃
(z) as

uϵ
K̃
(z) = uϵ

K̃,0
(z) + uϵ

K̃,1
(z),

where

uϵ
K̃,0

(z) =
1

(2π3)
m
2

∫ ∫
Ω′

eiζ.(z−z′)−⟨ζ⟩[z−z′]2−ϵ⟨ζ⟩2Fu(z
′, ζ)〈ζ〉

m
2 dz′dζ,

and

uϵ
K̃,1

(z) =
1

(2π3)
m
2

∫ ∫
Ω̃\Ω′

eiζ.(z−z′)−⟨ζ⟩[z−z′]2−ϵ⟨ζ⟩2Fu(z
′, ζ)〈ζ〉

m
2 dz′dζ,

so that u(z) = uK̃,0(z) + uK̃,1(z).
Consider uK̃,0(z): Let Cj , 1 ≤ j ≤ N be open, acute cones such that

Rm = ∪N
j=1Cj

and Cj ∩ Ck has measure zero when j 6= k. We may assume that ξ0 ∈ C1 and ξ0 /∈ Cj for j ≥ 2. This
implies that we can get acute, open cones Γj , 2 ≤ j ≤ N and a constant C > 0 such that

ξ0.Γj < 0 and y.ξ ≥ C|y||ξ| ∀y ∈ Γj , ∀ξ ∈ Cj .

For each j = 2, . . . , N, z = Z#(x+ iy) ∈ Z#(V + iΓj
δ) define

f ϵ
j (z)) =

1

(2π3)
m
2

∫
ξ∈Cj

∫
Ω′

eiζ.(z−z′)−⟨ζ⟩[z−z′]2−ϵ⟨ζ⟩2Fu(z
′, ζ)〈ζ〉

m
2 dz′dζ.
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Then for 2 ≤ j ≤ N , each f ϵ
j is entire and as ϵ → 0+, the f ϵ

j converges uniformly on compact subsets
of Z#(Rm + iΓj) to

fj(z) =
1

(2π3)
m
2

∫
ξ∈Cj

∫
Ω′

eiζ.(z−z′)−⟨ζ⟩[z−z′]2Fu(z
′, ζ)〈ζ〉

m
2 dz′dζ,

which is also holomorphic on Z#(Rm + iΓj) and is of tempered growth on Z#(V + iΓj
δ) for some

0 < δ ≤ 1.

Then each fj (j ≥ 2) has boundary value bfj ∈ D′(Z(V )).
Let

gϵ1(Z(x))) =
1

(2π3)
m
2

∫
ξ∈C1

∫
Ω′

eiζ.(Z(x)−Z(x′))−⟨ζ⟩[z−z′]2−ϵ⟨ζ⟩2Fu(z
′, ζ)〈ζ〉

m
2 dz′dζ.

Then by the decay of the FBI transform gϵ1 are smooth for all ϵ > 0 and converges uniformly on Rm

to the function

g1(Z(x)) =
1

(2π3)
m
2

∫
ξ∈C1

∫
Ω′

eiζ.(Z(x)−Z(x′))−⟨ζ⟩[Z(x)−Z(x′)]2Fu(Z(x′), ζ)〈ζ〉
m
2 dZ(x′)dζ.

Clearly g1(Z(x)) is smooth on Rm. We will show that g1(Z(x)) is in Gs for x near the origin.
Let {M1, . . . ,Mm} be the vector fields that satisfy

MjZk = δkj , 1 ≤ j, k ≤ m.

Then g1(Z(x)) will be in Gs near 0 if there exist c > 0 such that for all α,

(3.4) |Mαg1(Z(x))| ≤ c|α|+1(α!)s,

for x near 0. We will therefore establish estimate (3.4). Observe that since

Cm 3 z 7→ eiζ.(z−Z(x′))−⟨ζ⟩[z−Z(x′)]2

is an entire function; for any α,

Mαg1(Z(x)) =
1

(2π3)
m
2

∫
ξ∈C1

∫
Ω′

∂α
z

{
eiζ.(z−Z(x′))−⟨ζ⟩[z−Z(x′)]2

}
|z=Z(x)Fu(Z(x′), ζ)〈ζ〉

m
2 dZ(x′)dζ.

We begin by estimating the term ∂α
z

{
eiζ.(z−Z(x′))−⟨ζ⟩[z−Z(x′)]2

}
for z and x′ bounded.

Clearly

∂α
z

{
eiζ.(z−Z(x′))−⟨ζ⟩[z−Z(x′)]2

}
=

m∏
j=1

∂
αj
zj F (hj(zj)),

where F (w) = ew for w ∈ C and for each 1 ≤ j ≤ m,

hj(zj) = iζj(zj − Zj(x
′))− 〈ζ〉[zj − Zj(x

′)]2.

By the formula of Faá di Bruno,

∂
αj
zj F (hj(zj)) =

∑
Sj

αj !

α1
j ! . . . α

m
j

F (α1
j+...+αm

j )(hj(zj))

m∏
k=1

(
h
(k)
j (zj)

k!

)αk
j
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where the sum is taken over the set

Sj = {(α1
j , . . . , α

m
j ) :

m∑
k=1

kαk
j = αj},

where each αk
j is a nonnegative integer.

Note that h
(1)
j (zj) = iζj − 2〈ζ〉(zj − Zj(x

′)), h
(2)
j (zj) = −2〈ζ〉, and h

(k)
j (zj) = 0 for k ≥ 3. It follows

that

∂
αj
zj F (hj(zj)) =

∑
Sj

αj !

α1
j !α

2
j !
(−1)α

2
j 〈ζ〉α

2
j

(
iζj − 2〈ζ〉(zj − Zj(x

′))

)α1
j

ehj(zj),

and
Sj = {(α1

j , α
2
j ) : α

1
j + 2α2

j = αj}.

Hence

(3.5) ∂α
z

{
eiζ.(z−Z(x′))−⟨ζ⟩[z−Z(x′)]2

}
= eh(z)

m∏
j=1

(∑
Sj

αj !

α1
j !α

2
j !
(−1)α

2
j 〈ζ〉α

2
j

(
iζj−2〈ζ〉(zj−Zj(x

′))

)α1
j
)
,

where h(z) = iζ.(z − Z(x′)) − 〈ζ〉[z − Z(x′)]2. Since zj = Zj(x) and Zj(x
′) belong to a bounded set,

there exists c > 0 such that∣∣∣∣iζj − 2〈ζ〉(zj − Zj(x
′))

∣∣∣∣α1
j

≤ cα
1
j |ζ|α

1
j ≤ c|α||ζ|α

1
j .

Likewise, the factor eh(z) is bounded for z = Z(x). Therefore, the term∣∣∣∣∂α
z

{
eiζ.(z−Z(x′))−⟨ζ⟩[z−Z(x′)]2

}
|z=Z(x)

∣∣∣∣,
is bounded by the sum of a finite number of terms of the form (after possibly increasing c)

(3.6) c|α|+1

(
α1!

α1
1!α

2
1!
. . .

αm!

α1
m!α2

m!

)
|ζ|α1

1+...+α1
m+α2

1+...+α2
m .

We thus see that |Mαg1(Z(x))| is bounded by a finite sum of the form

c|α|+1

(
α1!

α1
1!α

2
1!
. . .

αm!

α1
m!α2

m!

)∫
C1

∫
Ω′

|ζ|α1
1+...+α1

m+α2
1+...+α2

m+m
2 |Fu(Z(x′), ζ)||dζ|dZ(x′).

By the hypothesis on the decay of Fu(Z(x′), ζ), |Mαg1(Z(x))| is bounded by a finite sum of the form

c|α|+1

(
α1!

α1
1!α

2
1!
. . .

αm!

α1
m!α2

m!

)∫
C1

∫
Ω′

|ζ|α1
1+...+α1

m+α2
1+...+α2

m+m
2 e−b|ζ|

1
s |dζ|dZ(x′)

for some c > 0. Since |ζ| is comparable to |ξ|, ξ ∈ Rm and Ω′ is a bounded set, the latter expression
is bounded by

(3.7) c|α|+1

(
α1!

α1
1!α

2
1!
. . .

αm!

α1
m!α2

m!

)∫
Rm

|ξ|α1
1+...+α1

m+α2
1+...+α2

m+m
2 e−b|ξ|

1
s dξ.

We estimate the integral (3.7) in the following. Using polar coordinates∫
Rm

|ξ|α1
1+...+α1

m+α2
1+...+α2

m+m
2 |e−b|ξ|

1
s |dξ = c

∫ ∞

0
rα

1
1+...+α1

m+α2
1+...+α2

m+m
2
+m−1e−br

1
s dr
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for some constant c > 0. Change variable t = br
1
s and so r = ts

bs . Then the integral above is dominated
by

c|α|+1

∫ ∞

0
ts(α

1
1+...+α1

m+α2
1+...+α2

m+ 3m
2

)−1e−tdt,

for some c > 0.
Let k = α1

1 + . . .+ α1
m + α2

1 + . . .+ α2
m + 3m

2 . Then the latter integral is

c|α|+1

∫ ∞

0
tsk−1e−tdt = c|α|+1Γ(sk),

where Γ(s) =
∫∞
0 ts−1e−tdt is the Gamma function. By Sterling’s formula for the Gamma function,

there is a constant c > 0 such that for s ≥ 1,

Γ(s) ≤ css−
1
2 e−s ≤ css.

Hence

(3.8) Γ(sk) ≤ ck(kk)s ≤ (ces)k(k!)s,

where we have used ek ≥ kk

k! in the second inequality. From (3.7) and (3.8), it follows that |Mαg1(Z(x))|
is bounded by a finite sum of the form

(3.9) c|α|+1

(
α1!

α1
1!α

2
1!
. . .

αm!

α1
m!α2

m!

)[
(α1

1 + . . .+ α1
m + α2

1 + . . .+ α2
m +

3m

2
)!

]s
.

Note that

(α1
1 + . . .+ α1

m + α2
1 + . . .+ α2

m +
3m

2
)!

≤ (α1
1 + . . .+ α1

m + α2
1 + . . .+ α2

m + 3m)!

≤ 2α
1
1+...+α1

m+α2
1+...+α2

m+3m(α1
1 + . . .+ α1

m + α2
1 + . . .+ α2

m)!(3m)!,

where we have used the inequality

(a+ b)! ≤ 2a+ba!b! for a, b ≥ 0.

Therefore, after changing c, (3.9) is bounded by

(3.10) c|α|+1

(
α1!

α1
1!α

2
1!
. . .

αm!

α1
m!α2

m!

)[
(α1

1 + . . .+ α1
m + α2

1 + . . .+ α2
m)!

]s
.

Observe that for each 1 ≤ j ≤ m,

αj !

α1
j !α

2
j !

=
[(α1

j + α2
j ) + α2

j ]!

α1
j !α

2
j !

since αj = α1
j + 2α2

j

≤
2αj (α1

j + α2
j )!

α1
j !

≤
22αjα1

j !α
2
j !

α1
j !

= 22αjα2
j !.
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Therefore, (3.10) is bounded by

4|α|α2
1! . . . α

2
m!

[
(α1

1 + . . .+ α1
m + α2

1 + . . .+ α2
m)!

]s
≤ 4|α|

[
α2
1! . . . α

2
m!(α1

1 + . . .+ α1
m + α2

1 + . . .+ α2
m)!

]s
since s > 1

≤ 4|α|
[
(α1

1 + . . .+ α1
m + 2

m∑
j=1

α2
j )!

]s
since (a+ b)! ≥ a!b!

= 4|α|(|α|!)s

≤ c|α|+1(α!)s(3.11)

where in the last inequality, we used (a+ b)! ≤ 2a+ba!b! repeatedly.
Finally, we need to estimate the number of terms that arise from the product in (3.5). For n a positive
integer, let

Sn = {(n1, n2) : n1 + 2n2 = n}

where n1, n2 are nonnegative integers. If (n1, n2) ∈ Sn, then n2 ≤ n
2 and for each such n2, there is

at most one n1 such that (n1, n2) ∈ Sn. Hence Sn has no more than n
2 elements. It follows that the

product in (3.5) leads to no more than

(
α1

2
) . . . (

αm

2
) ≤ |α|m

≤ m!e|α|

≤ c|α|+1,(3.12)

where c is independent of α. From (3.11) and (3.12), we conclude that there is c > 0 independent of
α such that ∣∣∣∣Mαg1(Z(x))

∣∣∣∣ ≤ c|α|+1(α!)s,

and hence g1(Z(x)) is in Gs near 0.
Thus if K ′ is a compact set whose interior contains 0, there is an almost analytic extension f1 of g1
such that f1|Z(K′) = g1 and

∣∣∣∣∂f1∂zk
(z)

∣∣∣∣ ≤ A exp

 −B(
dist(z, Z(V ))

) 1
s−1

 , ∀k = 1, . . . ,m

for some A,B > 0, z ∈ Z#(V + iΓ1
δ).

In the sense of distributions, for each j ≥ 2,

lim
Γj∋y→0

fj(Z#(x+ iy)) = lim
ϵ→0+

f ϵ
j (Z(x)),

and
lim

Γ1∋y→0
f1(Z#(x+ iy)) = lim

ϵ→0+
gϵ1(Z(x)).
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Thus

uK̃,0 = lim
ϵ→0+

N∑
j=1

f ϵ
j (Z(x)) = lim

y→0

N∑
j=1

fj(Z#(x+ iy)).

Now we prove that uϵ
K̃,1

(z) converges to a holomorphic function. However, by wellposedness, for
z′ ∈ Ω̃ \ Ω′ and z ∈ Z(V ), (see [8]), we have

<
(
iζ.(z − z′)− 〈ζ〉[z − z′]2

)
≤ −(1− κ)|ζ||z − z′|2 ≤ −c0 < 0

and since we may suppose that ϵ go to zero in the integral for uϵ
K̃,1

(z), thus we obtain

uK̃,1(z) =
1

(2π3)
m
2

∫ ∫
Ω̃\Ω′

eiζ.(z−z′)−⟨ζ⟩[z−z′]2Fu(z
′, ζ)〈ζ〉

m
2 dz′dζ,

which defines a holomorphic function.
Therefore, u is microlocally Gs regular at (0, ξ0). □
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