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COMMUTATIVITY OF PRIME RING WITH GENERALIZED SKEW
DERIVATIONS HAVING A LIE-TYPE BEHAVIOUR

G. SCUDO

ABSTRACT. Let R be a prime ring of characteristic different from 2 and 3, @, its right Martindale
quotient ring and C' its the extended centroid. Suppose that F' is a non-zero generalized skew derivation
of R such that

for all z,y € R, with k > 1 fixed integer. In this paper we will showw that, then R is commutative.

1. Introduction

Throughout the paper, R is always an associative prime ring, ), its right Martindale quotient ring,
and C = Z(Qy), the center of Q,, called the extended centroid of R; when R is a prime ring, C' is a
field. We refer the reader to [2] for details.

We recall that, for all z,y € R, [x,y| = zy—yz and, for a fixed integer k > 1, [z, y|r = [[x, y]x_1,¥y] =
S (D (yiayt
An additive mapping d : R — R is said to be a derivation of R, if d(zy) = d(x)y + zd(y), for all
z,y € R. If, for any z,y € S C R, d([z,y]) = [d(x),y] + [z,d(y)], then the mapping d is called a Lie
derivation on S. Obviously any derivation of R is a Lie derivation on any arbitrary subset S of R.
Let now F' : R — R be an additive map on the prime ring R, defined as follows: F(zy) = F(x)y+zd(y),
for all x,y € R and for some derivation d of R. Such mapping F' is called generalized derivation of R

with associated derivation d. We remark that any derivation of R is a generalized derivation of R and
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any mapping of R of the form F(x) = az + xb, for some a,b € R, is a generalized derivation, usually
called inner generalized derivation.

The well-known Posner’s first theorem states that if 6 and d are two non-zero derivations of R, then
the composition (dd) cannot be a non-zero derivation of R [18, Theorem 1]. An analogue of Posner’s
result for Lie derivations was proved by Lanski in [15]. More precisely Lanski showed that if 6 and d
are two non-zero derivations of R and L is a Lie ideal of R, then (dd) cannot be a Lie derivation of L
into R unless char(R) = 2 and either R satisfies s4(z1,...,24), the standard identity of degree 4, or
d=ad, for a € C.

Starting from the previously cited results, several authors studied various kinds of additive mappings
which satisfy particular conditions on suitable subsets of prime and semiprime rings. The conclusions
of these research works indicate how the structure of the ring is closely related to the behavior of

additive mappings defined on it.

In [10], De Filippis proves that, if the composition of d and g, two non-zero derivations of R, acts as a Lie
derivation on [I, I], where [ is a non-zero right ideal of R, then s4(I,1,1,1)I =0or d(I)I = g(I)I = 0.
In [11], the author and De Filippis proved that the composition of two generalized derivations of R,

acting as a Lie derivation, must be a derivation of R and described all the possible forms of the gen-
eralized derivations involved in the composition.

More recently, Argag and Yarbil, in [1, Theorem 3], study the form of a non-zero generalized derivation
F of a prime ring R of characteristic different from 2, that acts as a Lie-type map. More precisely
they proved that, if d is a derivation of R such that F([x,y]) = [F(z),y]| + [z,d(y)], for any z,y € L a
non-central Lie ideal of R, then F(z) = yx + d(z), for all x € R, where v € C.

Our work is then motivated by the previous results. In the current presentation , we will con-
tinue the study of additive maps which act as Lie-type maps. We will now recall the definition of
generalized skew derivations of the ring R.

Let R be an associative ring and o an automorphism of R. An additive mapping d : R — R is
called a skew derivation of R if d(zy) = d(x)y + a(x)d(y), for all z,y € R, and « is called an as-
sociated automorphism of d. An additive mapping G : R — R is said to be a generalized skew
derivation of R , if there exists a skew derivation d of R with associated automorphism « such that
G(zy) = G(x)y+ a(x)d(y), for all z,y € R, d is said to be an associated skew derivation of G and « is
called an associated automorphism of G. Any mapping of R with form G(z) = ax + a(x)b, for some
a,b € R and o € Aut(R), is called inner generalized skew derivation. In particular, if a = —b, then G
is called inner skew derivation. If a generalized skew derivation (respectively, a skew derivation) is not
inner, then it is usually called outer. The concept of generalized skew derivation unifies the notions
of skew derivation and generalized derivation.

Here we will examine what happens when there exists a fixed integer k£ > 2 , such that the non-zero

generalized skew derivation F' of R satisfies the following condition:

(1.1) F(lz, yle) = [F(2) yle + [z, F(Y)lx  Vo,y € R.
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We prove the following result:

Theorem 1.1. Let R be a prime ring of characteristic different from 2 and 3. If there exists a

non-zero generalized skew derivation F of R satisfying relation (1.1), then R is commutative.

Let us point out that here one may exclude the case when k = 1 since, under this assumption, the

relation (1.1) would be reduced to the simplest
(1.2) F(lz,y]) = [F(z),y] + [z, F(y)] Ve,ye R

that is F' would be a Lie derivation of R. In this case it is well known that F' = 6 4+ 7, where ¢ is a
derivation of R and 7 : R — C is an additive mapping sending commutators to zero (see [3, Theorem

4.3]). Therefore there would be nothing to discuss, since relation (1.1) would become a trivial identity.

2. Preliminaries

Now, to prove our result, we need to recall the following well-known Facts on skew derivations and

automorphisms involved in generalized polynomial identities for prime rings:

Fact 2.1. Let R be a prime ring and I be a two-sided ideal of R. Then I, R, and (), satisfy the same
generalized polynomial identities with coefficients in @, (see [5]). Furthermore, I, R, and Q, satisfy

the same generalized polynomial identities with automorphisms (see [7, Theorem 1]).

Fact 2.2. Let R be a prime ring, then the following statements hold:

(1) Every generalized derivation of R can be uniquely extended to @, ( [16, Theorem 3]).

(2) Any automorphism of R can be uniquely extended to @, ( [0, Fact 2] ).

(3) Every generalized skew derivation of R can be uniquely extended to @, ( [/, Lemma 2])
as follows: by a (right) generalized skew derivation of Q),, we mean an additive mapping
G : Qr — @, such that G(zy) = G(z)y + a(x)d(y), for all z,y € Q,, where d is a skew
derivation of R and « is an automorphism of R. Moreover, there exists G(1) = a € @, such
that G(z) = ax + d(z), for all x € R.

Fact 2.3. If ®(z;, D(z;)) is a generalized polynomial identity for R, where R is a prime ring and D is
an outer skew derivation of R, then R also satisfies the generalized polynomial identity ®(x;,y;), where
x; and y; are distinct indeterminates. Furthermore, if ®(x;, D(x;), a(x;)) is a generalized polynomial
identity for a prime ring R, D is an outer skew derivation of R and « is an outer automorphism of R,
then R also satisfies the generalized polynomial identity ®(z;,y;, 2;), where x;, y;, and z; are distinct

indeterminates (see [%]).

Fact 2.4. Let R be a prime ring and n,k > 1 fixed integers. If ([z,y]x)" = 0, for any z,y € R, then

R is commutative (it follows from [9, Theorem 1] in its bounded version for prime rings).

Fact 2.5. Let R be a prime ring, a € R, and k > 1 a fixed integer. If [a, x| = 0, for any x € R, then

a € Z(R) (it follows from [13, Theorem 2] in its bounded version for prime rings).
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The next Lemma has a value independent of the particular context of this paper, nonetheless, it

will be useful for us to face the study in relation to the case in which R should be a matrix algebra:

Lemma 2.6. Let R = My(C) be the matriz ring over C, with characteristic of C different from 2

and 3. Let p,q be elements of R, ¢ an inner automorphism of R and denote p = Z?,s:ﬂ%sers;

2 2 2
q = ZT,S:I Qrs€rs, go(p) = Z’,",s:l p;ﬂsers and ‘P(Q) = 277521 qznsers; fOT Drs, %“87]7;«57 q1/ﬂs € C7 where €rs
is the usual matriz unit with 1 in the (r,s)-entry and zero elsewhere.

Suppose that, for any inner automorphism ¢ of R, the following condition holds:
Pijdij =0, Vi# g = pidi; =0, Vi # j.
Then either p € Z(R) or q € Z(R).

Proof. Assume p ¢ Z(R) and q ¢ Z(R), otherwise we conclude. By our hypothesis, we have

(2.1) p12qi2 = 0
and
(2.2) p21g21 = 0.

Assume, firstly, that both p and ¢ are not diagonal matrices and suppose g21 # 0. Then, by (2.2),
p21 = 0; moreover, since p is not a diagonal matrix, p12 # 0 and, by (2.1), ¢12 = 0.

Let 1 and o2 be two inner automorphisms of My(C), defined as
e1(z) = (1 + e21)x(1 — ea) and wa(z) = (1 —e21)x(1 + e21)

for all z € R. If both the (2, 1) entries of ¢1(¢) and 2(q) are zero, we obtain

(2.3) [01(@)]21 = g21 +q11 — g2 =0
and
(2.4) [©2(q)]21 = 21 — q11 + @22 = 0.

Combining (2.3) and (2.4), we get the contradiction go; = 0. Therefore, at least one of them is zero.
If [p1(q)]21 # O, then [p1(p)]21 = 0, that is

(2.5) P11 —p22 —p12 =0 = 0 # p12 = p11 — P22-
If [p2(q)]21 # 0, then [p2(p)]21 = 0, that is
(2.6) —p11 +p22 —p12=10 == 0 # p12 = p22 — p11-

Case I.: Assume that (2.5) holds:
Let x1 and x2 be two inner automorphisms of Ms(C), defined as

x1(z) = (1 —eg2)z(1 + e12) and x2(x) = (1 + 2e12)z(1 — 2e12)
Since [x1(¢)]21 # 0, then [x1(p)]12 # 0 and [x1(q)]12 = 0, that is

(2.7) 0 # p12 — P22 + P11 = 2p12
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and

(2.8) —q2+q1—¢1=0 == @21 = q11 — ¢22.
Since [x2(q)]21 # 0, then [x2(p)]i2 # 0 and [x2(g)]12 = 0, that is

(2.9) 0 # p12 + 2p22 — 2p11 = —p12

and

(2.10) 2q22 — 211 — 4g21 =0 = 221 = q22 — qn1-

Comparing (2.8) and (2.10), we get 3g21 = 0; since char(R) # 3, we have ¢21 = 0, a contradiction.
Case II.: Assume that (2.6) holds:
Let x3 and x4 be two inner automorphisms of Ms(C'), defined as

x1(z) = (1 + e12)x(1 — e12) and x2(z) = (1 — 2e12)x(1 + 2e12).

Since [x3(¢)]21 # 0, then [x3(p)]12 # 0 and [x3(¢q)]12 = 0, that is

(2.11) 0 # p12 + p22 — P11 = 2p12
and
(2.12) 22 —q11 —qo1 =0 = 21 = @22 — q11-

Since [x4(q)]21 # 0, then [x4(p)]12 # 0 and [x4(q)]12 = 0, that is

(2.13) 0 # p12 — 2p22 + 2p11 = —p12
and
(2.14) —2q22 +2q11 — 421 =0 = 2g21 = q11 — q22-

Comparing (2.12) and (2.14), we get 3g21 = 0; since char(R) # 3, we have go1 = 0, a contradiction.
Therefore, either p or ¢ is a diagonal matrix.

Assume that g1 # 0, it implies pa; = p12 = 0; then, since [x1(q)]21 # 0, we have
0= [x(p)la1 = pa1

and

0= [x1(p)]12 = —p22 + P11
that is p € Z(R), a contradiction. Analogously, if pa; # 0, we get ¢ € Z(R), a contradiction.
Finally, assume that p and g are both diagonal matrices; in this case

pi2=q12=p21 =¢21 =0
and

1Pz = xa(@)he = xa(p)]21 = [xa1(p)]21 =0

Since

0= [x1(p)li2 = —p22 + P11
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and
0= [x1(q)]12 = —¢22 + qu1-

We obtain p, ¢ € Z(R), again a contradiction. O

3. The case of inner generalized derivations

In this Section we prove Theorem 1.1, when F' is an inner generalized derivation of R, that is

F(z) = ax + xb, for some a,b € @, and R satisfies
(3.1) alz, yli + [z, ylkb — [az + xb, ylk — [z, ay + ybli, = 0
with k£ > 1 fixed integer.

Lemma 3.1. If R satisfies (3.1), for some a,b € C and a fized integer k > 1, then R is commutative

unless a +b = 0.
Proof. To prove this result it is enough to remark that (3.1) reduces to
(3.2) (a+ ) [, gl = 0.

Since a + b € C is not a zero-divisor (unless it is zero), the commutativity of R follows from the Fact
2.4. O

Lemma 3.2. If R satisfies (3.1), for some a,b € Q, and a fized integer k > 1, then one of the
following holds:

(1) R is commutative;
(2) (3.1) is a non-trivial generalized polynomial identity of R;
(3) a,be C and a+b=0.

Proof. Assume R is not commutative and, since R and @, satisfy the same generalized polynomial
identities (see Fact 2.1), assume that (3.1) is a trivial generalized polynomial identity of Q.

If both @ € C and b € C, (3.1) becomes (a + b)*[z,y]x = 0, for all z,y € Q,; it is a trivial generalized
polynomial identity of @, only when a + b = 0, as required.

If be C and a ¢ C, Q, satisfies the following generalized polynomial identity:

CL[SL‘,y]k - [a‘T?y]k - [ﬂf,py]k

where p=a+b ¢ C. Since k > 2 and {1,a} is linearly C-independent, @, satisfies the following:

k k

(kN i ki ik i— —i
> (1) <2>y zy" =) (1) (Z.)y(py) Lo (py)*
i—1 i=1
which is a trivial generalized polynomial identity of @, only when p € Z(R) and p*~! = 1¢, a

contradiction (we omit the symmetrical case, when a € C and b ¢ C).
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Therefore, we can assume that {1,a} and {1, b} is linearly C-independent; in this case @, satisfies the
following trivial generalized polynomial identity:

k—1

S0 (5 Jota-+ 9o tatay + =ty

=1

It is trivial only if a = —b € C, a contradiction. O

Lemma 3.3. If R = My(C), the ring of 2 x 2 matrices over C, with char(C) # 2, satisfies (3.1), for
some a,b € Q., and a fized integer k > 1, then a,b € C and a+b = 0.

Proof. By our assumption, R satisfies (3.1). Let e, be the usual matrix unit with 1 in the (r, s)-entry
and zero elsewhere and denote a =) ,;, = apep and b =), = bpien, for ap, by € C.
Fix, for any r # s, z = y = e,5 in (3.1), then we get

k | | B
izo(_l)l (f) (ersb)iers(aers) ™ = 0

It means (as, — bs,)* = 0, for all s # r, that is a — b is a diagonal matrix. Let ¢ be the automorphism
of M,,,(C) defined as p(x) = (1 4 eg )z (1 — eg,), for all z € My(C'), with r # s; notice that, by (3.1),
R satisfies

pla)lz, Yl + [, ylee(b) — [pla)z + 2o(b), ylk — [x, p(a)y + yp(b)]k
Therefore, also ¢(a —b) = (a —b) — (a — b)es, + esr(a — b) — esr(a — b)ey, is a diagonal marix; in
particular, the (s,r)-entry of ¢(a — b) is zero, that is ass — bss = apr — by, for all r # s. It implies
that a — b € Z(R).
Assume b = a — A, for some A € C, then, by (3.1), R satisfies

(33) alz, ylk + [z, ylka — [az + za, Yl — [z, ay + ya — Aylx

Fix y = yo, where 0 # y2 € Z(R); by easy calculations, we obtain [[z,yo]]x = 287 ![z, yg]ylg_l and, for
y =yo in (3.3),

(3.4) 21 <[$7y0”y§_1,a] — (z[a, yo] + [a, yo]w)y§‘1> — [x,ayo + yoa — Ayolx =0

for all x € R. Consider yg = €11 — €22 and = = eg in (3.4), then [z, yo] = 2e21 and
2kl <2€21[611 + (=1)"egg,a] — (621[(1,611 —e| + [a,e11 — 622]621) (e11 + (—1)k_1622)>

—[le21, (@ — A)(e11 — e22) + (e11 — e22)aly =0
that is
X =9kt <2621a — 2621@(611 + (—1)1671622)—

eara(err — eg)(err + (—1)F Lean) + ear(err — ean)alerr + (—1)F tego)—

alerr — exn)ear(err + (—1)" Legy) — (e11 — ean)aes (e11 + (—l)k_lezz)) -
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k k i
Z(—1y<i> <(a — N)(e11 — ex) + (e11 — 622)a> el

k—1i
(35) <(CL — )\)(611 — 622) + (611 - 622)&) = 0.
Notice that, if Y = (a — X)(e11 — e22) + (€11 — ea2)a, then

Y = b 0 and Yk = 5% 0
0 B 0 B

where 81 = 2a91 — A and By = A — 2a92. Then

that is

k
kN . 0 0
(3.6) (—1) < ,)Ylemy’“ = .
z; t (B1—pB2)" 0
On the other hand, if
Z = 2es1a — 2es1a(enn + (—1)F 1) — earalers — ex)(enn + (—1)% lex)+

ea1(e1n — ex)aler + (—1)F Legn) — alerr — egn)ean(ern + (—1)F tego)—

(e11 — ean)aea (e11 + (—1)¥Leqy)

2 0
(3.7) A . .
0 2a10 + (—1) 4aq9

k
X — zkfIZ_ § : —1)¢ Yy ]fk*l
i:O( ) <Z> -

thank to (3.6) and (3.7), by (3.5), we get

B 2k a9 0
(3.8) X = (-(51 — Bk 2Fap, + (—1)k2k+1a12) .

G. Scudo

In particular the (1,1)-entry of X is zero, that is, since char(C) # 2, a2 = 0. Symmetrically, we

obtain ag; = 0, it follows a is a diagonal matrix. As above, it means a € Z(R).
Therefore b € Z(R) and, by (3.3), R satisfies

(2a — N)* [, Yl
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Since [z, y]x is not a polynomial identity of R, it implies
0=2a—A=a+b

as required.
a

Proposition 3.4. Let R be a prime ring of characteristic different from 2, Q, its right Martindale
quotient ring and C' its extended centroid. Suppose there are a,b € Q, such that F(x) = ax + xb, for
any r € R, and

F([z,ylx) — [F(2),ylx — [z, F(y)]x =0

for all x,y € R, with k > 1 fized integer. Then R is commutative unless a,b € C and a + b= 0.

Proof. Assume R is not commutative, otherwise we are done. From our assumptions R, as well as @),
satisfies (3.1) and, since F' # 0, by Lemma 3.2, it is a non-trivial generalized polynomial identity for
Q. Then, because of [12, Theorems 2.5 and 3.5], we know that both @, and Q, ®c C are centrally
closed, where C' is the algebraic closure of C. We may replace Q, by itself or Q, ®c C according as C
is finite or infinite. Therefore we may assume that @), is centrally closed over C, which is either finite
or algebraically closed. By Martindale’s theorem [17], @, is a primitive ring having a non-zero socle
H, with C as the associated division ring. In light of Jacobson’s theorem [11, p. 75], @, is isomorphic
to a dense ring of linear transformations on some vector space V over C. Since R is not commutative,
dimcV > 1.

Suppose dimcV = m > 2, then Q = M,,(C); for m = 2, since F' # 0, by Lemma 3.3, we get a
contradiction, therefore assume m > 3.

Let ers be the usual matrix unit with 1 in the (7, s)-entry and zero elsewhere , and denote a =) _,, =
aniens, b= = bniens, for ap, by € C.

For any r # s # t, fix ¢ = e,5 and y = e, then left multiplying by e, in (3.1), we get

em(aets)k =0, Vr #£t+#s

It implies ag = 0, for all s # ¢, it means that a is a diagonal matrix. As above, it implies that
a € Z(R).

Now (3.1) becomes

(3.9) [, ylkb — [2b,y]k — [, yplk = 0

for all z,y € M,,(C), with p=a+b=>_,, = puen, for pn € C. Now, fixing v = y = e, for any
s #t, we get

(etsp)kets =0, YVt # s

so pst = 0, for all s # t, it means that p is a diagonal matrix; it follows that p € Z(R). Therefore
b € Z(R) and, by (3.9), pFlz,y]x = 0, for all 2,y € R. Since [z,y]) is not a polynomial identity of
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M,,(C), it implies that p = 0, that is a contradiction .
Now let dimcV = oco. We know that (), satisfies

(3.10) alz, ylk + (2, ylxb — [ax + b, y|r — [2, ay + yblx.

Let x = 1¢. By (3.10), we get [a+ b, y]x = 0, for all y € Q,. Since R is not commutative, by Fact 2.5,
a+b e C, so there exists A € C, such that b =\ — a.
Now (3.10) turneds into

(3.11) (a+ Nz, ylk — [z, ylka — [(a + Nz — za, Yl — [z, (a + M)y — yalp =0

for all z,y € Q,. Notice that by fixing z = y = rg, with 0 # ry € Q, such that r2 = 0, and (3.11), we
get

k
12 —1) —roa)’ k=i —
(3.12) >0 (4 ) oy rafaro) - =0
By easy calculations on (3.12) we have,
(3.13) 2k (rga)krg = 0

Now, fix a minimal idempotent element e € Soc(R) and consider 79 = ey(1 — e). In this case, by
(3.13),

(ey(l - e)a)key(l —e)=0

for all y € @,. The primeness of R yields (1 — e)ae = 0, that is eae = ae.

Analogously, for rg = (1—e)ye, we get eae = ea. It means that for any minimal idempotent e € Soc(R),
[a,e] = 0; since Soc(R) is generated by these idempotent elements, [a, Soc(R)] = 0, that is, a € C. In
this case, we have also b € C and, by (3.11), @, satisfies \¥[z, y]p = 0. It follows A\ = 0, otherwise, by

Fact 2.4, we get the commutativity of R, that is a contradiction. O

4. The case of inner generalized skew derivations

In this section we prove Theorem 1.1, when F' is an inner generalized skew derivation of R with

associated automorphism «, that is F(x) = ax + a(x)b, for some a,b € @Q,. In this case R satisfies
(41) CL[CU, y}k + Oé([%, y]k)b - [CLI + O[(SU)b, y]k - [‘T7 ay + a(y)b]k =0

for fixed integer k > 1 . We assume firstly that « is an inner automorphism of R, that is there exists
an invertible element ¢ € Q,, such that a(z) = qzq™ !, for all x € R. In this case, by (4.1), R satisfies

the following generalized polynomial identity:

(4.2) O(z,y) = alz,ylk + [z, ylrg "0 — [az + quq~ b, ylk — [z, ay + qyq ™ 'bl.
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Lemma 4.1. Let R be a non-commutative prime ring of characteristic different from 2, which is
isomorphic to a dense ring of linear transformations on some vector space V over C,and let q be an
invertible element of R and a,b € R such that R satisfies (4.2), for a fized integer k > 1. If ¢ ¢ C and
q b ¢ C, then dimcV = 2.

Proof. Assume dimpV > 3. By Fact 2.1, also Q, satisfies (4.2). Since ¢~'b ¢ C, there exists v € V
such that {g~'bv,v} is linearly C-independent; since dimcV > 3, so there exists w € V such that
{g v, v, w} is linearly C-independent.

Now we divided our proof in three steps:

STEP 1.: {¢ 'bv,v,w,quw} is linearly C-dependent.

Proof. If {q~'bv,v,w, qw} is linearly C-independent, by density of Q,, there exist r, s € @, such that

rv =20 rq v =w sw =10
sv =0 squw = quw sqg v = 0.
Hence, by main assumption, we get the contradiction
0= <a[r, sl + qlr, 8leqg b — [ar + qrq= b, s]p — [r, as + qsq_lb]k>v = —(=Dkqw # 0.
Then {qg~'bv, v, w, qu} is linearly C-dependent, that is there exist A1, Ao, A3 € C such that

quw = Mg~ tbv + Xav + Agw.

STEP 2.: {w,quw} is linearly C-dependent.

Proof. Since {q~'bv,v,w} is linearly C-independent, by density of Q,, there exist r, s € @, such that
rv =20 rq v =w sv=20 sq v =0 sSw=w
Hence, by main assumption, we get sqw = A3w and
0 = (a[r, sk + qlr, slkg b — [ar + qrq b, |y — [r, as + qsqlb]k>v
= (—-Dfqw — (=1)" 3w
= (-1 (Alq—lbv + )\21)).
Since {q~1bv, v} is linearly C-independent, it implies \; = Ao = 0, that is

qw = Azw.

STEP 3.: For any u € V, {u,qu} is linearly C-dependent.
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Proof. Suppose that there exists ug € V such that {ug, quo} is linearly C-independent.
If {g~'bv,v,up} is linearly C-independent, as in the previous steps, we get {ug,qug} is linearly C-

dependent, a contradiction. So {g~!bv,v,ug} is linearly C-dependent, that is
up = 1m1q 1bv + Ny for some n1,m2 € C

Since dimcV > 3, there exists wg € V such that {g~'bv,v,wp} is linearly C-independent. As above,
{wo, quo} is linearly C-dependent.
Notice that if ug + wg € Span{q~'bv,v}, then

(4.3) up + wo = 01¢" 1 bv + Oyv for some 01,05 € C
and
(4.4) wo = (6h — nl)q_lbv + (02 — m2)v.

It means that {¢~'bv,v,wp} is linearly C-dependent, a contradiction (Analogously, we get a contra-
diction, if we suppose ug — wg € Span{q~'bv,v} ).

Then {q~'bv, v, ug+wo} and {g~1bv, v, ug —wp} are linearly C-independent. As in the previous steps,
{up + wo, q(up + wo)} and {ug — wo, g(up — wp)} is linearly C-dependent. Then

(4.5) q(uo + wo) = 71 (uo + wo) for some v1 € C

(4.6) q(uo — wo) = y2(ug — wp) for some v2 € C.

Comparing both (4.5) and (4.6), we get

(4.7) 2qwo = (71 — Y2)uo + (71 + 72)wo
and
(4.8) 2qug = (71 + 72)uo0 + (71 — 72)wo.-

Moreover, since {wg, qup} is linearly C-dependent, there exists A € C' such that quwg = Awp, so that
(4.7) becomes

(4.9) 2 wo = (71— y2)uo + (M + 72)wo.
If {ug, wo} is linearly C-dependent, that is ug = pwy, for some p € C, then
quo = pqwo = Apwy = Aug

Since {ug, qug} is linearly C-independent, it is a contradiction.
Then {up,wp} is linearly C-independent; therefore, by (4.9), A = ~1 = 72 and, by (4.8), since
char(R) # 2, quy = Auyg, a contradiction. O

The conclusion of the last step leads to a contradiction, g € C. O

Lemma 4.2. Let R be a non-commutative prime ring of characteristic different from 2, a an auto-
morphism of R and a,b € R such that R satisfies (4.1), for a fized integer k > 1.
Then, for any idempotent element €2 = e € R, one of the following holds:
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(1) a(l —e)be =0
(2) a1 —e)e=0

Proof. Replacing = with 4+ 1 in (4.1), we get [a + b,y]x = 0, for all y € R, that is, by Fact 2.5,
a+be Z(R).

Then, for any idempotent element e? = e € R,
(4.10) (I-e)(a+be=0

and, replacing  with exa~!(1 —e) and y with y = a~!(e)y(1 — e), (4.1) becomes

[aexa_l(l —e)+ ale)a(z)(1 —e)b,a (e)y(l — e)] .

(4.11) + [exofl(l —e),aa"t(e)y(l —e) + ea(y)a(l — e)b] . =0

for all 2,y € R. Right multiplying by e and left multiplying by a=!(1 —¢) in (4.11), R satisfies

a~1(1—e) Zk:(—ni ("7) (ea(y)a(l _ e)b)ieﬂca_l(l o) (ea(y)a(l _ e)b) o

i=0 t
that is

(4.12) a l(1—e)e [xoz_l(l —e)e,a(y)a(l — e)be} k: 0

for all z,y € R.

Fix o = zg and denote ug = a~!(1 — e)e and vy = zoa~ (1 — e)e, then

uo [UO, a(y)a(l — e)be] =0

for all y € R. Assume «a(1 — e)be # 0, otherwise we are done.

Consider I = a(y)a(l — e)be and 6(z) = [vo, z], the derivation of R induced by vg, then

w|de).s| =0

k—1

for all z € I. Since I is a non-zero left ideal of R, by [19], one of the following holds:

(1) wo;
(2) 6=0;
(3) Tvg =0 and ugvy = 0.

Assume ug # 0, otherwise we are done. Then, for all z,y € R, either
(4.13) za~ (1 —e)e € Z(R)
or both the following hold:

(4.14) a(y)a(l — e)bexa (1 —e)e =0

(4.15) a1 —e)eza (1 —e)e=0.
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If R satisfies (4.13), then, for all z € R, [za~1(1 —e)e,1 — ] = 0, that is (1 — e)za" (1 —e)e =0. It
implies a~!(1 — e)e = 0, a contradiction.

If R satisfies (4.14) and (4.15), we get again the contradiction a=1(1 —e)e = 0.

Assume there exists 71 € R such that 2107 1(1 — e)e € Z(R) and, for z = x1, at least one of (4.14)
and (4.15) does not hold; analogously, assume there exists xo € R such that, for © = x9, R satisfies
both (4.14) and (4.15) and zoa~1(1 —e)e ¢ Z(R) .

By repeating a similar argument with z = 21 — x9 in (4.12), we get either
(1 —x2)a (1 —e)e € Z(R) = x00 (1 —e)e € Z(R)
that is a contradiction, or
aly)a(l —e)be(r; —z2)a (1 —e)e = a (1 —e)e(x] — z2)a (1 —e)e =0
for all y € R. In this case we get
a(y)a(l —e)bexia (1 —e)e =0 and a (1 — e)exia (1 —e)e =0
At least one of them is a contradiction. O

Proposition 4.3. Let R be a prime ring of characteristic different from 2 and 3, Q. its right Martindale
quotient ring and C its an or the extended centroid. Suppose that F is a mon-zero generalized skew
derivation of R, defined as F(z) = ax + qrq~'b, for all x € R, where a,b € Q, and q is an invertible
element of Q,, such that

F([xvy]k) - [F(:C)My]k - [va(y)]k =0

for all x,y € R, with k > 1 fixed integer. Then R is commutative.

Proof. In all that follows we assume ¢ ¢ C and ¢~ 'b ¢ C, otherwise we conclude the result, by
Proposition 3.4.
Now, to reach a contradiction, suppose that R is not commutative .

Hence, ®(x,y) is a non-trivial generalized polynomial identity for R, as well as @),. By Martindale’s
theorem [17], @, is a primitive ring having a non-zero socle H, with C as the associated division ring.
In light of Jacobson’s theorem [14, p. 75], @, is isomorphic to a dense ring of linear transformations
on some vector space V over C. Since R is not commutative, by Lemma 4.1, we get dimcV = 2, that
is Q = My(C).

Since egy is an idempotent element of R and a(z) = qzq~ !, for all #z € R, by Lemma 4.2, one of the

following holds:
(1) gerng~'bezz = 0;
(2) ¢ 'er1gear = 0.
If we denote ¢~ 'b = 22,121 pren and g = Zi’lzl grien, for ppi, g € C, it follows
(1) either pio = 0;
(2) or q12 = 0.
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It means pi2q12 = 0; since, analogously, we have ps1g21 = 0, it follows

Pijqi; = 0 forall i+#j

By Lemma 2.6, either ¢ € C or ¢~ 'b € C; in both cases, we have a contradiction.

Now we are ready to prove the main Proposition of the Section:

Proposition 4.4. Let R be a prime ring of characteristic different from 2 and 3, Q, its right Martindale
quotient ring and C its extended centroid. Suppose that o € Aut(R) and F is a non-zero generalized
skew derivation of R, defined as F(x) = ax + a(x)b, for all x € R, where a,b € Q,, such that

F([z,ylx) — [F(2),y]x — [z, F(y)]x = 0

for all x,y € R, with k > 1 fixed integer. Then R is commutative.

Proof. In this case R satisfies (4.1).
If one of the following holds:

(1) « is the identity map of R;

(2) « is an inner automorphism of R;

(3) b=0,
then we conclude by Propositions 3.4 and 4.3.
Assume « # idg, o outer and b # 0.
Consider a fixed element 0 # yo € R and denote p; = a(yo) and p2 = ayo + p1b; for y = yo, then (4.1)
becomes

alx,yolk + [a(x), p1]ib — [ax + a(z)b, yolx — [x, 2] =0

for all x € R. Since a(z)-word degree is 1, by [7, Theorem 3|, R satisfies

(4.16) alz, yolk + [z, p1lkb — [az + 2b, yoli. — [2, palk = 0.

For x =0, and z = py,

(4.17) [p1b, Yol = 0.

By repeating the same argument, we notice that the condition in (4.17) holds for all yg € R (also for
yo = 0), therefore [[a(y)b, y]]x = 0 for all y € R. Since a(y)-word degree is 1, then R satisfies [[2b, y]]x
By Fact 2.5 and since b # 0, it follows zb € Z(R) for any z € R. It is easy to see that R must be

commutative, as required. Il

5. The proof of Theorem 1.1

Now, we are ready to prove the main Theorem of the paper. As remarked in Fact 2.2, we assume
that there exists a € @, such that F(z) = ax + d(x), for all x € R, where d is a skew derivation on R
and « the automorphism associated with d; it means that d(zy) = d(z)y + a(x)d(y), for all z,y € R.
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Proof. By our assumption, R, as well as @),, satisfies

(5.1) alz, ylk + d([z, ylk) — [az + d(2),ylx — [x,ay + d(y)]x = 0.

Assume firstly that d is an inner skew derivation of R, that is there exists ¢ € @, such that d(x) =
cx — a(x)c, for all x € R. In this case, by (5.1), @, satisfies

(5:2) d'[z,ylk + o[z, yle)d — o'z + (@), ylk — [z, "y + aly)], = 0

where @’ = a + ¢ and ¢ = —c. We conclude by Proposition 4.4.
Assume that d is an outer skew derivation of R, then, by applying Fact 2.3, replace d(x) and d(y)

respectively with z; and z2 in (5.1), then @, satisfies
(53) a[x, y]k’ + \Ij(l" Y, Oé(ﬁ), Oé(y), 21, z2) - [CLCL’ + 21, y]k‘ - [:Ev ay + Z2]k; =0

where
\I’(CL’, Y, Oé($), a(y), 21, 22) = d([l’, y]k)
Notice that, since k > 2, for y = 0, we get ¥ = 0 and, by (5.3), [[z, 22]]x = 0 for all z, zo € Q,; by Fact

2.4, R is commutative, as required. O
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