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CONCISENESS ON NORMAL SUBGROUPS AND NEW CONCISE WORDS
FROM OUTER COMMUTATOR WORDS

G. A. FERNANDEZ-ALCOBER* AND M. PINTONELLO

ABSTRACT. Let w = w(z1,...,z,) be an outer commutator word. We show that the word w(u1, ..., u,)
is concise whenever w1, ..., u, are non-commutator words in disjoint sets of variables. This applies in
particular to words of the form w(z!,...,z;"), where the n; are non-zero integers. Our approach is
via the study of values of w on normal subgroups, and in this setting, we obtain the following result:
if N1,..., N, are normal subgroups of a group G and the set of all values w(g1,...,gr) with g; € N; is

finite, then also the subgroup generated by these values, i.e. w(Ni,...,N,), is finite.

1. Introduction

The goal of this article is to extend the main results of the paper [2] from the case of lower central
and derived words to the more general setting of outer commutator words. More precisely, as was

conjectured in [2], we have the following two results:

Theorem A. Let w = w(xy,...,x,) be an outer commutator word. If uy,...,u, are non-commutator
words in disjoint sets of variables, then the word w(uy,...,u,) is concise. In particular, the word
w(z]t, ...,z is concise whenever ni,...,n, € Z ~ {0}.

Theorem B. Let w = w(x1,...,z,) be an outer commutator word. Assume that N = (Ny,...,N,) is

a tuple of normal subgroups of a group G such that w{N} is finite. Then the subgroup w(IN) is also
finite.
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Here we keep the notation and terminology introduced in [2]. Recall in particular that outer
commutator words are defined recursively, starting from single variables, in such a way that if o and
f are outer commutators in different variables, then w = [a, 8] is also an outer commutator. Also,
non-commutator words are the words lying outside the derived subgroup of the free group of infinite
rank, i.e. whose exponent sum in at least one of the variables is not zero.

Let w be a word. If we write w = w(x1,...,2,), we tacitly assume that w uses all variables
x1,...,2y. Given a tuple S = (51, ..., S,) of subsets of a group G, we let w{S} be the set of all values
w(g1,...,g) with g; € S; for every i = 1,...,r, and w(S) is the subgroup generated by w{S}. If all
subsets S; are equal to G, we simply write w{G} and w(G), respectively. The word w is concise if
whenever the set w{G} is finite in a group G, then also the subgroup w(G) is finite.

For the proofs of Theorems A and B, we rely on the same ideas that we used for the corresponding
results in [2]. The key is the following theorem on the existence of a linear series for subgroups of the
form w(IN), where w is an outer commutator word. Following [!], we define the height ht(w) of an
outer commutator word w inductively, with a single variable having height 0, and with the height of

w = [, 5] being
(1.1) ht(w) = 1 4+ max{ht(«a), ht(5)}.

Notice that the height of an outer commutator in r variables will always be at most r — 1.

For the concepts of extended word, outer commutator extension of a tuple of normal subgroups,
and extension by outer commutators, which appear in the statement of the following theorem, we refer
the reader to Definitions 3.1, 3.3, and 3.4 of [2].

Theorem 1.1. Letw be an outer commutator word in r variables, of height h, and let N = (Ny, ..., N;)

be a tuple of normal subgroups of a group G. Then there exists a series
(1.2) [wN), w(N)] =V < Vi <--- < Vi = w(N)

of normal subgroups of G such that, for every fixed value i = 1,...,t, the following hold:
(i) The section V;/V;_1 is the image of an extension v;(M;) of w(N) by outer commutators;
(ii) The extended word v; depends only on w, and not on the group G or on the tuple N. Fur-
thermore, v; has degree either O, if h =0, or at most h — 1 otherwise;
(iii) The procedure of construction of the outer commutator extension M; from the tuple N depends
only on w, and not on the group G or on the tuple N;

(iv) In the section V;/V;_1, the word v; is linear in one component of the tuple M;

Furthermore, the length t of the series is 1 if h =0, and at most 2" + 21 — 1 if h > 1.

Proof. We prove the theorem by induction on h. If h = 0 then w is a single variable, and the result is
obvious. On the other hand, if h = 1 then we may assume that w = [z1, z2], and the theorem holds

by Theorem 2.9 of [2]. More precisely, we take the series
‘/0 = [[NlaNQ]a [NlaNQ]] S ‘/1 - [Nh [NLNQH S V2 = [Nl,NQ],
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and v] = vy = w, My = (N1, [Ny, Na]) and My = (N1, Na).

Now let h > 2 and let us write w = [«, 3], where o and § are outer commutator words. After
renaming the variables involved, we may assume that o = a(x1,...,24) and § = B(xg+1,...,2,). By
(1.1), we have ht(a),ht(5) < h — 1 and the induction hypothesis applies to both a and . Thus if we
set N® = (Ny,...,N,) and N = (N ;1,...,N,) then there exist two series

(1.3) Ap = [a(NY),a(NY)] < -+ < 4; < -+ < Aga = a(N®)
and
(1.4) By = [B(N?), B(N?)] <--. < B; < --- < Bys = B(NP)

such that the corresponding factors A;/A;_1 and B;/B;_; are the images of v{*(M{) and ’uf (MZB ),
respectively, where:

(a) v and U? are extended words of a and (3, respectively, each of degree at most h — 2;

(b) M and Mf are outer commutator extensions of N® and N7, respectively;

(c) The extended words v§* and viﬁ , and the procedure of construction of the outer commutator
extensions MY and Mf , depend only on « and 3, respectively, and not on the group G or on
the tuples N and N#;

(d) In the sections A;/A;—1 and B;/B;_1, the words v* and vfiB are linear in one component of the
tuples M and MZB , respectively.

Also, since h > 2, we have t®,t# < 2h=1 4 9h=2 _ 1
Let us now see how to construct the series for w and for the tuple N from the two series (1.3) and

(1.4). As we will see, the length ¢ of this new series will be
t=t*4+tP+1 <2 421 1,

as desired.
We start by taking the commutator of all terms of the series (1.3) with 3(IN®). This way we obtain

the series
(1.5) [Ag, BINA)] < - < [A;, BIN?)] < -+ < [a(N), B(NP)] = w(N).
By P. Hall’s Three Subgroup Lemma, we have
[Ao, BIN?)] = [«(N?), a(N), B(N7)]
< [a(N®), B(N),a(N*)] = [«(N?), w(N)].

Now we multiply all terms of the series (1.5) by [«(IN®),w(N)], and this is the rightmost part of the

series we are seeking (where ¢ = t% 4 t# + 1, as above):
(1L6)  Visypr = [a(N?),w(N)] < - < Viayipq = [Ai BN [a(NY), w(N)] < - <V, = w(N).
For every i = 1,...,t%, the factor Vis,;,1/V;s; in this series is the image of the subgroup

[ (M), BN,
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which can be represented in the form vys_ ;1 (Mys,;,1) by taking

Vg yit1 — [U?a B(qurl? cee 71‘7')]

and defining Ms,,,; to be the concatenation of M{* and N?, where the elements of N? occupy the
positions corresponding to the variables x441,...,z,. Notice that v;s,,,; is an extended word of w
of the same degree as v{*, so at most h — 2, since 5(zq+1,...,2,) does not involve any variables from
the set Y. Furthermore, v;s, ;.1 only depends on w, and M;s,,; is an outer commutator extension
of N whose construction only depends on w. Of course, v;5,,,1 and Mys ;. will also depend on 4,
but we are working with a fixed value of 3.

In a symmetric way, by first taking the commutator of o(N®) with all terms of the series (1.4) and
then multiplying by [w(IN), 3(IN®)], we get the series

(L.7) Uy = [w(N), B(N?)] < - < Ueqigr = [a(N?), Bi] [w(N), B(N?)] < - < U = w(N).

Following the notation in Definition 3.1 of [2], suppose that the variables from the set Y that have
been used to construct the extended words U? are contained in the set {yi,...,ys}. Then the factor
Uteyit1/Usat of this last series can be generated by the image of the subgroup wusotit1(Liogit),
where
Uteyip1 = [(Yst1, - -+ Ystq), U?]

and Loy ;41 is the concatenation of Mf and N%, where the elements of N® occupy the positions cor-
responding to the g variables ysi1,. .., Ys+q. Note that usey;i1 is an extended word of f(zg11, ..., zy)
of degree at most h — 1, that only depends on w.

Now we take the commutator of a(N%) with the terms of the last series, and subtract ¢* to all

indices, getting
(18)  Z1 = [a(N*),[w(N), S(N")]] < --- < Z; = [a(N®), Upoi] < -+ < Zyp iy = [@(N®), w(N)].
Finally, we define Vj = [w(N), w(N)] and multiply all terms of (1.8) by this subgroup, setting V; = Z;Vj
fori=1,...,t°P +1.

Since Vp < [a(N®), w(N)], we get the series
(1.9) Vo =[wN),w(N)] <--- < Vi =Zj[w(N),w(N)] <--- < Vs g = [a(NY), w(N)].

In this series, the factors V;/V;_1 for i = 2,...,t% +1 are given by the images of the subgroups v;(M;),

where
v = oz, ..., 2q), Uperyi]
is an extended word of w of degree at most h— 1, and M; is the concatenation of N and Ly« ;, where
the elements of N occupy the positions corresponding to the variables x1, ..., 24. On the other hand,
the quotient V;/Vj is given by the image of v1(M;), where
v = [o(x1, ..., 2q), W1, B(Tgt1, .-, 20)]]

is an extended word of w of degree 1, and M; = (N, w(IN)), with w(IN) corresponding to y;.
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Now the concatenation of (1.6) and (1.9) is the desired series for w and IN. The discussion of the
previous paragraphs shows that v;(M;) is an extension of w(IN) for every i = 1,...,t. Thus we only
need to check the linearity of every word v; in one component of the vector M;. For i =% +1,...,t,
if vf* is linear in a component of M in the section V,*/V,%,, then v; is linear in the same component
of M; in the section V;/V;_1, by Lemma 2.8 of [2]. Fori=1,... ,tP, we can use similarly the linearity
in section Vf / Vf_ 1- Finally for i = 1, since Vj = [w(N), w(IN)] we have linearity in the component

corresponding to y;, which takes values in w(IN). O

Note that Theorem 1.1 generalizes Theorem 3.5 of [2], where we provided a series like (1.2) for every
derived word 6y, of length exactly 2% 4+ 251 — 1. Since 6, is of height k, the bound for the length of

the series given in Theorem 1.1 is attained for derived words.

We can now prove the corresponding version of Theorems 2.11 and 3.6 of [2] for an arbitrary outer

commutator word w.

Theorem 1.2. Let w be an outer commutator word in r variables and let N = (Ny, ..., N,) be a tuple

of normal subgroups of a group G. Assume that N; = (S;) for everyi=1,...,r, where:

(i) S; is a normal subset of G.

(ii) There exists n; € N such that all n;th powers of elements of N; are contained in S;.

If for the tuple S = (S1,...,S;) the set of values w{S} is finite of order m, then the subgroup w(N)

is also finite and of (m,r,n1,...,n,)-bounded order.

Proof. Let us consider the series
[w(N),w(N)] =V <V; <--- <V = w(N)

of Theorem 1.1. We have proved that the length t of this series is either 1 or less than equal to
2h 4 9h=1 _ 1 where h is the height of the outer commutator word w. So in any case we have
t < 2" —1, since h <r — 1. We prove that every V; is finite of bounded order by induction on 7. The
result for ¢ = 0 follows from Lemma 2.10 of [2]. Assume now that ¢ > 1 and that the result is true for
Vi—1. By Theorem 1.1, the section V;/V;_; coincides with the image of a subgroup v;(M;) that is an
extension of w(N) of degree at most h in any case.

Let M; = (M, ..., M), which is an outer commutator extension of N. Hence s > r and for every
j=1,...,s we have M; = w;(Nj;), where w; is an outer commutator word, all components in N
belong to N, and one of these components must be N; for j =1,...,r.

Let T; = w;{S;}, where S; is obtained from N; by replacing each subgroup N, with its given
generating set S;. Hence Tj is a normal subset of G that generates M;. Also, for a given j € {1,...,7},
the subset S; appears as a component of S; and, since S; consists of normal subsets of G by condition
(i), it follows from Lemma 2.5 of [2] that T; C S;q, where ¢ is the number of variables used by w;.
Now recall from Theorem 1.1 that the word v; (and hence also the number s of variables of v;) and

the words wyq, ..., ws only depend on w, and not on G or on N. Since there are only finitely many
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outer commutator words in r variables, there is a function f : N — N such that T} C S;f ™) for every
j=1,...,r. If weset T = (T1,...,T) then, by Lemma 3.2 of [2], we get v;{T} C w{S}*", where

n=fr)y2h < firyr2rL.
Consequently
(1.10) lv{T}H < (2m+ 1)",

and v;{T} is finite of (m,r)-bounded cardinality. On the other hand, it follows from Lemma 2.1 of [2]
that v;(IM;) can be generated by the set of values v;{T}.

From Theorem 1.1, we know that the word v; is linear in some position j € {1,..., s} of the tuple
M; modulo V;_;. Since M; = w;(N;) is as above, we have M; < N, for some ¢ € {1,...,r}, and
actually ¢ = j if j € {1,...,r}. Now, from linearity, for every tuple t = (¢1,...,ts) € T and every
A € Z, we have

(1.11) v = (bt )M = vt 1™ t) (mod Vi),
We have t? € M; < N; and then, by (ii) in the statement of the theorem, t?w € Sp. So we get

t)\ne, . ,ts) S Ui{T]‘},

Ui(tl,..., i

where T is the tuple obtained from T after replacing 7; with Sp. Similarly to (1.10) and taking
into account that ¢ = j if j € {1,...,r}, it follows that the set v;{T;} is finite of (m,r)-bounded
cardinality. By (1.11) there exist (m,r)-bounded integers A and p, with A # p, such that

i (£)M = v;(6)*™ (mod V;_1).

This implies that v;(t) has finite order modulo V;_;, bounded in terms of m, r, and ny.
Summarizing, the abelian quotient V;/V;_; is the image of the verbal subgroup v;(M;), which is
generated by the set v;{T} of (m,r)-bounded cardinality and each element of v;{T} has (m,r, ng)-
bounded order. We conclude that the order of V;/V;_1 is (m,r,ny)-bounded, which completes the
proof. O

We can now obtain Theorems A and B as special cases of this last result.

Corollary 1.3. Let w be an outer commutator word in r variables and let uy, . .., u, be non-commutator
words. Then the word w(ui,...,u,) is boundedly concise. In particular, w(z}",..., ") is boundedly

concise for all n; € Z ~ {0}.

Corollary 1.4. Let w be an outer commutator word in r variables and let N = (Ny,...,N;) be a
tuple of normal subgroups of a group G. If w{N} is finite of order m, then the subgroup w(N) is also
finite, of (m,r)-bounded order.
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