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ABSTRACT. In this article, we first introduce the concept of z-sets in the ring R(L) of real-valued
continuous functions on a completely regular frame L, and give some properties of them. Let S]__-lR(L)
denote the ring of fractions of the ring R(L), where F is a coz-filter on L and S is a multiplicatively
closed subset related to F. We show that S}_lR(L) may be realized as the direct limits of the subrings
R(A), where A € {or(coz(a)): o € Sr}. Also, we show that QuR(L) = R(L) , if and only if R(L)

is a special saturated ring.

1. Introduction and Preliminaries

In the point-free (localic) approach to topology, topological spaces are replaced by locales, seen as
generalized spaces in which points are not explicitly mentioned. Formally, a frame L is defined as a
special complete lattice (where we denote top (respectively, bottom) by T (respectively, L)), usually
called a locale in which finite meets distribute over arbitrary joins; that is, a A\/ S = \/{a As: s € S}
foralla € L and S C L. A frame homomorphism is a map between frames that preserves finite meets
and arbitrary joins.

Throughout this paper, L will be a frame. Every frame is a complete Heyting algebra with the
Heyting implication given by

a—)b:\/{wEL:a/\xgb}.
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For any a € L, the element a — L is called the pseudo complement of a and is denoted by a*.

For every a,b € L, a is said to be rather below b € L, written a < b, provided that a* Vb =T
On the other hand, a is completely below b, written a << b, if there are elements (¢,) indexed by the
rational numbers Q N [0, 1] such that ¢ = a, ¢; = b, and ¢, < ¢4 for p < ¢. A frame L is said to be
regular, if a =\/{z € L |z < a} for each a € L, and it is completely reqular, ifa = \/{x € L | * << a}
for each @ € L. An ideal J of a frame L is completely regular, if for every x € J, there is y € J such
that © << y. For a completely regular frame L, the frame of its completely regular ideals is denoted
by BL. The join map BL — L is dense onto and is referred to as the Stone-Cech compactification of
L. We denote its right adjoint by . A straightforward calculation shows that r(a) = {z € L: x << a}
for each a € L. Throughout the paper, all frames will be assumed to be completely regular.

The frame L(R) of reals is obtained by taking the ordered pairs (p,q) of rational numbers as
generators and imposing the following relations:

(R1) (@) A (r,s) = (pVrigNs),

(R2) (p,q) V (r,s) = (p,s) whenever p <r < g <s,

(R3) (p,@) = V{(rs)lp <7 < s <q},

(R4) T =V{(p,a)lp,q € Q}.

Note that the pairs (p,q) in £(R) and the open intervals (p,q) = {x € R: p < x < ¢} in the frame
OR have the same role. Let R(L) be the set of all frame maps from £(R) to a completely regular
frame L, which is an f-ring. The reader can see [7] for more details of all these facts.

The properties of mapping coz: R(L) — L, defined by coz(¢) = ¢(—,0) V (0, —), which are often
used in this paper, are as follows:

(1) coz(afB) = coz(a) A coz(S).

(2) coz(a + ) < coz(a) V coz(p).

(3) @ € R(L) is invertible, if and only if coz(a) = T.

(4) coz( ) =1, if and only if « = 0.
(5) coz(a? + %) = coz(a) V coz(B).
For A C R(L), let Coz(A) := {coz(a) ; a € A}, and let the cozero part of L, is denoted by Coz(L),
be the regular sub-o-frame consisting of all the cozero elements of L. It is known that L is completely
regular, if and only if Coz(L) generates L. For A C Coz(L), we write Coz" (A) to designate the
family of frame maps {a € R(L) : coz(a) € A}.

A sublocale of a locale L is a subset S C L, closed under arbitrary meets, such that © — s € S for
every (z,s) € L x S. Throughout this paper, let S/(L) be the set of all sublocales, which is a coframe
with the relation of inclusion. The smallest sublocale of L is O = {T}, called the void sublocale. For
any a € L, sets

or(a):={a—z|xzel}={z|z=a—zx}and ¢ (a):={x € L|z>a},
denote the open and closed sublocales of L determined by a, respectively (see [19]). The closure and

interior of every S € S(L), are defined, respectively, by

S = (Yera) € SUL): 5 C ep(a)} = cp (/\ $) and int§ = \/{or(a) € SUL): 01(a) C S}.
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A sublocale S of L is dense, if ¢l (S) = L. This is the case if and only if the bottom of S is the
bottom element of L.

We shall freely use the following properties of these sublocales:

(1) op(L)=¢(T)=0 and or(T)=cr(L)=L.

(2) cr(a) Cor(b), if and only if a Vb= T, and also, oy (a) C ¢z,(b), if and only if a Ab= L.
(3) intrer(a) = or(a*) and clpor(a) = c(a®).

(4) or(a)Nor(b) =o0r(anb) and cp(a)Ver(b) =cp(anbd).

(5) V,or(a;) =or (\/ al) and (;cr(a;) = cr (\/Zaz>

If S is a sublocale of L, then we write v, : L — S for the associated frame surjection. Recall from [19]
that, for any a € L, vy(a) = AN{z € S | a < 2} = A(SNcp(a)). Also the nuclei associated with
or(a) is Vo, (q)(7) = a — x. Recall from [10] that, a ring homomorphism h: A — R is an exoteric
homomorphism, if for all pairs (I,.J) of finitely generated ideals of A, Ann4(I) = Anny(J) implies
Anng(h(I)) = Anng(h(J)). Anideal of a ring A is said to be exoteric, if it is the kernel of an exoteric
homomorphism. Dube [12] showed that Soc(R(L)) is an exoteric ideal of R(L). He also showed that
if L has a finite number of atoms, then one can create a ring homomorphism with the domain R(L)
whose core is Soc(R(L)).

Let A be a ring and let B be a commutative ring containing A with the same unit element. Then B is
a ring of quotients or rational extension of A provided that for every b € B, b1 A := {a € A: ba € A}
is a dense ideal in B. That is, for every pair of elements b, b’ € B with b’ # 0, there is a € A such that
ba € A and b'a # 0.

The concept of rational extension and quotient ring was defined by Johnson [18] and Utumi [22].
Then in [17], this concept was applied to the ring C(X) of all continuous real-valued functions on a
completely regular space X. The classical ring of quotients of A denoted by Q. (A), is the ring of
equivalence classes of formal quotients § for ¢ € A and a non-zero-divisor d of A. Let Q(X) (resp.,
Qq(X)) denote the maximal ring of quotients (resp., the classical ring of quotients) of C'(X). These
rings have been studied by Fine, Gillman, and Lambek [17] and realized as the ring of all real-valued
continuous functions on the dense open sets (dense cozero sets) of X and the ring of all continuous
functions on the dense cozero-sets in X. In special cases, the ring Q(X) reduces to the classical ring
of quotients of C(X), but in general, the classical ring is a proper subring of Q(X). Now let Q(R(L))
(resp., Qu (R(L))) denote the maximal ring of quotients (resp., the classical ring of quotients) of the
ring R(L) of real-valued continuous functions on a completely regular frame L. These rings have been
studied by Abedi [!] and realized as the direct limit of the subrings R({ ¢), where c is a dense element
(dense cozero element) of L. Also, Abedi applied these representations of Q(R(L)) and Q. (R(L)) to
describe the equality between different rings of quotients of R(L).

Let X be a topological space. To study the ring C(X), zero sets and z-ideals play important roles
(see [1-0] for more details). The first author [15] studied a generalization of z-ideals in the ring C(X)
of continuous real-valued functions on a completely regular Hausdorff space. Salehi [20] introduced
multiplicative closed &-subsets of the ring C'(X) and showed that the ring of fraction S~1C(X) and the
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ring of direct limits of continuous functions on the members of Fg are isomorphic. In [10, 11,13, 14],
cozeros were used to introduce z-ideals in R(L) (also, see [3]).

This paper is organized as follows. Section 1 presents the basic concepts and preliminaries, which
will be used in the next sections. In Section 2, we introduce the concepts of z-sets, the smallest z-set
containing A, and the biggest z-set included in A, where A is a subset of R(L), and also, we give
some properties of them. Section 3 is devoted to the study of the ring of fractions S]f-lR(L), where F
is a coz-filter on L and Sr is a multiplicatively closed subset related to F. We show that this ring is
isomorphic to the direct limits of the subrings R(A), where A € {oy(coz()): a € Sr}. In Corollary
3.17, we show that the classical quotient ring of R(L) is isomorphic to the following direct limit:
(Waep R(or(a))], where ¥V = {coz(a): or(coz(c)) is a dense sublocal of L}. In the last section, we
show that QaqR(L) = R(L), if and only if R(L) is a special saturated ring.

2. z-Sets in point-free topology

Let A be a subset of R(L). In this section, we introduce the concepts of z-sets, the smallest z-set
containing A, and the biggest z-set included in A and give some properties of them.
For any o € R(L), M, denotes the intersection of all maximal ideals containing «, and
ma = {B€R(L) ; My = Mpg}.

Definition 2.1. A subset A of R(L) is called a z-set, if My = Mg and a € A imply B € A.

Lemma 2.2 ([9]). Let Q be an ideal of R(L). Then
Mg = {go € R(L) | r(coz(gp)) < \/ r(coz(a))}.
aeqQ
Hence, for any v € R(L), it holds that M, = {¢ € R(L) | coz(y) < coz(v)}.

Lemma 2.3. Let a € R(L). Then mq = {8 € R(L) ; coz(e) = coz(f)}.
Proof. Let T = {8 € R(L) : coz(a) = coz(8)}, andlet 3 € m,. Then My = Mg and by Lemma
2.2,

{v € R(L): coz(y) < coz(a)} = {7 € R(L) : coz(7) < coz(p)}.

Therefore, coz(a) = coz(f) and € T. Now, let § € T and M be a maximal ideal of R(L) such
that « € M. Then coz(a) € Coz(M) and coz(8) € Coz(M). Hence 3 € Coz" (Coz(M)) C M, and
S0 B € mq. O

Proposition 2.4. For any subset A of R(L), the following conditions are equivalent:
(1) A is a z-set.
(2) For any o, f € R(L), a € A and coz(a) = coz(B) imply 5 € A.
Proof. 1t is straightforward. O
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Since the union and intersection of any arbitrary family of z-sets of R(L) are themselves z-sets,
therefore for every subset A of R(L), twosets () {B : Bisa z-set ,B2 A} and |J{B : Bis a z-set,
B C A} are z-sets, which are denoted by A, and A?, respectively. It is observed that A, is the smallest
z-set containing A and that A* is the biggest z-set included in A.

Proposition 2.5. Let A be a subset of R(L). Then the following properties hold:

(1) Az = UaeA Mmey.
(2) A% = {a €A; my C A} = UmagAma'

Proof. (1) Since my, is a z-set for any o € A, we have (J,,c 4 M is a z-set. Now, we show that [, 4 Ma
is the smallest z-set containing A. It is clear that A C |J,c4 ma. Now, suppose that B is a z-set
such that A C B. Let 8 € ,c4 ™Ma- Then there exists an element o in A such that 8 € M,, and
hence M, = Mg. Since o € B and B is a z-set, we have § € B. Therefore UaeA meq € B. Thus
Uaea Ma = A. and the proof is complete.

(2) First, we show that J = {a €A; my C A} is a z-set. To do this, suppose that Mg = M, where
e Jand ¢ € R(L). So p € J implies that mg C A and hence m, C A. Therefore ¢ € J. Thus J
is a z-set. Now, we show that J is the biggest z-set included in A. It is clear that J C A, because if
«a € J, then my, C A. Indeed o € m,, implies @ € A. Now suppose that K is a z-set such that K C A.
Let 8 € K. Since K is a z-set, mg C K. Indeed K C A; therefore mg C A, and so § € J. Hence
K CJ. Thus J = A~ O

We say that a subset S of a commutative ring R is multiplicative closed, when 1 € .S and whenever
s1,89 € S, then s1s50 € §. Also, a multiplicative closed subset S of a commutative ring R is saturated
precisely when s1s9 € S implies both s; and ss belong to S. Let S be any multiplicatively closed
subset of A. The smallest saturated multiplicatively closed subset containing S is denoted by S.

For use in the upcoming proof, recall from [2, Lemma 3.2] that
Mg = My N Mg = My Mg for any o, f € R(L).
Proposition 2.6. Let S be a multiplicatively closed subset of R(L). Then
S, ={aeR(L); My C M, for some~y € S}.

Proof. Put T = {a € R(L) ; M, C M, for some v € S}. It is easy to see that T is a multiplicatively
closed subset of R(L) and that S, C T. Now, we show that T is a saturated set. For doing this,
suppose that a8 € T. Then there exists v € S such that M, C M,g. Therefore M, C M, and
M., C Mpg. Since v € S, we conclude that a € T" and § € T'. Thus T is a saturated set.

Finally, we show that 7" is the smallest saturated multiplicatively closed subset containing .S,. Suppose
that K is a saturated multiplicatively closed subset such that S, C K. Let a € T. Then there exists
an element v in S such that M, C M,, and hence My, = M, N M, = M,. Then ay € S.. It follows
from v € § and S, C K that ay € K. Now, since K is a saturated set, we have a € K. Therefore
T C K. Thus T = S, and the proof is complete. O
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Remark 2.7. For every multiplicatively closed subset S of R(L), it holds that S C S, C S,.
Proposition 2.8. Let S be a multiplicatively closed subset of R(L). Then
S.={aeR(L) : MynNS#0}.

Proof. Suppose that o« € S.. Then, by Proposition 2.6, there exists v € S such that M, € M,,
implying v € M,. Consequently, v € M, N.S, proving the inclusion C. For The reverse inclusion, pick
a € R(L) such that M, NS # 0 . Now, choose v € M, NS. Then M, C M, and so, by Proposition

2.6, « € S,. So the reverse inclusion also holds. O
Proposition 2.9. If S is a multiplicatively closed z-set of R(L), then S is a z-set of R(L).

Proof. We know that S is a z-set, which implies that S, = S, and hence S = S,. Now, we show that
S, is a z-set. Suppose that M, = Mg, where o € S. and 3 € R(L). Then, there exists an element
v € S such that M, C M,. Therefore, M., C Mz and v € S. Hence 3 € S.. O

Corollary 2.10. Let S be a multiplicatively closed subset of R(L). Then the following conditions are
equivalent:

(1) S is a saturated z-set.

(2) Ifa € R(L) and My NS # 0, then a € S.

(3) Ifa e R(L), vy€ S, and v € My, then a € S.

(4) Ifa e R(L), y€ S, and My, C M, then a € S.

Proof. (1) = (2) Since S is a saturated z-set, S = S = S,. Now, suppose that « € R(L) and
M, NS # 0. So, by Proposition 2.8, o € S, and hence o € S.
(2) = (3) It is immediate that (2) implies (3).
(3) = (4) Let a« € R(L), let v € S, and let M, C M,. Then v € M, C M,, and so by (3), a € S.
(4) = (1) First, we show that S is a z-set. Suppose that M, = Mg, where a € S and g € R(L).
Then, by (4), 8 € S. Thus S is a z-set. Now, we show that S is saturated. Suppose that af € S,
where a, f € R(L). Then

Mag = Mo\ Mg C M,,

and so by (4), « € S. In a similar way, 5 € S. O
Definition 2.11. If F is a subset of Coz(L) and F is a filter, then it is called a coz-filter.

Lemma 2.12. Let F be a coz-filter on Coz(L) or L. Then the following statements are true:
(1) Coz"(F) is a z-set.
(2) Coz"™ (F) is a multiplicatively closed subset of R(L).

Proof. (1) Suppose that coz(a) = coz(f), where a € Coz™ (F). Since a € Coz* (F), we have coz(a) €
F, and hence coz(f) € F. Therefore 8 € Coz" (F). Thus by Prooposition 2.4, Coz (F) is a z-set.

(2) Suppose that «, 5 € Coz" (F). Then coz(a), coz(3) € F. Since coz(af) = coz(a)Acoz(f) and F is
a coz-filter, we have coz(af) € F, and hence a8 € Coz™ (F). Therefore Coz (F) is a multiplicatively
closed subset of R(L). O
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We put Sr = Coz" (F). The set Sz is called multiplicatively closed set related to F. Throughout
the present paper,

Cozf[S] := {coz(B) : coz(a) < coz(B),for some o € S},
for every multiplicatively closed subset S of R(L).

Proposition 2.13. Let S be a multiplicatively closed subset of R(L). Then Cozf[S] is a coz-filter
on Coz(L).

Proof. To show our result, we must verify the three axioms of a filter.

(1) It is clear that for every a € S, coz(a) < T = coz(1). Then T = coz(1) € CozfIS].

(2) If coz(p1), coz(B2) € Cozf[S], then coz(ay) < coz(f1) and coz(az) < coz(f2) for some o,y € S.
Since S is multiplicatively subset of R(L), ajag € S. Then

coz(arag) = coz(aq) A coz(ag) < coz(f1) A coz(Sa),

and so coz(f1) A coz(B2) € Cozf][S].

(3) Suppose that coz(B) < coz(vy) for some coz(S) € Cozf[S], and coz(y) € Coz(L). Since coz(S3) €
Cozf[S], there exists a € S such that coz(a) < coz(f). Hence, coz(a) < coz(y), and so coz(y) €
Cozf9]. O

Lemma 2.14. Let S be a multiplicatively closed subset of R(L). Then Cozf[S] = Cozf[S].
Proof. By Corollary 2.10 the proof is straightforward. O

Proposition 2.15. Let S be a multiplicatively closed subset of R(L) and let F be a filter on L. Then
the following statements are true:

(1) S = Coz* (Cozf[S}), if and only if S is a saturated z-set.

(2) F = Cozf[Coz" (F)] if and only if F is a coz-filter on Coz(L).

Proof. (1) Necessity. Suppose that S = Coz* (Cozf[S]). By Lemma 2.12 and Proposition 2.13, S
is a multiplicatively closed z-set. Now, let a8 € S, where o, 8 € R(L). Since aff € S, we conclude
that there exists v € S such that coz(v) < coz(af). Therefore, coz(y) < coz(a) and coz(y) < coz(f).
Then coz(a), coz(B) € Cozf[S] and so a, 8 € Coz* (Cozf[S]) = S.

Sufficiency. Let S be a saturated z-set. It is immediate that S C Coz* (Cozf[S]). Conversely, let
a € Coz* (Cozf[S]). Then coz(a) € Cozf[S], and hence there exists v € S such that coz(vy) < coz(a).
Since S is a saturated z-sets, we deduce from Corollary 2.10 that a € S. Therefore Coz* (Cozf[S]) C
S.

(2) Necessity. It follows from Lemma 2.12 and Proposition 2.13.
Sufficiency. Let F be a coz-filter on Coz(L). Suppose that a € R(L) such that coz(a) € F. Then
a € Coz" (F). Cleary coz(a) € Cozf[Coz™ (F)], proving F C Cozf[Coz" (F)]. Conversely, let
coz(f) € Cozf[Coz" (F)]. Then, coz(y) < coz(f) for some v € Coz" (F). Since F is a coz-filter on
Coz(L) and coz(vy) < coz(f), we conclude that coz(f) € F and so Cozf[Coz* (F)] C F. O
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3. Rings of quotients of the ring R(L) by coz-filters

This section is devoted to the study of the ring of fractions S}lR(L), where F is a coz-filter on L

and Sr is a multiplicatively closed subset related to F. We show that this ring is isomorphic to the
direct limits of the subrings R(A), where A € {or,(coz()): a € Sr}.
Let X be a topological space and let S be a family of nonvoid subsets of X. When § is a filter
base (i.e., when § is closed under finite intersection), we are invited to consider the direct limit ring
hﬂgegC(S), with respect to the restriction homomorphisms f — f|g/, where f € C(S) and S’ C S.
When § is a family of dense sets, all these homomorphisms are one-one, and liggegC(S) may be
considered as | Jg. 5 C(S), where we identify f1 € C(S1) with fo € C(S2) whenever f; and f> agree on
S1 NSy (see [17]).

Now, let & be a family of sublocales of L that is closed under finite intersection. It is evident that
(8,2D) is a partially ordered set. For every A, B € S with A < B (B C A), we define

vapla = vya): R(A) - R(B),

where
vyo(v) = /\{b € B: a(v) < b},
for every v € L(R). Then (A, paB)a Bes is a direct system over S in the category of rings. We define
the equivalence relation ~ on |4 4.5 R(A) by
a~fev, a=v, B forall (o,f) € R(A) x R(B) and every A,B € S.
The equivalence relation ~ on [#,.5R(A) induces the ring 44,5 R(A)/ ~, which is denoted by
(Waes R(A)]. Let A € S. We define

palo = [a]): R(A) = | [ R(A)

AeS

Then w4 = pppap for every A, B € S with A < B. We claim that ([&JAGS R(A)] ,©A)Aes 1is a direct
limit of the direct system (A, ¢ap)a, Bes in the category of rings. Let R be a ring, and let there be
given morphisms ¢ 4: R(A) — R satisfying ©ppap = ¥4 for every A, B € S with A < B. We define

([a] = va(@): | RA)| =R

AeS

for all @« € R(A) and every A € S. Then the following diagram commutes for all A, B € S with
A< B:

$AB
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Hence, ([LﬂAes R(A)] ,@A)AGS is the direct limit of the direct system (A, pap)a Bes over S.

By the above explanation, we have the following proposition

Proposition 3.1. Let § be a family of sublocales of L that is closed under finite intersection. Then
([Wacs R(A)] ’(‘OA)AES is the direct limit of the direct system (A, aB)A,Bes over S.

Corollary 3.2. If D,(L) is the family of all dense open sublocales in L, then D,(L) is closed under

finite intersection and

limyep,()R(A) = H RA)|.¢a
A€D, (L) AcsS
Let D be an ideal of a commutative ring A. We recall from [17] that D is (rationally) dense in A

provided that Ann(D) = (0).

Proposition 3.3. An ideal D in R(L) (or R*(L)) is dense, if and only if \/ ,cp o1 (coz(r)) is dense
m L.

Proof. Since

B € Ann(D) < for all @ € D(aff =0)
s 1= \/ coz(af) = coz(f) A \/ coz(a)

aeD aeD
& 0 =op(coz(B)) Nor( \/ coz(a))
acD
& 0 =op(coz(B)) A \/ oL (coz(a)),
acD

and L is completely regular, then D in R(L) is dense, if and only if \/ ., 01 (coz(a)) is dense in
L. O

Proposition 3.4. For every a,b € L, if b & cr(a), then there exists o € R*(L) such that b &

¢z (coz(a)) and cp(a) Cinty, (cr (coz())) .

Proof. Since L is a completely regular locale and a £ b, we conclude that there exists o € R*(L) such

that coz(a) £ b and coz(a) << a, which implies that b & ¢z (coz(a)) and
coz(a) < a = coz(a)" Va=T = cr(a) C or(coz(a)*) = inty, (cf, (coz(a))) .
4

Abedi [1] showed that R(L) is a ring of quotients of R*(L) and that R(L) and R*(L) have the

same maximal ring of quotients and the same classical ring of quotients.

Proposition 3.5. Let A be a dense sublocale of L. Then R(A) is a ring of quotients of v, (R(L)) =
{v,a: a e R(L)}.
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Proof. Let 0 # a € R(A) be given. Then there exists T # b € o (coz(a)) N A4, and so, by Proposition
3.4, there exists 8 € R*(L) such that ¢y, (coz(e)) C inty, (cL(coz(ﬁ))) and b ¢ cp(coz(f)). Since
b€ or(coz(a)) \ ¢r(coz(B)), we conclude that

T # (coz(B) — b) € o1 (coz(a)) Moy (coz(B)) # O.
Now, we claim that av, # 0. Suppose, by way of contradiction , that av,3 = 0. Then
coz(a) A coz(fB) < coz(a) Acoz(v,8) = La = L1 = or(coz(a)) Nog(coz(B8)) = O,

which is a contradiction, and so, av, 8 # 0. To complete the proof, it suffices to show that avsf €
vA(R(L)). For this, define v(p,q) = avaB(p,q) for each p,q € Q. Then v € R(L) and vay = avsf.
Therefore avaf € va(R(L)) and so R(L) is a ring of quotients of v4(R(L)). O

Lemma 3.6. If af = 0, then v ( )B =0 for every a, B € R(L).
L

coz(a)

Proof. Suppose that o, € R(L) and o = 0. Then coz(a) A coz(3) = L, which implies that
or,(coz(a)) C ¢ (coz(B)). Hence

coz (VOL (COZ(O‘))B) - y"L (COZ(O‘)) (COZ(ﬂ))
= /\ oz, (coz(a)) N (coz(B))
= /\ or,(coz(a))

=1.

Therefore, VUL( )ﬁ =0. O

coz(a)

Let F C Coz(L) be a coz-filter on L. Then by Lemma 2.12, Sr is a multiplicatively closed subset
of R(L). Let S7'R(L) be the ring of fractions R(L) with respect to the multiplicatively closed subset
Sr.

Lemma 3.7. If F C Coz(L) is a coz-filter on L, then § € S}lR(L), if and only if o € R(L) and coz(fB) €
F.

Proof. The proof is straightforward. (|

Proposition 3.8. Let F C Coz(L) be a coz-filter on L and let 5,% € Sz'R(L). Then

f

A % & there exists coz(a) € F @ v

g or, (Coz(a)) (fk B gh) =0.

Proof. Necessity. Let 5, % € S'R(L) and 5 = % Then, there exists & € Sz such that a(fk—gh) = 0.

Since a € Sz, so coz(a) € F, and by Lemma 3.6, v ( ( )) (fk —gh) = 0.
L a

COzZ
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Sufficiency. We set A := o (coz(a)). Then we obtain

v, (fk—gh) =0 = coz(VA(fk —gh)) =1,

=V, (coz (fk— gh

:>/\AﬂcL coz(fk — gh

=/\4
=4

= CZL(AO cr, (coz( fk — gh))) =clpA

= Cr,

= Cf

(A
(

AﬂcL (coz(fk — gh)))) = clp(or (coz(a)))

VA(COZ fk —gh) )

((coste)’)

) =

= ¢p (coz(a) — coz(fk — gh)) = cr,((coz(a))*)

= (coz(a) — coz(fk — gh)) = (coz(a))”

= (coz(a) — coz(fk — gh)) A coz(a) = (coz(a))” A coz(a)
= coz(a) A coz(fk — gh) =
= coz(a(fk — gh)) =

= a(fk —gh) =0.

Therefore, L= %

Q|

Lemma 3.9. Let F C Coz(L) be a coz-filter on L and let § € R(L).

Proof. Let 3 € R(L) and set A := oy (coz(f)).
means that v, 5 ~ G, and so [5] = [v,[].

Then [8] = [Vo, (con(s)) B]-

Then v, € R(A) and v, ,v,3 = v, [, which
O

Proposition 3.10. Let F C Coz(L) be a coz-filter on L, B € Sr and Or(Sr) := {or(coz(a)): a €
Sr}. Then [B] is invertible in {HAGOL(S]:) R(A)}

Proof. We set A :=op,(coz(3)). First we show that v, is invertible in R(A). We have
coz(v,B) = v, (coz(B))

=\

(A Necp (coz(ﬁ)))

= I/A(COZ(,B))

=V

= COZ

=T.
Hence v, is invertible in R(A).
Lemma 3.9,

[1] = [yw.f] =

which means that [5] is invertible in | 4c0, (5,) R(A)|-

or, (COZ(ﬁ)) (COZ(B))

(8) — coz(B)

Then, there exists v € R(A) such that yv,8 = 1. Therefore by

Yv.B] = 8l

DOI: https://dx.doi.org/10.30504/JIMS.2023. 388284 .1096


https://dx.doi.org/10.30504/JIMS.2023.388284.1096

142 J. Iran. Math. Soc. 4 (2023), no. 2, 131-147 A. A. Estaji and T. haghdadi

Lemma 3.11. Let A € S/(L) be given. Then, for
V(o —rv,a): R(L) = R(A),

the following statements are true:
(1) ¥ is an f-ring homomorphism.

(2) If A is a dense sublocale of L, then ¥ is an f-ring monomorphism.

Proof. (1). This is evident that ¥ is a function. Let ¢ € {+,., A, V} be given. Suppose that p,q € Q
and o, 8 € R(L). Then
v,(aopB)(p,q) =v, (\/{a ) A B(u,v): <r,s><><u,v>§<p,q>})
:\/{VA a(r,s) /\VA(B(U,U)): <r,s>o<u,v>C<p,q> }
= (vyaov, B)(p,q)

Hence, ¥ is an f-ring homomorphism.
(2). Let a € R(L) with ¥(«) = 0 be given. Since A is a dense sublocale of L and v4 is a nucleus,

we conclude that
coz(a) < v, (coz(a)) = coz(v, o) = coz(¥(a)) = coz(0) = Lo = Ly,
and so a = 0. Therefore, ¥ is an f-ring monomorphism. O

Let A be a sublocale of L. Consider homomorphisms ¥: R(L) — R(A) and pa: R(A) —

Wacosy) R(A)} We put 0 = p4¥. Then 6 is a homomorphism from R(L) to [LﬂAe(’)(sf) R(A)

where 0(a) = [v,a] for every o € R(L). Also, Consider the canonical homomorphism ¢: R(L) —
S7'R(L) such that ¢(a) = %

Remark 3.12 ([21]). Let S be a multiplicatively closed subset of the commutative ring R; also, let
f: R — ST'R denote the natural ring homomorphism. Let R’ be a second commutative ring, and let
g: R — R/ be a ring homomorphism with the property that g(s) is a unit of R’ for all s € S. Then there
is a unique ring homomorphism h: ST'R — R such that ho f = g. In fact, h (%) =g(a)(g(s))~! for
alla e R, s€S.

Proposition 3.13. Let F C Coz(L) be a coz-filter on L. Then, there exists a unique homomorphism

T from S}IR(L) to E-JAEO(S]:) R(A)} such that mop = 6. In fact, 7T( ) =f(« )(H(ﬁ))_l = [a][p] !
for all o, B € R(L), where coz(f) € F.

Proof. Combine Proposition 3.10 and Remark 3.12. U

Lemma 3.14. Let 8 € R(L), B :=cy(coz(B)), C := o1 (coz(B)), and D := cl,C = c1,(coz(B)*) be
given. If a € R*(C), then there exists v € R(L) such that for allu € L(R), y(u) V coz(B)* = av,B(u)
and y(u) V coz() = 0(u), where 0 € R(B).
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Proof. Let v := 0 € R(B) be given. We put vy, := av, € R(D). We set a := coz(f) V coz(f)* and
define
6i((w) = 7i(u) Va): LR) — ¢z (a),

for every i = 1,2. We must show that d;(u) = da(u) for every u € L(R). Consider the following four
cases:
Case 1: If ¢ <0, then

(=, q) =av. (- qg)Va>a=aVcoz(f) =aV Lp=aVy(—q) =d(—q).

Case 2: Let ¢ > 0. Consider ¢ > 0. Then

av,B(—,q) = \/ {a(T, s) Av,B(u,v): <rs><u,v>C (—oo,q)} > a(—€€) Av,f <—€q, Z) )

- 0a(—,q) > aV (04—@ ) Aol <_q q))
= (aVa(—€e) A <a Ve Cq z>)
> (aV a(—c,e)) A <coz<,3> v cou()" v (;q’ q))
=aVa(—ee).

Then

5(—q) =\ ava(—ee)=av\/a(—ee) =aval\/(-ce) =T,

e>0 e>0 e>0
which implies that

62(_7Q) =T= 0(_7(]) Va= 61<_7q)'
Case 3: If p > 0, then
G2(p, —) =2 a=aVcoz(f) =aVy(p,—) =d(p,—)
Case 4: Let p < 0 and let € > 0. Similar to Case 2, we have

S2(p,—) =\ aval—ce)=aVv \/ a(-e,e) =ava(\/(-ce) =T =aVv0(p,-)=d(p,~)

e>0 e>0 e>0
Therefore, d2(u) > §1(u), for every u € L(R). Since L(R) is a regular frame, d = d;. By [%, propositin
1.2], there exists v € R(L) such that

Y(u) v coz(B)" = ya(u) = avef(u)

and

where 0 € R(B). O

Theorem 3.15. Let F C Coz(L) be a coz-filter on L. Then the homomorphism m in Proposition 3.13
is an isomorphism; that is, S]__-lR(L) = \Waco, (s R(A)|
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Proof. First we show that 7 is a monomorphism. Let g, % € S;_-IR(L) and let m (g) =7 (%) Then
[f][g]il = [h][k]il and so [f][k] = [h’] [g] By Lemma 3.9, [VOL(COZ(fk‘))fk] - [VOL(COZ(hg))hg]' We put
B :=or(coz(fk)), C = or(coz(hg)), and D = BN C. Then
vpovgfk =vov hg = vy s fk=v, ohg
=v,fk=v,hg
= v, (fk—hg) =0.

Then by Proposition 3.8, £ = %, and so 7 is a monomorphism.

Now, let [f] € |Wacos,) R(A } Thus there exists A € Op(Sr) and g € R(A) such that [f] = [¢]
and so there exists h € Sr, where g € R(or(coz(h))). We put B = ¢ (coz(h)), C = o (coz(h)), and
D = ¢y (coz(h)*). Now, let r = and let s = — 7

1+ 1g] 1+
Then by Lemma 3.14, there exist v, € R(L) such that

Q [~

. It is easy to see that 7, s € R*(or(coz(h))).

Vey (con(h))Y = TVch, vy =0 € R(B),
and
Ve, (con(h*))0 = sVch, vz =0 € R(B).
First we show that coz(y) = coz(h). We have
coz(y) = coz(y) vV L
= coz(y) V (coz(h) A (coz(h))*)
= (coz(v) V coz(h)) A (coz(y) V (coz(h))*)
= Ve, (coz(h))COZ(7) A VCL((COZ(h))*)COZ(W)
= coz(0) A coz(rv,h)
= L p Acoz(r) A coz(v,h)
= coz(h) AT Av(coz(h))
= coz(h) A (coz(h) —» coz(h))
= coz(h).

5
Hence coz(y) € F, and so — € S]__-lR(L). Therefore
Y

b7 = ekl hl™ = W™ = [l ™ = il i) = o = )
0 . . : .
Therefore 7 <7> = [f], which means that 7 is an epimorphism. U

Theorem 3.16. The following statements are true for any completely regular locale L:

(1) If S is a multiplicatively closed z-set of R(L), then STIR(L) = |:MA€(’)L(S) R(A)]
(2) If F is a filter on L, then S&c}zf[Coz“(J-‘)]R(L) = HAGO(SCOZf[COZH(f)]) R(A)}
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Proof. (1) By Lemma 2.14, Cozf[S] = Cozf[S]. Moreover, by [21, Exercise 5.12], ST'R(L) =
S=IR(L). Therefore without loss of generality, we may assume that S is a saturated multiplicatively
closed z-set of R(L). Then, by Proposition 2.15, we have Sz = Sc,.f(5) = Coz* (Cozf[S]) = S, and
so by (1), STVR(L) = [@ 1e0,($) R(A)]

(2) It is clear. O

Corollary 3.17. If V = {coz(a): or(coz(c)) is a dense sublocal of L}, then V is a coz-filter on L

and

Qa(R(L)) =

o R<0L<a>>] .

acy

4. Special saturated ring

A commutative ring R is said to be special saturated if it contains no finitely generated dense ideals.
In this section, we consider the ring R(L) and give equivalent conditions for the ring R(L) such that
it is special saturated. If the Jacobson radical, J(R), of a commutative reduced ring R is zero, then
every exoteric ideal of R is a z-ideal. As an immediate consequence from [16, Theorem 5.4.], we now

have the following result.

Proposition 4.1. If R(L) is a special saturated ring, then the classes of z-ideals and exoteric ideals

coincide.

Proposition 4.2. For R(L), the following conditions are equivalent:
(1) R(L) is a special saturated ring.
(2) For every a € R(L) with coz(a)) # T, there exists 0 # 5 € R(L) such that coz(a) Acoz(S) = L.
(3) For the classical quotient ring of R(L), we have QqR(L) = R(L).

Proof. (1) = (2). Let @ € R(L) with coz(a) # T be given. Then I := aR(L) # R(L) and by the
=y (1) # (0). Hence, there exists 0 # 8 € R(L) such that a8 = 0, which implies that
coz(a) A coz(f) = L.

(2) = (1). Let n € N and let ay,...,a, € R(L) with I := (aq,...,a,) € R(L) be given. Then
Anng () = Anng, (370, a?) and coz(3" | a?) # T. By the hypothesis, there exists 0 # 8 € R(L)
such that coz(}_1r | a?) Acoz(B) = L, which implies that 8> ", a? = 0, and so, 3 € Anng , (1); that
is, I is not dense. Therefore, R(L) is a special saturated ring.

(1) & (3). It is evident. O

hypothesis, Ann

Abedi [1, Proposition 4.5] showed that QqR(L) = R(L), if and only if L is an almost P-frame.

Then by Proposition 4.2, we can conclude the next corollary.
Corollary 4.3. Frame L is an almost P-frame, if and only if R(L) is a special saturated ring.

Proposition 4.4. For a frame L, the following conditions are equivalent:

(1) Every map ¢: R(L) — S, where S is a regular ring, is an exoteric homomorphism.

(2) Every prime ideal of R(L) is exoteric.
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(3) AnnR(L)AnnR<L)(I) = /T for every finitely generated right ideal I of R(L).
(4) L is a P-frame.

Proof. By [16, Proposition 5.8], (1), (2), and (3) are equivalent. It is clear that if R(L) satisfies the
equivalent condition (1), (2), and (3), then it is a special saturated ring. Hence, (1) and (4) are

equivalent. n
Let I be an ideal of a commutative ring R. The ideal I is called a torsion ideal, if

for all i € I, for all r € R(r € I = there exists v’ € R with 47’ = 0 and ' & I).
Proposition 4.5. Every torsion ideal of R(L) is a z-ideal.

Proof. Let I be a torsion ideal of R(L) and let (o, 8) € I x R(L) with coz(a) = coz(f) be given. If
B & I, then there exists v € R(L) such that ey =0 and v ¢ I. hence

1 = coz(ay) = coz(a) A coz(y) = coz(B) A coz(y) = coz(fy) = fy=0€ 1,

a contradiction, which implies that § € I. Therefore, I is a z-ideal of R(L). U
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