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ABSTRACT. Let G be a locally compact group and p,q € R with p > 1, p # 2, and ¢ between 2 and p
(if p < 2thenp < ¢ < 2,if p > 2then 2 < g < p). The main result of the paper is that A4(G) multiplies
Ap(G), more precisely we show that the Banach algebra A,(G) is a Banach module on A4(G).

Let G be a locally compact group, in [1] an entirely self-contained proof of the following result was
given (section 8.3 Theorem 8 p. 158): for every 1 < p < 0o, A,(G) is a Banach module over A»(G), i.e.
for all u € A2(G) and v € A,(G), we have uv € Ay(G), and |[uv|| 4, < |lulla,l|v|la,. Now let p,q € R,
with p > 1, p # 2, and ¢ between 2 and p. We show (Theorem 1.10 ) that for every u € A,4(G), and
v € Ay(G), we have uv € Ap(G) and |luv|a, < [Julla,[lv]|a,. We recall some definitions. For ¢ a map
of G into C, we set ¢(x) = p(z71), a0(z) = p(az), and p,(r) = ¢(za), a,x € G. For 1 < p < oo,
LP(G) is a LP-space, concerning a left Haar measure on G. Let L(LP(G)), be the Banach algebra of
all bounded linear operators on LP(G), the operator norm of an operator 7" is denoted by ||T,. An
element T of L(LP(G)), is said to be a p-convolution operator (written I € CV,(G)) if T'(a) = T (),
for every a € G, and ¢ € LP(G). We denote the set of all continuous complex valued functions on G
with compact support, by Cyo(G). Let pu be a Radon measure on G, we put fi(¢) = u(p). Suppose
that u is a bounded Radon measure on G (1 € M1(G)), then there is a unique S € L(LP(G)), such
that

Sll = [+ (A7 )]
for every ¢ € Cyo(G).
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(What is p/, in the above definition? This symbol is repeated throughout the paper and is probably
the dual scalar of p Please explain it once.)

The operator S is denoted by A (u).We have A, (1) € CV,(G), and H‘)\%(u)mp < ||u]]. We also
have AY(0a)p = @alAg(a)/P. In [1], the author proved that, for every 1 < p < oo and for every

for

amenable locally compact group G, the following deep inequality holds: H|/\é(,u)|H2 < }Hx\’é(ﬂ)! »

all p € MY(G). Even for finite abelian groups, this result is not trivial.

In this paper, we show (Corollary 2.2 ) that for every amenable locally compact group G, for p,q € R
with p > 1, p # 2, and ¢ between 2 and p, we have m)\qG(,u)wq < ‘H)\g(,u)mp for every u € M(G).

Let G be a locally compact group, and 1 < p < oco. We denote by A,(G) the set of all pairs
((kn)22 1, (1,)2,) where (k,)2, is a sequence of £P(G) and (1,,)°2, is a sequence of £P'(G) with

n=1 n=1
> Np(kn) Ny (1) < o0.
n=1

The topology on L(LP(G)), associated to the family of seminorms

- i < Tlknl, [In] >

with ((kn)2 1, (In)22) € Ap(G), is called the ultraweak topology. The ultraweak closure of X, (M (G))

in L(LP(G)) is denoted by PMy(G), and elements of PM,(G), are called p-pseudomeasures. The

space PM,(G) can be identified as the dual of a Banach algebra A,(G) of continuous functions on G.
We denote by A,(G), the set:

{u : G — C: there is ((kn)p=1, (In)n=1)) € Ap(G) such that

i kn *l foreveryaceG}
n=1

For w € A,(G), we put

[ulla, = inf{ ZNp(kn)Np’(ln) t((kn)nz1s (Fn)n=1) € Ap(G)

such that u = ZH* l;}

n=1

Under the pointwise multiplication, the set A,(G) is a Banach algebra, called the Figa-Talamanca Herz
of G. We have A,(G) C Cp(G) and for every u € A,(G), the following inequality holds: |lulec < |lul|4,-
Moreover the space A,(G) N Cyo(G), is dense in Ay(G).

For every T' € PM,(G), we put

Z<TTP [ prln] >

for every u € A,(G) and for every ((kn)p2q, (kn)o2,) € Ap(G), such that
o0
S el
n=1
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where T,p(7) = p(z7 1) Ag(z™H)Y/P. Then ¥, is a conjugate linear isometry of PM,(G) onto A,(G)’
with the following properties:

(1) UL(NL(j1)) = u, for every u € MY(G), where ¢(z) = p(z~1) and

i) = n(@).

(2) U2 is a homeomorphism of PM,(G) with the ultraweak topology, onto A,(G)’, with the weak
topology o(A,’, Ap). We will use the fact (see [I, Chapter 5]) that C'V,(G) carries a natural
structure of left normed A, (G)-module (u,T’) — uT. We shortly recall the definition of uT": for
k€ LP(G), 1 € LV'(G) and T € CV,(G) there is a unique linear bounded operator of LP(G),
denoted (k )T, such that

(EDT) ) = [ (Tl (Bl L (el

o0

for every ¢, € Coo(G). Then, for u € Ay(G), we put uT = Z(E % 1,)T for every

n=1

((kn)oy, (1)) € Ap(G) such that u =Y ky * Iy

n=1
1. The general case

In this paragraph, G is a arbitrary locally compact group, G is not assumed to be amenable.

Theorem 1.1. Let G be a locally compact group, 1 < p < oo, u € A,(G), T € CV,(G) and ¢ €
LP(G) N L3(G).

(1) mp(ul) 7y € L*(G),

(2) D) mpelly < llulla, 171, [[ell2 -
Proof. See [1] Section 8.3 Theorem 1 p. 156. O

Proposition 1.2. Let G be a locally compact group, p,q € R with p > 1,p # 2, and q between p and 2.
We denote by S the set {[r] : r € LY(G),r is a step function}. Then for every 1 < p < oo, u € Ay(G),
T € CVy(G), and all p € S:

(1) 7p(uT)7pp € LUG),
2) lImp(uT)pell, < llulla, 1T, el -

Proof. Case(I) We prove the statement, if p < 2.

Put
,_ 2la—p)
a(2 —p)
We have 0 < t < 1, and
1 1—t t
q p 2

According to Riesz-Thorin and Theorem 1.1 7,(uT")1pp € LY(G), and

1— t
7 (uT) 0l < Tl (el a, 1T, ) N2l
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but
1—t t _ 1—¢
T, " (llella, 170, ) Mol el DT, Nl TN g
= [Julla, 1T, llellq -

Case(II) We prove the statement, if p > 2.

Put
- Q2—ap
(2—-p)g
We have 0 <t < 1 and
1 1—t+t
q 2 D

As in (I) 7, (uT)1pe € LY(G) and

1-t
I (uD)7peplly < (llla, IT0,) " Tl llellg

and consequently [, (uT)ppll, < |[ulla, I T, llllq -
O

Theorem 1.3. Let G be a locally compact group, p,q € R with p > 1, p # 2 and q between p and 2.
Then for every u € Ap(G), for every T € CV,(G) and every ¢ € LP(G) N LY(G) we have:

(1) 7p(uT)1pp € LUG),

2) I7p(uT)mpll, < llulla, ITH, llllg -
Definition 1.4. Let G be a locally compact group, p,q € R with p > 1, p # 2 and q between p and 2.
We denote by E, 4, the set of all T € CV,(G), such that :

(1) T € LU(G), for every ¢ € LP(G) N LI(G),

(2) There is C' > 0, such that || T, < Cllollq, for every ¢ € LP(G) N LI(G).

Proposition 1.5. Let G be a locally compact group, p,q € R with p > 1, p # 2 and q between p and
2. The set E, 4 is a subalgebra of CV,(G).

Proof. Let S,T € E, 4 , C,C’ the constants of Definition 1.4, and ¢ € LP(G) N LY(G). From 7,T'1pp €
LP(G)NLA(G) it follows (1,S7) (TpT'1p) € LP(G)NLY(G), and consequently 7,ST 1,9 € LP(G)NL(G).
Moreover

ITSTTppllg = I7STp(TpTp)llg < ClipTrpellg < CC/H‘P”q
this implies that ST € E,, . O

Proposition 1.6. Let G be a locally compact group, p,q € R with p > 1, p # 2 and q between p and 2.
For every pn € MY (G), we have \2,(u) € E, 4, and for every ¢ € LP(G)NLY(G), pAL(p)Tpe = pi (1) -

Proof. For every ¢ € Cyo(G) we have 7, (10 * AlG/p/,a) = o * p. Let ¢ € LP(G) N LY(G) we obtain
AL (1) T = pE (). But p& ()¢ belongs to LI(G) and therefore AL (1) pe € LY(G). Finally the

inequality [lp&(1)¢llg < llellllelly implies [[mAG () mpelly < llellielly-
O
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Proposition 1.7. Let G be a locally compact group, p,q € R with p > 1,p # 2 and q between p
and 2. For every T € E, g, there is a unique S € L(LY(G)), such that Sy = 7,T1yp, for every
v € LP(G) N LY(G). We have 1,57, € CVy(Q).

Definition 1.8. Let G be a locally compact group, p,q € R with p > 1, p # 2 and q between p and 2,
T e E,q, and S as in Proposition 1.7. We define oy 4(T) = 7457,.

Theorem 1.9. Let G be a locally compact group, p,q € R with p > 1, p # 2 and ¢ between p and 2.
Then:

(1) apq is a monomorphism of the algebra E, 4 into CVy(G).

(2) apa(N(1)) = () for every p € MY(G).

(3) for every u € Ay(G) and for every T € CV,(G) we have ul' € Epq and [lapq(uT)], <
[l 4, 1T,

(4) for every T € PM,(G) N E, 4 we have oy, o(T) € PMy(G).

Proof. (1) Let 7,7 € E, , C,C" >0 S, 5" € L(LY(G)) such that |7, T7p¢|lq < Cllellg: 1T mppllg <
C'l¢llg, S¢ = T, and S'¢ = 7,1y for every ¢ € LP(G) N LI(G). We have ayp,4(T) =
T457q and oy, o(T") = 7,5'7,.

(D1 apg(T+T") = apg(T) + apq(T").

There is S” € L(L9(G)) such that 7,(T + T")rp = S”p for every ¢ € LP(G) N LY(G). We
have ap o(T+T") = 745" 7,. For ¢ € LP(G)NLY(G) we get (T +T")1pp = mp(T1pp+T'1p00) =
7T + 7T 10 = S + S’ = 5”¢. Consequently S + 5" = S”.Thus oy 4(T) + apq(T") =
apq(T +T1").

(D2 apg(VT) = v apq(T) for v € C and oy o(TT") = apo(T)ap o(T").

The proof of (I)2, is similar to the one of (I);.

(I)3 If pg(T) = 0 then T = 0.

We have 7,57, = 0, this implies S = 0. For every ¢ € LP(G) N LI(G) S¢ = 7,T1pp,
consequently 7,77, = 0, hence T'r,p = 0. Consider r € Cyo(G), we have T'[r] = T'r,1p[r],
taking into account that 7,[r] € LP(G) N LY(G) we get T'1p7p[r] = 0 i.e T'[r] = 0 and finally
T =0.

(2) According to Proposition 1.6 X,(n) € Epq. Let S € L(L9(G)) such that So = 1\ (1) 7pe
for every ¢ € LP(G) N LY(G), we have apq(A (1)) = 74S74. By Proposition 3 for every
p € LP(G) N LYG) we have mpAg(w)Tpe = pi (). Consequently Sy = pf(n)p every ¢ €
LP(G) N LY(G), this implies S = p&(1). We obtain 7,57, = 74p& (1) 74. It is straightforward to
verify that 74p% (p)7g = A& (1), we finally conclude that ap, q(A (1)) = A& ().

(3) According to Theorem 1.3 uT € Ep4. Let S € L(LY(G)) such that S = AL ()7 for
every ¢ € LP(G) N LY(G). By Theorem 1.3 again for every ¢ € LP(G) N LY(G) ||S¢llq <
[ulla, ITNl, l¢llq- Consequently, for every ¢ € L(G) we have [S¢ly < [[ulla, IT], l¢llq-
It follows that for every ¢ € LY(G) we have [|13570¢(lq = [[STe¢llg < ulla, IT1, el =
lulla, UT1, Illr thus 7 S7oll, < IT], llulla,. We finally have flag,(T)

I, llulla,-

A

= 57l <

I,

DOI: https://dx.doi.org/10.30504/JIMS.2023.365376.1076


https://dx.doi.org/10.30504/JIMS.2023.365376.1076

60 J. Iran. Math. Soc. 4 (2023), no. 1, 55-66

A. Derighetti

(4) Let ((kn)52q, (1n)52) € Aq(G) such that ky, 1, € Coo(G) for every n > 1 and such that

ia*l; =0.
n=1

We have (apo(T)[rgkn, [tq'ln]) ;g po = (Tlpknl, [Tpln]);, 1 for every n > 1. By [I, Lemma

5 Section 4.1 page 48]

Z Tp/l ]>LP,LP/ =0

n=1

and therefore
o

> {apa(T)lrgknl, lrglal) o = 0.

n=1

The Corollary 8 of [1] Section 4.1 page 52 implies that oy 4(T) € PMy(G).

The following theorem is the main result of the paper.

Theorem 1.10. Let G be a locally compact group, p,q € R with p > 1, p # 2 and q between p and 2.

Let uw € Ay(G) and v € A,(G). Then:

(1) wv € Ap(G), and |luv||a, < |lulla,llula,, i.e Ap(G) is a Banach module on the Banach algebra

A‘](G)a
(2) for every T € PMy(G) we have

<UU’T>AP,PMP (u, o, Q(UT)>Aq,PMq

(according to Theorem 1.9 oy, 4(vT) € PMy(QG)).

Proof. (1)
We define the linear map w (depending on u) of A,(G)’ into A,(G)".
There is ((kn)S2q, (1n)52;) € Aq(G) such that

u = ia*l;
n=1

Let F be an arbitrary element of A,(G)". We put

e}

W(F) =) {apq(v(¥E) "1 (F))rgknl, [rglal) o por-

n=1
It is easy to verify that for v € C w(yF) = yw(F) and that w(F + F')
F,F" € A,(G). Moreover

F) < o (0(@h) " (E))], Nolkn) Ny (1)
n=1

according to Theorem 1.10 part 3, the last expression is not larger than
o0
S lolla, 11 @5) G, Nk Ny (1)
n=1
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= [[vlla, | Fllag Y No(kn) Ny (L)
n=1

this implies that w(F) € A,(G)".

(IT) Let F' be an element of A,(G)" and (Fj)ier a net of A,(G)’, such that lim F; = F, with
the topology o(4}, 4,). We assume the existence of C' > 0, with [|Fj|[4, < C, for every i. Then
limw(F;) = w(F).

By [1, Theorem 6 Section 4.1 page 49] lim(U%,)~!(F;) = (¥%,)"!(F), with the ultraweak topology
on L(LP(G)). We also have ‘H(\I/’C’;)*l(FZ)H!p < C for every i € I.

(IT); Let (Si)icr be anet of PM,(G) and S € PM,(G). Suppose that lim S; = S, with the ultraweak
topology on L(LP(G)). Then for every v € A,(G), we have limvS; = vS with the ultraweak topology
on L(LP(@G)).

For every a € A,(G) we have lim < a,8; >a, pv,=< a,S >a,py, - In particular lim <
av, S; >a, pm,=< av,S >a, py, hence lim < a,vS; >4, pv, =< a,vS >4, py, and consequently
limvS; = vS for the ultraweak topology on L(LP(G)).

(I1),By (II),, limv(¥L) "1 (F;) = v(VL) "1 (F) for the ultraweak topology on L(LP(G)). Moreover
for every i € I,

o(@2) F| < lella, 1¥2) 2 E], < lolla,C.
Let 7, s € Coo(G). We have
lim <U(‘I’Zc);)_1(Fi)[Tp7"L [TP'SDLPLP’ - <U(\II%)_1(F) [Tpr]v [Tp/3]>LP’LP“
Taking into account that, [r] € LP(G) N LY(G), and Theorem 1.3, we have

Tq0tp,q (V(VG) ~H(F)) 7qlr] = p0(E) ™ (F)7[r]

and
Tq%p,q (U(‘I’%)_l(Fi))Tq[T] = Tpv(‘l’g)_l(Fi>Tp[r]-
Consequently,
<U(\Ijg‘)_1(F)[Tp ] TP’S >Lp Lp <O[P7q (v(qjg)_l(F))[TqTL [Tq’s]>Lq7Lq/
and

<U(\II%)_1(FI')[TPT]7 [Tp/s]>Lp7Lp' = <ap7q (U(\PIC)})_I(FZ)) [Tqr] Tq'$S >Lq ,La'*

But for every i € I,
llewa () @, < ol (12T ED, < Nlvlla, C:

It follows that,
lim ap,q (U(‘yg)_l(ﬂ')) = Qpg (U(W%)_I(F))
ultraweakly on £(L9(G)). In particular

limz (g (VW) TH(E)) [Tkl [Tgrln 1) Lo L
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= > (g (0(WL) " () [rghnl, [rgln]) 1o 1o

ie limw(F;) = w(F).
(III)There is w € Ap(G) such that w(¥E(T)) =< w,T >4, pu,, for every T' € PMy(G).
According to [1, Theorem 6 Section 4.2 page 54], there is w € A,(G) with w(F') = F(w) for every
F € Ay(G)'. For every T € PM,(G), we get w(¥5(T)) = VL(T)(w) =< w,T >4, pu, -
(IV) For every T' € PM,(G), we have

<w,T >, Py, =< u,apq(vT) >4, PM, -

We have

< ’U),T >Ap7pMp: w(\Iﬂé(T))

= Z (p,q (V(U) "M (WE(T)) [okn], [rrla]) 1

oo
Z apq (vT)[14kn], [Tq/ln]>quLq/ =< u, apq(vT) > A4, PM, -
(V) For every u € M'(G) we have

< w, )\g(u) > Ap,PM,=< U, ap,q(v/\%(u)) > Aq,PM,

but oA (1) = N(0p) and apq(AG(0p) = A (0p). From < w, Xe(n) >a, Py, = V&AL (1) (w) =
f(w) and

<u7 AqG(f;lu»Aq’qu = [i(uv),

it follows fi(uv) = fi(w). This implies w = wv and therefore uv € A,(G). We get moreover

<UU’T>AP,PMP (u, ap, Q(UT)>Aq,PMq

for every T' € PM,(G). We obtain the following estimate
(0. T) s oy | = (000 0T)) s o | < il llopa @D,

< [lullagllvlla, 1T, -

We finally conclude that ||uv||a, < ||ulla,||v]a,-
O

Remark 1.11. For a related result see Theorem B of [3]. Our approach is based on properties of
Ap(G), studied in [1].
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2. Amenable groups

We apply the results of the previous section, to the case of amenable groups.

Theorem 2.1. Let G be an amenable locally compact group, p,q € R with p > 1,p # 2 and q between

2 and p. Then for every T € CVp(G), we have T € Ep ¢ and [|ap,q(T)|, < |, -

Proof. For every ¢ € LP(G) N LY(G), we have 7,T7pp € LUG) and || T, < ||, [[0llq-

It suffices to verify (I) for [p] with ¢ € Coo(G). Let ¢ € Coo(G) with Ny (yp) < 1 and € > 0.
By [I, Lemma 1 Section 5.4 page 80|, there is k,l € Coo(G) with & > 0, I > 0, Ny(k) = Ny(l) =
/Gk(t)l(t)dt = 1 and such that

’<((k * [)T) [TPSO]’ [Tp'¢]>Lp7Lp’ - <T[Tpgp], [Tp’w]>Lp7Lp’

<e.

But

(0 D) e ), = (8 5 DT, [0
and according to Theorem 1.3 7, ((k * Z)T) Tplp], belongs to LI(G) this implies that,

<Tp((k * Z)T)Tp[gp]v [7/)]>Lp7Lp’ = <Tp((k * [)T)TP[SO]’ [w]>Lq,Lq/

and therefore,

(ke * DT) 2], [ 1) 1o g | < (k% DT) 1l gl 1] -

Using Theorem 1.3 again, we have

17 (k% DT)rpllllg < Nk ElLa, I, N elllg < T, Mol

and we obtain,

(k= DT) ), [ 1) 1o e | < IT W Mgl llg < NTM, e g

and therefore,

(Tl [ ) 1o 1| < €+ 1T, NPl

Thus

(Tlre)- ) o | < IT N, 12 las

and

(T rple)- (1) o o | < ITML, TP g
and finally 7,T7,[0] € L9(G) with 5,7 [y < I, el
Now we conclude that, [loyq(T)[, < [IT'],,-
There is a unique S € L(LY(G)) such that Sy = 7,T1y¢ for every ¢ € LP(G) N LY(G). By (I)

51y < I, consequently [lay o (T, = lImgSTqll, = 151, < T, - m

Corollary 2.2. Let G be an amenable locally compact group, p,q € R with p > 1,p # 2 and q between
2 and p. Then:

(1) apq ts a contractive Banach algebra monomorphism of CV,(G) into CVy(G),
(2) for every u € MY(G) we have HP‘QG(/‘)H‘(; < m/\%(u)mp.
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Proof. 1t suffices to verify 2. By Theorem 2.1
a0, < NI,
but by Theorem 1.9 ay, ¢( A (1)) = A& (). O
Remark 2.3. (See [/, Corollary p. 512]) For another approach, for the unimodular case see [2].
We obtain other properties of oy, 4 in the next theorem.

Theorem 2.4. Let G be an amenable locally compact group, p,q € R with p > 1,p # 2 and q between
2 and p. Then:

(1) for every u € Ay(G), we have u € Ay(G) and |[ulla, < |lull4,,
(2) for every u € Ay(G), and for every T' € PM,(G), we have
(u, T>A,,,PMP = (u, ap»‘I(T)>Aq,PMq’
(3) for every u € Aq(G), and for every T € C'V,(G), we have
apq(uT) = woy q(T).

Proof. Let u be a function of A,(G).
(1) Definition of a linear map w (depending on u) of A,(G)" into A,(G)".
There is ((kn)S2q, (1n)52,) € Aq(G), such that

= ia*lv
n=1

For every F' € A,(G), we put

F) = Z <ap,q((q’%)_1(F))[qun]7 [Tq/ln]>Lq,Lq"
n=1

For every v € C, and F,F’ € A,(G)’, we have w(vF) = yw(F) and w(F + F') = w(F) + w(F’). We
now show that w(F) € A,(G)”. Observe at first that

o
Z O‘pq (Te)~ (F))[qu s [rgrln >Lq L'
taking into account Theorem 1.9, we have for every n > 1

‘<0‘p,q ((“I/z();)_l(F)) [Tqknl, [Tq’ln]>Lq,Lq’

< [Iw8) T (B, N (k) Ny (1) = 11|ty Ny () Ny (1)

hence
W) < 1Fllag Y Ny(kn) Ny (L)
n=1

This implies that w(F) € A,(G)".

DOI: https://dx.doi.org/10.30504/JIMS.2023.365376.1076


https://dx.doi.org/10.30504/JIMS.2023.365376.1076

J. Iran. Math. Soc. 4 (2023), no. 1, 55-66 A. Derighetti 65

(2) Let F be an element of A,(G) and (F;)ier a net of A,(G)" such that limF; = F for the
topology o (4}, Ay). We assume the existence of C' > 0 such that ||F;[|4, < C for every i € I. Then
limw(F;) = w(F).

We have lim(¥%,) 1 (F;) = (VX)) 7' (F), ultraweakly in £(LP(G)). We also have ‘H(\Ifg)_l(F,)}Hp <C
for every i € 1.

Let 7, s € Coo(G). We have

lim (U%) ™ (F)[rpr], (78] 1 g = (L) ™ (), (78] -

Taking into account that, [r] € LP(G) N LY(G) and that (V2,)71(F;), (¥5,)"H(F;) € Epq, we get

Tqap,q((‘Pg)il(Fi))Tq[r] = Tp(mg)il(E)Tp[r]
and
Tqap,q((\pg)il(F))Tq[r] = Tp(wg)il(F)Tp[T]-
This implies that,
<(\Ijg)_1(F>[TPT]’ [Tp/s]>Lp’LP/ = <Tan7Q((\IIg)_1(F))TQ[T]7 [S]>Lq7Lq’

and for every i € I,

(W)™ (F)rpr], [ 1) o = (Ta0pg (PE) ™ (F2)) g7, 81) 1o -
We have therefore,
lim <ap7q((‘l’lc):)fl(ﬂ)) [7qr], [Tq’5]>Lq L'
= (apq (V)™ () [rq7], [78) o por-

But for every i € I,

llewq ((T&) (D, < @) (F, < ©

we obtain that

hmap,q((‘lﬂc):)_l(ﬂ)) = ap,q((q’g)_l(ﬂ))
ultraweakly on £(L?(G)). This finally implies that,

limz<ap,q((‘11%)_1(Fi))[qu] [7q1n >Lq L

= > (g (W) 7 (F) [rabin, [rgrlnl) 1

ie. limw(F;) = w(F).
(3)As in the proof of Theorem 1.10 (see step (III)), there is v € A,(G) such that w(F) = F(v) for
every F' € Ay(G)'. For every T € CV,(G) we have

w(Ve(T)) = Ve (T)(v) = <U’T>AP,PMP

= Z (ap.q (V) "HYE(D))) [raknl, [rg/In]) 1o Lo
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= Z <ap,q(T) [TgFin], [Tq’ln]>Lq7Lq’ = <“7 apﬁq(T»Aq,PMq'
n=1

In particular for every u € M*(G), we have

<Ua )‘g('u»Ap,PMp = <Ua ap,q()‘%(ﬁ‘))>Aq7qu = <u, )‘qg(:u)>Aq,qu'
This implies fi(v) = fi(u) and therefore u = v, we obtain that v € A,(G). We also obtain for every
u € Ay(G), and for every T' € C'V,(G),

<U’T>AP,PMP = <u70‘p,q<T)>Aq,qu'
This implies the following estimate:
(uT)y pg, | = Kt 00 (1)) 4 poy | < Nlulla, oo (D),
< llulla, 170, ,
thus [|ulla, < [[ull,-

It remains to verify that for every u € A4(G), and for every T' € C'V,,(G) we have,
p,q(uT’) = woyq(T).
Consider an arbitrary v € A,(G). We have,

(v, aPaQ(UT)>Aq,PMq = (v, UT>AP,PM,,'

But
<v,uT>Ap’PMp = <UU)T>AF7PMP = <U“’O‘p,q(T)>Aq,PMq
= <U7U0‘p,q(T)>Aq,PMq‘
We get,
<Uvap,q(UT)>Aq,PMq - <U’uapvq(T)>Aq7PMq
and finally,

ap,q(uT) = uay o(T).
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