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ABSTRACT. For i = 1,2, let C; be a convex set in a locally convex Hausdorff topological vector space
Xi. Denote by conv(C;) the space of all convex, proper, lower semicontinuous functions on C;. A
representation is given of any bijection T : conv(C1i) — conv(C2) that preserves the pointwise order.
For X; = R", this recovers a result of Artstein-Avidan and Milman and its generalization by Cheng
and Luo. If X; is a Banach space and X3 = X{ with the weak*-topology, it gives a result due
to Iusem, Reem and Svaiter. We also obtain representation of order reversing bijections and thus
a characterization of the Legendre transform, generalizing the same result by Artstein-Avidan and
Milman for the R™ case. The result on order isomorphisms actually holds for convex functions with

values in ordered topological vector spaces.

1. Introduction

Let X be a Hausdorff topological vector space and let conv(X) be the space of convex, proper,
lower semicontinuous extended real-valued functions on X. In [2, 3], Artstein-Avidan and Milman
characterized order preserving and order reversing maps acting on conv(R"™). As a result, they discov-
ered a fundamental characterization of the Legendre transform from convex analysis as the essentially
unique order reversing idempotent map on conv(R"™). Subsequently, for a convex subset C' of R", a
characterization of order preserving maps on conv(C') in terms of epigraphs was obtained by Artstein-

Avidan, Florentin and Milman [!]. Recently, Cheng and Luo [1] obtained an explicit formula for such
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mappings. Moving to the infinite dimensional realm, Iusem, Reem and Svaiter [(] characterized order
preserving as well as order reversing maps from conv(X) to conv(X*, w*), where X is a Banach space
and w* signifies the weak*-topology on X*. Cheng and Luo [5] also showed that for a Banach space
X, there is an order preserving bijection from conv(X) onto conv(X*) if and only if X is reflexive and
X and X™ are isomorphic as Banach spaces.

In this paper, we unify and generalize the aforementioned results. First of all, Theorem 2.13
gives a representation of a general order isomorphism 7" : conv(Cy, E1) — conv(Ca, E»), where, for
1 =1,2, C; is a convex set in a Hausdorff topological vector space X; and FE; is an ordered topological
vector space with a generating positive cone. A point worth noting is that the proof uses only
elementary calculations. Continuity of the constituents of the representation is shown under additional
assumptions (Corollary 3.4). In particular, if C; has nonempty interior in X;, where X is locally convex
Hausdorff, then X; and X must be linearly homeomorphic in their weak topologies. In addition to
FE; =R, Corollary 3.4 also applies if, e.g., F; is the space of self-adjoint elements in a C*-algebra, or
if F; is the space of regular operators on an ordered Banach space. See the last remark in §2. In the
final section, we consider order reversing bijections from conv(Xj, 1) onto conv(Xs, E2). Theorem
4.1 shows that such a map must be essentially unique if it exists. As a result, if X; is locally convex
Hausdorff and E; = R, then an order reversing bijection 7" : conv(X;) — conv(X2) exists if and only
if (X7, w*) and (X2, w) are linearly homeomorphic. In this case, " must be essentially the Legendre
transform (Corollary 4.3). This allows us to obtain a characterization of the Legendre transform

generalizing [3, Theorem 1] (Corollary 4.4).

2. Characterization of order isomorphisms

An ordered topological vector space E is a topological vector space with a partial order < so
that (a) 2+ 2z <y+zand \e < My if x,y,2 € E, x <y and 0 < A\ € R, (b) the positive cone
E, = {x € E:x > 0} is closed. The positive cone Ey is generating if E = E, — E,. If B is
generating and ui,us € F, let vi,ve € E; be such that u; < wv;, i =1,2. Then u; < v; < v; 4+ ve. Let
C be a nonempty convex set in a Hausdorff topological vector space and let E be an ordered Hausdorff

topological vector space. A function f: A — E defined on a convex subset A of C is

(1) convex if
F(L=a)zy +awy) < (1 —a)f(z1) + af(z2)

for any « € [0,1] and z1, 22 € A.

(2) lower semicontinuous (lsc) if the set {x € A: f(x) < u} is closed in C for any u € E.
The set A is called the domain of f and is denoted by dom f. Let conv(C, E) be the set of all convex
Isc functions f : dom f — E, where dom f is a nonempty convex subset of C. For f,g € conv(C, E),
say that f < g if domg C dom f and f(x) < g(z) for all x € domg. We begin by identifying some

functions in conv(C, E'). The first lemma is immediate.
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Lemma 2.1. Let A be a nonempty closed convexr subset of C' and ug € E. Define the function
EAug 1 A= E by Eayy(x) =ug for allz € A. Then &, € conv(C, E).

If A= {xg} for some zp € C, then 4., is also written as ;... If z1,22 € C, denote the line

segment joining x1,x2 by [r1,x2].

Lemma 2.2. Let x1,x9 be distinct points in C' and let ui,us € E. The function f : [z1,22] — E
defined by

f(1— o)z + az) = (1 — a)u; + au
belongs to conv(C, E).

Proof. The convexity of f is clear. Define 7 : [0,1] — C by 7(a) = (1 — @)z1 + axg. Clearly 7 is a

continuous function. Let v € E. Then
{z € [r1,29] : f(x) <u}=7{a€]0,1]: f(7(a)) < u}.

Since the positive cone E is closed and f o 7 is a continuous function, {a € [0,1] : f(7(a)) < u} is
closed in [0, 1]. Thus

{z € lzr,20]: f(z) Suf=71{ae[0,1]: f(r(a)) < u}
is compact and hence closed in C. This proves that f is Isc. O

From hereon, let C7,Cy be (nonempty) convex sets in Hausdorff topological vector spaces X1, Xo
respectively and let Fq, E5 be Hausdorff ordered topological vector spaces with generating positive
cones. A bijection T : conv(Cy, E1) — conv(Cy, Eg) such that fi < fo <= Tf1 < Tf for any
f1, f2 € conv(C1, E) is called an order isomorphism. For the remainder of a section, fix an order

isomorphism 7" : conv(C1, E1) — conv(Ca, Es).

Lemma 2.3. Let f1, fo € conv(Xy, E1). Then dom fiNdom fo = 0 if and only if dom T fyNdom T fo =
0.

Proof. Suppose that xo € dom f; N dom fy. Since (E7)4 is generating, there exists ug € E; such that
fi(zo), fa(xo) < up, By Lemma 2.1, &, 4, € conv(X1, E1). Obviously, fi < &ugue- Thus T'f; < Ty ue-
Hence () # dom T, 4, € dom T f; Ndom T f5. The reverse direction follows by symmetry. O

Lemma 2.4. For any x € Cy and u1,uz € Fr, domT¢, ,, = domT¢E, ., has exactly one point. Define
0 :C1— Cy by {p(z)} =domTE,,, for anyu € E. Then ¢ is a bijection so that ¢(dom f) = domT'f
for any f € conv(Ch, E1). In particular, ¢([x1,x2]) = [p(x1), p(x2)] for any z1,22 € Ci; hence ¢

maps convex subsets of C1 onto convex subsets of Cs.

Proof. Suppose that y; € domT¢, ,,, ¢ = 1,2. Let v € Ey. Then dom¢,, , NdomTE, ,, # 0. Hence
dom T_lﬁyw Ndomé&,,, # 0 by Lemma 2.3. Thus z € dom T—lgw. Therefore, dom T_lfyhv N
domT~1¢,, , # 0. It follows from Lemma 2.3 again that dom¢&,, , N dom¢,, , # 0. So y; = yo. This

proves that domT¢, ,, = domT¢; ,, has exactly one point.
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Define ¢ as above. By symmetry, there exists ¢ : Co — C; such that {¢(y)} = dom T !¢, , for any
(y,v) € Cay x Es. In this case, T, , = &y (y),u for some u € Ey. Then

@(¢(y)) = dom ngp(y),u = dom ’Sy,v =Y.

By symmetry, (¢(x)) = x for any x € Cy. Hence ¢ is a bijection.
Let f € conv(Cy, E1). Then
z €dom f <= dom&,, Ndom f # () for some u € E;

< domT¢,, NdomT f # () for some u € E;

<= ¢(z) € domTf.
Suppose that x1,29 € C1. By Lemma 2.1, £, 5,0 € conv(Cy, Ey) for any u € Eq. By the above,
o([r1,72]) = dom T, 4,]. 15 @ convex set in Cz. Thus [p(21),p(z2)] € @([z1,22]). Similarly,
[z1,22] € ¢ ([o(z1), 0(x2)]). Therefore, o([z1,72]) = [¢(z1), ¢(z2)]. The final statement of the

lemma follows readily. U
Lemma 2.5. If f € conv(C1, E1) and x € dom f, then T f(po(z)) = T&; fa)(0(T)).

Proof. By Lemma 2.4, domT¢, ¢,y = ¢(dom &, ¢(z)) = {¢(r)} € domT'f. In particular, there exists
v € By so that T, r2) = &p(a)e- Since f < & @y Tf < €y and so Tf(p(z)) < v. Let
w = 3(Tf(p(x)) + v). Then

Tf< ggo(x),w < &p(x),v = f< T_lggo(x),w < gm,f(z)

By Lemma 2.4, cp(domTflfw(x)ﬂU) = dom{,(p)w = {w(2)}. Thus there exists v’ € E; so that
T*1§¢(z)7w = &pw. But then f(x) < o < f(z) and so v/ = f(z). Hence, Tflfgo(x)ﬂu = & f(a)-

Therefore, €,(2).0 = Tz, f(2) = §p(a)w> Whence v = w. It follows that T'f(p(z)) = v = TE, 52)(¢(T)).
O

Lemma 2.6. There is a function ® : C; x Ey — Es such that ®(x,-) : E1 — Es is a bijection for all
r € C1 and that

Tf(y) = @(cp_l(y),f o <p_1(y)) for all f € conv(Cy, Ey) and y € domT'f.

Proof. By Lemma 2.4, p(z) € domT¢,,, for any (z,u) € Cy x E;. Define ® : C; x By — E3 by
O(z,u) = Téru(p(z)). Let f € conv(Cy, Ey) and let y € domTf. Then z := ¢ !(y) € dom f by
Lemma 2.4. By Lemma 2.5,

Tf(y) =TE 1)) = (x, f(2) = (e (y), foe  (y)).

Note that from the proof of Lemma 2.4, the bijection v : Co — C; associated with 77! is ¢!,
Therefore, applying the above to T, there exists ¥ : Cy x Fy — E; so that

Tl g(z) = U(p(x), g0 p(z)) for all g € conv(Cy, Es) and z € dom T~ g.
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Take any (z,u) € C1 x Ey. Then T, ,(p(z)) = ®(x,u). Hence

u = (T_ngl‘,u)(x) = W(W(‘%)?T&p(x),u © (P(x» = qj(¢<x)v @(w,u))
Similarly, for any v € Ea, v = ®(z, ¥(¢(x),v)). This proves that ¥(p(x),) is the inverse of ®(z,-).
Therefore, ®(z,-) : E1 — FE5 is a bijection. O

Lemma 2.7. Let x1,x9 be distinct points in Cy and let uy,us € Ey. Define f : [x1,z2] — E1 by
f(1—a)zr +axs) = (1 — @)ug + aug. Let g: [p(x1), o(x2)] = Eo be given by
9((1 = a)p(z1) + ap(z2)) = (1 — @)1 + awa, vy =T f(p(i)), i =1,2.

Then g =Tf.
Proof. First of all, f € conv(C1, E1) by Lemma 2.2. It follows from Lemma 2.4 that

domT f = ¢(dom f) = p([z1, z2]) = [p(21), p(x2)] = dom g.
Similarly, dom T ~tg = [z1,22]. Since T'f is convex, Tf < g. Hence f < T~ 'g. Label T 'g(z;) as ul,
i =1,2. Then
(2, ui) = T fp(xi) = g(p(@)) = (4, uj).
So u} = u;. Therefore,
f((1 =)z + axs) < T 1g((1 — @)zy + axs)
< (1—a)T 7 g(zy) + aT g(xo) = F((1 — a)zy + azy).

Thus T~ 'g = f and hence g = Tf. O

In what follows, we seek to discover formulas for the mappings ¢ and ®. Denote the zero element
in the ambient space X; of C;, as well as the zero element in E;, i = 1,2, by the generic symbol 0. If
u is a vector in E;, the constant function with domain C; and value wu is also denoted by u; so that
u € conv(Cj, E;). To simplify the notation, we make the following temporary assumption until further
notice.
(2.1) 0€C;, i=1,2, and ¢(0) = 0.

Also set g9 = T0 € conv(Cy, E). By Lemmas 2.4 and 2.6, for any [z1,2z9] C Cy and u € Fj,
Tu = T'(ulz, ) on the set p([z1,22]) = [p(71), p(22)]. Thus it follows from Lemma 2.7 that T'u, in

particular gg, is an affine function with domain Cs.

Lemma 2.8. Let 1,29 be distinct points in Cy. There exists a real number ¢ > 0 (depending on

x1,x2) so that

(2.2) Tu(p(x2)) — go(p(x2)) = c[Tu(p(x1)) — go(p(x1))] for any u € Ey.
Furthermore,
(P22 = (eplen) + pe2).

DOI: https://dx.doi.org/10.30504/JIMS.2023. 3852431089


https://dx.doi.org/10.30504/JIMS.2023.385243.1089

32 J. Iran. Math. Soc. 4 (2023), no. 1, 27-44 D. H. Leung
Proof. For simplicity, let 7; : [0,1] — E; be given by
() = (1 — a)z; + azg and m2(a) = (1 — a)p(z1) + ap(za).
Let u € Ey. Define f1, fo: [x1,22] — E1 by
fi(ri(@)) = au and fa(11(a)) = (1 — @)u.

By Lemma 2.2, f; € conv(C1, Ey). Since fi(z1) = 0, fi(x2) = u, fa(x1) = u and fa(x2) = 0, Lemma
2.6 gives

T fi(e(x1)) = TO(p(21)) = go(e(x1)), Thi(p(r2)) = Tule(x2)),
T fa(p(a1)) = Tu(p(x1)), Tfp(r2)) = TO(p(x2)) = go((22))-

Similarly, let 23 = 71(3). Then fi(x3) = fo(x3) and thus T'f1(¢(23)) = T f2(¢(z3)) by Lemma 2.6. By
Lemma 2.4, p(x3) € [p(x1), p(x2)]. As ¢ is a bijection, there exists 8 € (0,1) such that ¢(x3) = 12(8).
By Lemma 2.7, T'fi(12(8)) = (1 — B)T fi(¢(x1)) + BT fi(p(z2)). Hence

Tfi(p(xs)) = Tfi1(r2(8)) = (1 = B)go(ep(z1)) + BTu(p(x2)),
Tfa(p(3)) = T f2(12(B)) = (1 = B)Tu(p(z1)) + Bgo(p(x2)).

Setting the two lines equal gives (2.2) with ¢ := % > (. Furthermore, c is independent of u. Finally,

T1+ T2, B o 1 B 1
(M0 2) = (o) = 1(8) = mal ) = 1 (eplan) + (o).
This completes the proof of the lemma. O

Taking 1 = 0 in Lemma 2.8 and recalling (2.1) gives a positive function ¢ : C; — R so that
(2.3) Tu(p(x)) = go(p(x)) = ¢(2)[Tu(0) = go(0)] for any u € Ey.

Proposition 2.9. Let x1,x2 be distinct points in Cy. For any a € [0, 1],

(1 — a)e(@a)p(a1) + acz1)p(z2)

(2.4) P((1 =)oy + amg) = (1 = a)c(xa) + ac(zr)

c(z2)
c(z1)

= ﬁ)cﬂ, t € [0,1]. Clearly, ~ is a bijection so that v(0) = 0 and (1) = 1.
We claim that + is increasing. Assume that s,¢ € [0, 1] with s < ¢. Using Lemma 2.4 in the third step,

Proof. Determine « : [0,1] — [0,1] by g oy = po7. Let ¢ = . An easy calculation shows that

(2.4) is equivalent to ~y(t)

72(7(5)) = (11(s)) € ([11(0), 71(1)]) = [0 0 71 (0), p 0 1 (¢)]
= [r2(7(0)), 2((1))] = 72([7(0), ¥ (£)])-

Thus ~(s) € [0,7(t)]. Hence 7(s) < «(t). This proves the claim.
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Fix a nonzero v in Ey and let v = Tu(p(0)) — go(0) # 0. Since both Tu and go are affine on Cs, for
a € 0,1],
(2.5) Tu(ra(@)) — go(ra(@)) = (1 = a)[Tu(p(21)) = golp(21))]
+ a[Tu(p(x2)) — go(p(22))]
= (1 - a)c(z1)v+ ac(z)v by (2.3)
=c(x1)(1 —a(l —))v.

Now we prove that y(a) = m when a = 5 for some n € NU {0} and 0 < i < 2". The proof is

by induction on n. The case n = 0 has already been observed. Assume that it holds for some n. In

gflﬂ, where 1 <1 < 2™,

particular, it holds for a = ﬁ if 0 <i <27t and i is even. Consider a =

Let 2} = m(%:t) and z5 = 71(55). By the inductive hypothesis,
o =1 =1 1—1 .
oah) = (5 = () =l ) = (B,
p(xy) = 7’2(7(2”)) 7’2((2n P i) 1= 712(B2).

Using (2.5), we see that
Tu(p(z;)) — go(eo(x3)) = e(1)[(1 = Bi(1 = ¢)]o.

So Tu(p(73)) — go(p(x3)) = '[Tu(p(x))) — go(p(z1))], where

g l-pl-o @ —itleti-1_ ‘5
1-p1(1—c) (27 —i)e+1i %

Thus Lemma 2.8 holds for [2], z5] with the constant ¢’ in place of ¢. Hence

2i—1 zh + @b 1

SD(Tl(W)) = o( 5 ) = o (dp(x)) + o(h))
= T + ()
=7 +1 SIA+¢ = (¢B1 + B))plan) + (B + B)p(as)
BBy, 201
_7'2( 1+ )—TQ(%_i_BL.Q)
g:ﬁl%
=~ e 3

Thus v(a) = (1_02% for a = gfbﬂ, completing the induction.
Since v : [0,1] — [0,1] is an increasing bijection, it is continuous. Hence 7y(«) = Ta)era for all
a € [0,1]. O

Corollary 2.10. If z1,z2 € C; and « € [0, 1], then

c(z1)c(z2)

c((1 —a)xry + axe) = 0= a)c(zs) + aclar)’
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1 - Ly .
Thus < is a positive affine function on Cf.

Proof. The formula is trivial if 1 = x9. Assume that z1, 29 are distinct. As before, let 71 (a) =
(1 —a)x; + azxe, a € [0,1]. Fix a nonzero u in E;. By Proposition 2.9, (2.3) and the fact that T'u and

go are affine,

c(r1(a))[Tu(0) = go(0)] = Tu(p(ri(a))) — go(p(T1(a)))

(1 — a)e(za)p(21) + ac(z1)p(ea)
(

- (z
= (TU—QO)( 1—a c(xz) +OZC(331)

(- a)e(w)

(1 — a)e(xa) + ac(xy)

ac(xy)

+ (1 — a)e(xa) + ac(xy) (T = go) (p(w2))
_ (1 —a)e(zs)
(1 —a)e(xa) + ac(r)

ac(xy)

" (1 —a)e(z) + ac(r1) c(z2)(Tw = 90)(0)

= c(r1)e(x2) -
= U= a)elas) + aclay) LU0 ~ 9O

)
(T'w — go)(¢(1))

c(x1)(Tu — g0)(0)

Since Tu(0) # go(0), the equation in the statement of the corollary is proved. The final assertion

follows immediately. (|

Keeping assumptions (2.1), we find a Hamel basis (z;);e; C C of span C;. To rule out trivialities,
suppose that C; contains more than one point, so that spanCy # {0}. In this case, Cs also contains

more than one point, since ¢ : C1 — Cs is a bijection.

Proposition 2.11. Let ¢; = c(x;), i € I. Define a linear transformation L : span Cy — span Cy and

a linear functional £ on span Cy by

Zalxl —Z %goa:z and EZ@ZQ:Z —Zal(i—l)

- Ci
(2

for any real family (a;);c; with finitely many nonzero terms. Then {(x) # —1 and p(x) = T

any x € C1. Moreover, L is a vector space isomorphism from span C7 onto span Cs.

Proof. First note that 1+ ¢ and 1 are two affine functions on Cy satisfying (1 + €)(z;) = C(—;) for all
i € I and (14 £)(0) = ¢(0), since ¢(0) = 1 by (2.3). Hence 1+ ¢ = 1 for all z € Cy. In particular,
1+ 4(x) #0 for z € C.

DOI: https://dx.doi.org/10.30504/JIMS.2023. 3852431089


https://dx.doi.org/10.30504/JIMS.2023.385243.1089

J. Iran. Math. Soc. 4 (2023), no. 1, 27-44 D. H. Leung 35

Suppose that u,v,w € Cy and w = (1 — a)u + av for some o € R. By Proposition 2.9 and the

affineness of %,

(2.6) p(w) =

_ cw) T Xetw)
l-a | o
c(u) c(v)

— o) (1 — o P P)

Let C = {x € C; : p(z) = ¢(x)L(x)}. By definition of L and (2.1), x; € C for alli € I and 0 € C.
If u,v € C and w = (1 — @)u+ av € C, where a € R, then by (2.6),

=c(w) - [(1 — a)L(u) + aL(v)] = c¢(w)L(w).

Thus w € C. In particular, C' is convex. If z € C; C span{x; : i € I}, there are u,v € co{z; :i € [} C
C' and numbers a,b > 0 so that x = au — bv. If @ = 0, then w = —bv + (1 + b)0 € C by the above. If
a > 0, choose k so that 0 < k < min{;%;, 1}. Then ku € [0,u] C C and by e 0,0] C C. Let v = 2.
We have

bk
w:au—bv:(l—a)iv—i-a%uea
a—k
This proves that C' = C; and hence ¢(z) = c(z)L(z) for all € C;. Since 1 = 1+ ¢, it follows that

o(z) = #ﬂgx) for any x € C1.

By symmetry, there are a linear transformation M : span Co — span C; and a linear functional m

_ _ My

on span Cy so that o~ 1(y) = for any y € Cy. (Note from the proof of Lemma 2.4 that the map

1+m(y)

Y : Cy — O associated with T~ is precisely go_l.) If x € C'1, then
Lz MLx
2.7 =t =t = :
@7 r= e ) = (TG = T e+ miE)
Take any nonzero z € C1 and apply (2.7) to 2 and §. We find that
MLx o 2M Lz
L+4(z) +m(Lz)  ~ 24+ 4(x) +m(Lz)

In particular, M Lz # 0 and thus ¢(z) +m(Lz) = 0. Hence M Lz = x for any « € C and so the same
holds for any = € span (. By symmetry, LMy = y for any y € span(C5. Therefore, L is a vector

space isomorphism from span C; onto span Cj. U

Recall the map ® : C; x E; — E5 from Lemma 2.6.

Proposition 2.12. Let ®¢(u) = ®(0,u) — ®(0,0) for all w € Ey. Then &g : Ey — E3 is an order
preserving vector space isomorphism. For any (z,u) € C1 X Ej,

<I>0(u)
14 0(z)

(2.8) P(z,u) = go(p(z)) +
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Proof. First note that if f € conv(Cy, E7) and = € dom f, then since ¢(0) = 0 and g9 = T0,

Do (f(x)) = @(0, f(z)) — 2(0,0) = Tw(0) — go(0),

where w = f(z). By Lemma 2.6 and (2.3),

(2.9) (T'f = g0)(p(x)) = ®(x,w) — (2,0) = (Tw — go)(p(x)) = c(x)Po(f(z))-

1

From the proof of Proposition 2.11, ¢ = 115.

Hence, for any (z,u) € Cy x Ej,

@o(u)
1+ 0(x)

O(z,u) = Tu(p(x)) = go(e(2)) + (Tu = go)(#(x)) = go(p(x)) +

Thus (2.8) holds. Let u,v € Fy be given. Choose a nonzero z € Cy. By (2.8),

Do (u)
14 (z)

(Tu = go)(p(2)) = ®(z,u) — @(x,0) =

Similarly, (Tv—go)(¢(z)) = {Ife(g;)). Define f : [0,2] — Ey by f(az) = (1—a)utav. Since f(§) = 42,
by (2.9),
utov,  20(%EY)

(Tf = g0)(p(3)) = e(5)20("5) = ST
By Proposition 2.11, p(x) = H{f(m) and
(= Lr — ¢(0) (14 £(z))¢(x)
79T 9 @) T 2+ ((a) 2+ (z)

Thus by Lemma 2.7, the affineness of gy and (2.9),

(Tf —90)(0) + (1 + £(2))(Tf — go)(¢(z)) _ Po(u) + Po(v)
2+ ((z) 2+ 4(z)

(Tf = 90)(¢(3)) =

N8

This proves that
uU+v

Do (u) + Po(v) = 2P ( 5 ).
Setting v = 0 and using ®¢(0) = 0, we find that ®¢(%) = $®¢(u). Thus, for any u,v € Ey, ®o(u+v) =
Qo(u) + Po(v).

Since T' is an order isomorphism, if ©u < v in E7, then Tu < Tw. In particular,

Oo(u) = Tu(0) — ®(0,0) < Tw(0) — P(0,0) = Pp(v).

In the proof of Lemma 2.6, we find that if ¥ : Cy x Fy — Ej is such that ¥(p(x),-) is the inverse of
®(x,-) for all z € Cq, then T~ 1g(x) = U(p(z), g(p(x))) for all g € conv(Cy, Ey) and z € C;. Assume
that u,v € Ey and ®¢(u) < ®o(v). Then v’ = Tu(0) < Tw(0) = v'. Hence

u=U(0,0(0,u)) = (0, Tu(0)) = T"1/(0) < T~'/'(0) = v.

This proves that ®y preserves order (in both directions). Next, we show that &g is homogeneous.
Since Fy = (E1)+ — (E1)+ and @ is additive, it suffices to show that ®¢(au) = a®o(u) if u € (Eq)+
and o > 0. From the additivity of ®g, it is easy to see that ®o(ru) = r®g(u) for any r € Q. Let
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(rn), (sn) be nonnegative rational sequences that increase and decrease to a respectively. Since @

preserves order and is Q-homogeneous,
rn®o(u) = @o(rpu) < Poau) < Po(spu) = $,Po(u) for all n.

Thus a®p(u) < Po(au) < ado(u); hence Po(au) = aPo(u). This proves that g is linear. As
®(0,-) : By — FE3 is a bijection, we see that ®g : F4 — Es is a linear bijection and therefore a vector

space isomorphism. O

We have reached the main result of the section. The temporary assumption (2.1) is removed from
now on. Suppose that C' is a convex set in a vector space X. For any x1,z9 € C, span(C — 1) =

span(C — x3).

Theorem 2.13. Fori = 1,2, let C; be a convex set with more than one point in a Hausdorff topological
vector space X; and let E; be a nonzero Hausdorff ordered topological vector space whose positive cone is
generating. Assume that T : conv(C1, Ey) — conv(Ca, Eq) is an order isomorphism. Let ¢ : C1 — Co
be the bijection associated with T from Lemma 2.4. Take xzo € Cy and set D1 = span(C1 — xg),
yo = p(x0) and Dy = span(Cy — yo). There are a linear functional £ : Dy — R and a vector space
isomorphism L : D1 — Ds so that
L(z — xo)

1+ 4(x — o)

Futhermore, there are a lsc affine function g : Co — E5 and an order preserving vector space iSomor-

Uz —x0) # —1 and o(x) = yo + for all x,xzo € C1.

phism ®q : E1 — Es so that

Bo(fop!
Tfy) =9(y) + 1 +0€(({ofiy) (;y):zo)

for all f € conv(C1, Eq) and y € domT f = p(dom f).

Proof. Let zy € C7 and yo = ¢(z9). Obtain a function ® : C; x E; — FEs from Lemma 2.6. Set
C} = C1—x¢ and C) = Cy —yo. For any f € conv(C1, E1) and g € conv(Coq, Es), define j; f : C1 — En
and jag : C) — E3 by

Jif(x — o) = f(x) and jog(y — yo) = g(y) for all z € C1,y € Co.

Clearly j; : conv(Cy, E;) — conv(C!, E;) is an order isomorphism. Thus 7" := ngjl_l : conv(Cy, Ey) —
conv(C%, E) is an order isomorphism. Using Lemmas 2.4 and 2.6, obtain ¢’ and ®" with respect to
T'. For any z € O and f € conv(Cy, Ey), let 2 = o~ 1(¢'(z — x0) + yo). Then

(2.10) ' (x — 20, f(2)) = ®'(x — 0, (j1 f) (2 — 70))
= (T"j1)(¢(x — o))
= (72T )(#'(x — w0))
= Tf(¢'(x — x0) +y0) = ®(2, f(2))-

If z # z, for any u,v € Fj, there exists f € conv(C1, F) so that f(x) = w and f(z) = v. Thus
' (x — xp,u) = ®(z,v) for all u,v € Fy. This is absurd since ®'(z — zg,-) and ®(z,-) both map
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onto Fy # {0}. Thus ¢'(x — z9) = ¢(x) — yo. In particular, ¢©'(0) = 0. So assumptions (2.1) hold

for ¢’ : C1 — C4. Set go = T'0 € conv(CY, Es). Note that dom gy = C% and that D; = spanC}. By

Propositions 2.11 and 2.12, there are a vector space isomorphism L : D1 — Do, a linear functional /¢

on D and an order preserving vector space isomorphism ®¢ : £1 — F» so that
o = a0) = o and @'~ 0.) = gole o~ a0) + 1

for all z € C;. Furthermore, ¢(x —x¢) # —1 for all x € Cy. By (2.10) and since ¢'(x —x¢) = ¢(x) — yo,

for any f € conv(C1, E1) and y € domT'f,

L(z — xo)

(2.11) o(r) =yo + 1T 00— z0) and
(2.12) Tf(y) =2 (), for ' () =¥ (¢ (y) —x0, fop ' (y))
— ool — go) + 20U v (y))

L+ £(p~'(y) — @)
Define g by g(y) = go(y — yo). Then g is Isc, affine and dom g = C5. This completes the proof of the

theorem. 0
The corollary below concerns the special case when Cj is the entire topological vector space X;.

Corollary 2.14. Fori = 1,2, let X; # {0} be a Hausdorff topological vector space and let E; # {0}
be a Hausdorff ordered topological vector space whose positive cone is generating. Assume that T :
conv(X1, E1) — conv(Xa, E2) is an order isomorphism. Let yo = ¢(0) € Ca. There are an lsc affine
function go : Xo — Fa, a vector space isomorphism L : X1 — X9 and an order preserving vector space
isomorphism ®q : E1 — FEy such that for all f € conv(Xy, Ey), domT f = yo + L(dom f) and that

Tf(y) = go(y) + @o(f(L™(y — y0))) for all f € conv(Xy,Ey) and y € domTf.

Proof. Take g = 0 in Theorem 2.13 to obtain maps ¢, L, g and ®g. Since ¢(x) # —1 for all z € X7,
¢ =0. By Theorem 2.13, o(x) = ¢(0) + L(z — x9) = yo + Lz. By Lemma 2.4, dom T f = ¢(dom f) =
yo + L(dom f). Clearly, p=*(y) = L~ (y — o). Thus

Tf(y) =g(y) +Po(foe ' (y) = 9(y) + Po(f(L™ (y — v0)))-
0

Remark. Assume that E; = R for ¢ = 1,2. The order preserving linear isomorphism ¢y : R — R
is given by multiplication by some a > 0. Thus Corollary 2.14 gives [3, Corollary 8]. When C; is a
convex set in R” and E; = R, Theorem 2.13 is obtained by Cheng and Luo [1].

In Theorem 2.13, the maps ¢, L, g and &y may depend on the “base point” xy. To anticipate the
next section, we will work out the the form of the corresponding maps ¢1, L1, g1 and ®; when the base
point changes to some x; € C;. For any u € E1, take u to be the constant function on Cy with value
u. Using (2.12) at both base points and taking y; = ¢(z1),

Do (u) D (u)
1+ (e~ (y) — w0 1+ 4 (e7H(y) — 21)
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for all y € Cs. Since ®y and ®; are linear, taking u = 0 shows that ¢; = g. Set ag = £(x1 — x0)
Do (u)
13—(10
substitute z = p~1(y) — xg. As ®q is not the zero map,

and a1 = {1(xg — x1), Taking y = y; gives ®1(u) = . Put this back into the equation above and

1+4(z) =(1+ag) [l + a1 + £1(2)] for all z € C — xo.

By the linearity of £ and ¢, the foregoing equation holds for all z € D;. Thus

(I+ap)(14+a1)=1and t1(z) = 16_5_2310 = (1+ a1)l(z).

Simiarly, for any x € C, let z = x — xyp € C; — x9. From (2.11),

Ll(z “+ x9 — xl)
1 +£1(z) + gl(fbo — 331)
Ly(z + x9 — x1)
1+ (1+a)l(z)+aq
Li(z+x0— 1)
(14+a))(1+£(2))

Yo + =p(r) =y +

=un+t

=+

In particular, at z = 0, we find that Li(zo — z1) = (1 4 a1)(yo — y1). Hence

L(z) — (y1 — y0)¢(2)
1+ aq '

Li(z) = (14 a1)[L(2) = (y1 — yo)l(2)] =
3. Continuity

In this section, we investigate the continuity of the the maps L,¢ and ®( arising from Theorem

2.13, under appropriate settings.

Lemma 3.1. In the situation of Theorem 2.13, the map ¢ maps closed convex subsets of C1 onto

closed convex subsets of Cs.

Proof. Let W be a closed convex set in C;. Let h = T710 € conv(Cy, E1). Then domh = Cy. Now

ho = hlw : W — Ej is convex and lsc since
{z:ho(z) <u}=A{x:h(x)<u}nW

is closed in C' for any v € E. Thus hg € conv(Cy, E1). By Lemma 2.4, dom Thy = ¢(dom hy) = o(W).
By Theorem 2.13, for any y € domThq, Tho(y) = Th(y) = 0. Thus 0|,y = Tho € conv(Cy, Es).

Therefore,

(W) ={y € domThg : Tho(y) < 0}

is closed in Cs. Il

The next theorem is the main result on continuity. Denote the weak topology o(X;, X) by oy,
i=1,2.
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Theorem 3.2. In the notation of Theorem 2.13, assume that X; is locally convex Hausdorff and that
C; has nonempty interior in X;. Then £ is a continuous linear functional on X1 and L : X1 — X is
an isomorphism of the topological vector space (X1,01) onto (Xa,02). Thus ¢ : (C1,01) — (Ca,02) is

a homeomorphism.

Proof. Since C; has nonempty interior, D; = X1, i = 1,2, in the notation of Theorem 2.13. Thus ¢ is
a linear functional on X and L : X; — X5 is a vector space isomorphism. (These maps are obtained
at the base point xp.) Let x; be an interior point of C7, with corresponding maps ¢; and L;. Let U
be a circled open neighborhood of 0 in X; so that 1 + U C Cy. By Theorem 2.13, ¢1(x) # —1 for all
x € U. Thus [¢1(x)| < 1for all z € U. It follows easily that ¢; is continuous at 0 and hence continuous
on Xj.

Next, we show that ¢ is o1-to-o2 continuous at xg. Otherwise, there are a net (z,) in C; that

o1-converges to zg, y* € X5 and r > 0 so that y*(¢(zq)) > y*(¢(z0)) + r for all a. Let

W={yeCa:y*(y) > y*(p(z0)) + 1}

Then W is a closed convex set in Cy. Apply Lemma 2.4 to ¢! to see that o~ '(WW) is a closed convex
set in C1. By choice, 7, € ¢ 1(W) for all a and hence zg € o (W), i.e., p(xg) € W, which is
obviously absurd. This completes the proof of the claim.

Since ¢1 is continuous and x; is an interior point of C1, it follows from the expression for ¢ in
Theorem 2.13 (at x1) that L; is o1-to-oy continuous at z;. Hence L; is o1-to-o2 continuous on X;.
Let y; = p(x;),i = 0,1. By the final paragraph in §2, there is a real constant ag so that for all z € X7,

() = 1k and 1y(z) = W)
Clearly the continuity of £ and the o1-to-o9 continuity of L follow from that of £; and L;.

Applying the above to T~! at 1 gives a continuous linear functional m and a oo-to-o1 continuous
linear map M : Xo — X7 so that

M(y — yo)

— = ye (s
1L +m(y — vo) vET

e (y) =0+

Since y = p(p~t(y)) for all y € Cy, one easily deduces that M = L~!. This proves that L is a an
isomorphism of the topological vector space (X1, 01) onto (X2, 02). Therefore, ¢ : (C1,01) = (Ca,02)

is a homeomorphism by the formula for ¢ in Theorem 2.13 and the formula for ¢~! above. U

Remark. It follows from the o1-09 continuity of L that the graph of L is closed in X7 x Xo (in their
original topologies). Therefore, if X;’s are in addition completely metrizable, then it follows from the
Closed Graph Theorem that L : X1 — X5 is a topological vector space isomorphism with respect to
the original topologies on X;, 1 =1, 2.

Let ¥ be an ordered vector space. A subset A of E is solid if x,y € A and z < z < y imply that
z € A. The topology on F is locally solid if there exists a local basis at 0 consisting of solid sets. If
E is locally solid and (a,,), (b,) are sequences in F so that 0 < a,, < b, and (b,) converges to 0, then

(an) converges to 0 as well.
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Theorem 3.3. Let the notation and assumptions be as in Theorems 2.13 and 3.2. Assume additionally
that fori = 1,2, E; is locally solid, completely metrizable and that for every null sequence (uy) in E;,
there is a positive null sequence (vy,) so that u, < v, for alln. Then ®g : E1 — Ej is an isomorphism

of ordered topological vector spaces.

Proof. By Theorem 2.13, ®( is an order preserving vector space isomorphism. It suffices to show that
® is continuous (at 0); continuity of @ ! follows by symmetry. Let (u,) be a null sequence in E1, we
show that there is a subsequence (uy, ) so that (®o(up,))r converges to 0 in Ey. Let (vy,) be as given
in the statement of the theorem and set w, = v, — u,,. Then (v,), (w,) are positive null sequences.
Since E is completely metrizable, by a result of Klee [7], we may assume that the metric d on F; is
complete and translation invariant. Let ny < ng < --- be chosen so that d(vy, + wy,,0) < k—ék
k. By translation invariance d(k(vy, + wp,),0) < 2% and hence Y 27| k(vp, + wp,) converges to an

for all

element a in E1. Then 0 < vy, , wy,, < % for all k. Since ®¢ is order preserving and linear,

0 < ®g(vp, ), Po(wn, ) < —Po(a) for all k.

S W‘)—‘

Use the local solidity of Ey to conclude that (®q(vy,)), (Po(wn, )) both converge to 0. Thus ($g(un,))

converges to 0, as claimed. O
We collect together the foregoing results in the following corollary.

Corollary 3.4. Fori = 1,2, let C; be a convex set with nonempty interior in a locally conver Hausdorff
topological vector space X; # {0} and let E; be a nonzero locally solid completely metrizable ordered
topological vector space whose positive cone is generating. Moreover, assume that if (uy) is a null
sequence in E;, then there is a positive null sequence (vy,) in E; so that u, < vy, for all n. Suppose
that T : conv(C1, Eq) — conv(Cy, E3) is an order isomorphism. If g € C1 and yo = ¢(x0) € Ca, then

there are

(1) a lsc affine function go : Co — Esa,

(2) an isomorphism of topological vector spaces L : (X1,01) = (Xa,09),
(8) a continuous linear functional £ : X1 — R and

(4) an isomorphism of ordered topological vector spaces ®g : E1 — Es

L(z—xo

so that l(x — xg) # —1, p(x) = yo + Wﬂ%) for all x € Cy and

Po(f oo 1 (y))
L+ L(p~1(y) — 20)

Tf(y) = g0(y) + , y €dom T f = p(dom f), f € conv(Cy, Ey).

Remark. Clearly, if F; is a completely metrizable locally solid topological vector lattice, then it
satisfies the assumptions of Corollary 3.4. In particular, this occurs if E; is a Banach lattice. We give

two other examples which are not necessarily lattices.

(1) Let E; be the space of self-adjoint elements in a C*-algebra A, equipped with the norm topology
and the usual order (0 < a if and only if a = b*b for some b € A).

DOI: https://dx.doi.org/10.30504/JIMS.2023. 3852431089


https://dx.doi.org/10.30504/JIMS.2023.385243.1089

42 J. Iran. Math. Soc. 4 (2023), no. 1, 27-44 D. H. Leung

(2) Let E; be the space of regular operators on a Banach lattice F; i..e., the space of operators
T : F — F that can be written as T' = S — R, where S,R : F — F are positive (linear)

operators, with the order Ty < Ty if To — 11 is positive, and the norm
T[] = inf{||S|| + ||R|| : T = S — R, S, R positive}.

Here || - || is the operator norm.

4. Order anti-isomorphisms

As before, for i = 1,2, let C; be a convex set in a Hausdorff topological vector space X; and let
E; be an ordered vector space. A bijection T" : conv(Ci, E1) — conv(Cy, Es) is an order anti-
isomorphism if f < g if and only if Tg < T'f for all f,g € conv(Cy, Eq). If E; = R, abbreviate
conv(Cj, R) to conv(C;). Order anti-isomorphisms 7" : conv(R") — conv(R") are characterized in [3,
Theorem 7], which then leads to a characterization of the Legendre transform [3, Theorem 1]. A
generalization [0, Theorem 2] characterizes order anti-isomorphisms 7" : conv(X) — conv(X*, o*),
where X is a Banach space and (X*, 0*) means X* with the weak*-topology. It is shown in [1] that if
C is a nonempty convex set in R™ and there is an order anti-isomorphism from 7" : conv(C) — conv(C),
then C is either R™ or a singleton. Another result by the same authors [5] shows that for a Banach
space X, there is an order anti-isomorphism 7" : conv(X) — conv(X) if and only if X is reflexive and
X is isomorphic to X*.

Corollary 2.14 allows us to prove the essential uniqueness of order anti-isomorphisms if such a
mapping exists. Let X3 be a Hausdorff topological vector space and let E3 be a Hausdorff ordered
topological vector space. Denote the weak topology o(X;, X)) by o4, 1 = 1,2, 3.

Theorem 4.1. Let T : conv(Xy, E1) — conv(Xoe, Ey) and S : conv(Xy, E1) — conv(Xs, E3) be order
anti-isomorphisms. Then there are yg € Xa, an lsc affine function gy : Xo — FEs, a vector space
isomorphism L : X3 — Xo and an order preserving vector space isomorphism ®¢ : F3 — FEy such that
for all f € conv(Xy, Eq), domTf =yo+ L(dom Sf) and

(4.1) Tf(y) = go(y) + Po((SF)L™(y = w0))) for all y € domT'f.

Furthermore, if X;, i = 1,2,3, are locally convex Hausdorff, then (X3,03) and (Xo,02) are linearly

homeomorphic via L.

Proof. The map T'S™! : conv(X3, E3) — conv(Xs, Eo) is an order isomorphism. Obtain yg € Xa, an Isc
affine function gg : Xo — FEjs, a vector space isomorphism L : X3 — X5 and an order preserving vector

space isomorphism ®q : F3 — Eo by Corollary 2.14 with respect to T'S™!. For all f € conv(Xy, E1),
domTf = dom TS~ (Sf) = yo + L(dom Sf) and
Tf(y) = (TS™H)(S)y) = 90(y) + o((SHHL™ (Y — v0)))
for all y € dom(TS~!)(Sf) = dom T f. The final asssertion follows from Theorem 3.2. O
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Lemma 4.2. If g : Xo — R is a Isc affine function, then there exist a continuous linear functional

y* € X3 and a € R so that g(y) = a+ y*(y) for all y € Xs.

Proof. The functional h : X2 — R defined by h(y) = g(y) — g(0) is linear since g is affine. By the

lower semicontinuity of g, there is a balanced open neighborhood V of 0 in X5 so that

V C{y:g(y+yo)>g(yo) — 1} ={y: h(y) > —1}.

Then |h(y)| < 1 for all y € V. Thus y* := h € X5. Finally, set a = ¢g(0) to complete the proof of the

lemma. O

If X is locally convex Hausdorff and oj is the topology o(X7,X;i) on X7, then the Legendre

transform L : conv(X;) — conv(X}, of) is known to be an order anti-isomorphism, where

(Lf)(«") = sup{a”(z) — f(z) : & € dom [}

and dom Lf is the set where the sup is finite. Thus we have the following corollary of Theorem 4.1.

Corollary 4.3. Let X, Xy be locally conver Hausdorff spaces and let L : conv(X;) — conv(X}, oY)
be the Legendre transform. If T : conv(X1) — conv(Xy) is an order anti-isomorphism, then there are
Yo € Xo, y§ € X35, a,b € R with b > 0, an isomorphism of topological vector spaces L : (X},07) —
(X2,09) so that for all f € conv(Xy), domTf = yo+ L(dom Lf) and

Tf(y) =a+ys(y)+b- (LFL " (y—yo)) for ally € domTf.

Proof. Take X3 = (X{,07f) and S = £ in Theorem 4.1 to obtain yg, go, L and ®y. By Lemma 4.2,
there are a € R and yj € X3 so that go(y) = a + y*(y) for all y € X5. Also, &g : R — R is an order
preserving linear map and hence is given by multiplication by some b > 0. Note that X3 = X; and
thus o(X3,X3;) = 0f. So L is a topological vector space isomorphism from (X7, o7) onto (Xg,02).

The corollary now follows from (4.1). O

If X1 = X9 = R", then Corollary 4.3 yields [3, Theorem 7]. Suppose that X; = X is a Banach
space and (Xo,09) = (X*,0"%). Then L : (X*,0*) — (X*,0%) is a linear homeomorphism. Hence
L = M*, where M : X — X is a Banach space isomorphism. So in this case we obtain [0, Theorem
2]. Finally, if X; = X9 = X is a Banach space, then L is a linear homeomorphism from (X*, o*) onto
(X, 0), where o is the weak topology on X. Hence the ball of X is the image under L of a relatively
compact set in (X*,o*). In particular, X is reflexive. Hence L : X* — X is weak-to-weak continuous
and thus it is a Banach space isomorphism. This gives the result in [5] mentioned above. It is also

possible to obtain a generalization of [3, Theorem 1].

Corollary 4.4. Let X be a locally convex Hausdorff space. Suppose that T' : conv(X) — conv(X)
is an order anti-isomorphism such that T(Tf) = f for all f € conv(X). Then there are xy € X,
x5 € X*, a,b € R with b > 0 and a linear homeomorphism L : (X*,0*) — (X, 0) such that

Tf(x) =a+xh(x)+b- (LF) (L7 (2 — 20)) for all f € conv(X) and x € domTf.
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Proof. Use Corollary 4.3 with X; = Xy = X to obtain xg,z{,a,b and L : (X*,0%) — (X,0) corre-
sponding to T~!. For any f € conv(X) and € domT'f,

Tf(x)=T"1f(z) = a+azy(z)+b- (L)L Yz — x0)).
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