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ARENS REGULARITY OF IDEALS IN A(G), Au(G) AND Ay (G)
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Dedicated to professor A. T.-M. Lau

ABSTRACT. n this paper, we look at the question of when various ideals in the Fourier algebra A(G)
or its closures Ay (G) and Acp(G) in, respectively, its multiplier and cb-multiplier algebra are Arens
regular. We show that in each case, if a non-zero ideal is Arens regular, then the underlying group G
must be discrete. In addition, we show that if an ideal I in A(G) has a bounded approximate identity,

then it is Arens regular if and only if it is finite-dimensional.

1. Introduction

Let G be a locally compact group with a fixed left Haar measure p. Let Y denote the collection of
equivalence classes of weakly continuous unitary representations of G. The Fourier-Stieltjes algebra,
B(G) is the space of all coefficient functions of weakly continuous unitary representations on G. That
is

B(G) = {u(z) = (v(z)§,n)|m € g, &, € Ha}.
B(G) is a commutative Banach algebra under pointwise operations when given the norm it inherits
as the dual of the group C*-algebra C*(G).
The left regular representation A on L?(G) is defined

Az)(f)(y) = f(@™y)
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for each xz,y € G. The Fourier algebra A(G) consists of all coefficient functions of A\. That is all
functions of the form

u(z) = (Mx)f, g)
where f,g € L?(G). The Fourier algebra is a closed ideal of B(G) with A(A(G)) = G. It is also the
predual of the von Neumann subalgebra V N(G) of B(L?(G)) generated by {\(x) | z € G}. Tt can also
be realized as the closure of the space of elements in B(G) with compact support. (See [8] and [15]
for more on the nature of B(G) and A(G).)

It is well known that the multiplication on any Banach algebra A can be extended to its second
dual in two natural ways as demonstrated by Arens in [!]. Generally, these two Arens products are
different. If they agree, we say that the Banach algebra A is Arens regular. For a commutative Banach
algebra A, Arens regularity occurs precisely when the second dual A** is commutative.

The most well-known examples of Arens regular algebras are the closed subalgebras of B(#), the
bounded operators on a Hilbert space H. Typically, many of the algebras arising from locally compact
groups fail to be Arens regular unless the group structure is significantly restricted. For example,
the first author showed that if A(G) is Arens regular, then G must be discrete and every amenable
subgroup of G must be finite [10, Theorem 3.2 and Proposition 3.7] extending an earlier result of Lau’s
for amenable groups [19, Proposition 3.3]. In fact, it is conjectured, and strongly believed to be true,
that whenever A(G) is Arens regular, G must be finite.

The literature concerning Arens regularity of algebras arising from locally compact groups is exten-
sive. For the Fourier algebra in particular see for example [10,11,15,19,20] and [23]

In this paper, we will consider the possible Arens regularity of ideals in A(G) and in two related
Banach algebras Aj/(G) and A,(G), that arise from A(G) as its closure in its space of multipliers
and completely bounded multipliers respectively. We will show that if I is a non-zero closed ideal in

any of these three algebras that is Arens regular, then G must be discrete.

2. Preliminaries and notation

Throughout this paper, A will denote a Banach algebra. In this case, the dual A* becomes a Banach

A-bimodule with respect to the module actions
(u-T,v) = (T, vu)

and
(TOu,v) = (T, uv)

for every u,v € A and T € A*.

It is well known that there are two natural products that can be used to extend the multiplication
of A to its second dual A**. These two Arens products are defined as follows:
la) (u-T,v) = (T,vu) for every u,v € A and T € A*.
1b) (T'®m,u) = (m,u-T) for every u € A and T' € A* and m € A**.
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Remark 2.1. If A is a commutative Banach algebra, then it is easy to see that u-T = TOu for every
ue AandT € A*. In particular, if m € A*™ and u € A, then

mo®u=u®m=mUu=uldm.

However, as is well known, even if A is commutative this does not mean that the two multiplications
agree on A**. Moreover, even though A is assumed to be commutative, it is generally not the case
that A** would be as well.

Definition 2.2. If A is a Banach algebra for which m ®n = mUOn for every m,n € A**, we say that

A is Arens regqular.

From here on we will assume that A is a commutative Banach Algebra with maximal ideal space
A(A). Moreover, if we are speaking of A**, we will assume that the product we are using is ® unless
otherwise specified.

We will proceed with the following definitions and notational conventions.

Definition 2.3. We call the space

UCB(A) = spanf{v-T [v e A, T € A} 1l

the uniformly continuous functionals on A.

We call T € A* a (weakly) almost periodic functional on A if
{u-TueAula<1}

is relatively (weakly) compact in A* and we denote the space of all (weakly) almost periodic functionals

on A by AP(A) (WAP(A)).

Remark 2.4. It is a well-known criterion of Grothendieck that T € A* is weakly almost periodic if
and only if given two nets {ua}tacn, and {vs}seq, in A we have that

lim 1iéIl<T, Ualg) = 1ién lim(T", uqvg)

whenever both limits exist. From here it is easy to see that A is Arens regqular if and only if WAP(A) =
A*. Moreover, as a consequence, this shows that if A is commutative, then A is Arens reqular if and

only if A** is also commutative in either, and hence both Arens products.(See [0] and [21].)

Definition 2.5. We say that a closed subspace X C A* is invariant if u-T € X for every u € A and
TeX.
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Given a closed invariant subspace X of A* and an m € X*, we define the linear operator my, : X —
A* by
(mp(T),u) := (m,u-T)
for every T € X and u € A. We say that X is topologically introverted if mp(T) € X for every
meX*and T € X.
It is also well known that if X is topologically introverted then X* can be made into a Banach
algebra by mimicking what we did for A** as follows.
1) For each T € X and m € X*, we define T © m = mp(T).
2) For each T € X and n,m € X*, we define (m ©n,T) = (n,T ©®m)

It is well-known and straightforward to show that all three of AP(A), WAP(A), and UCB(A) are
closed introverted subspaces of A*. Moreover, if A is commutative and X is topologically introverted,
then X* is commutative if and only if X C WAP(A).

3. Multipliers of the Fourier algebra

Let G be a locally compact group. We let A(G) and B(G) denote the Fourier and Fourier-Stieltjes
algebras of G, which are Banach algebras of continuous functions on G and were introduced in [5].
A multiplier of A(G) is a bounded continuous function v: G — C such that vA(G) C A(G). Each
multiplier v of A(G) determines a linear operator M, on A(G) defined by M,(u) = vu for each
u € A(G). It is a routine consequence of the Closed Graph Theorem that each M, is also bounded.
The multiplier algebra of A(G) is the closed subalgebra

MA(G) := {M, : v is a multiplier of A(G)}

of B(A(G)), where B(A(G)) denotes the algebra of all bounded linear operators from A(G) to A(G).
Throughout this paper, we will typically use v in place of the operator M, for notational convenience
and we will write || v ||ara(e) to represent the norm of M, in B(A(G)).

Let G be a locally compact group and let VN(G) denote its group von Neumann algebra. The
duality

A(G) = VN(G).

equips A(G) with a natural operator space structure. Given this operator space structures, we can
define the cb-multiplier algebra of A(G) to be

M,A(G) == CB(A(G)) N MA(G),

where CB(A(G)) denotes the algebra of all completely bounded linear maps from A(G) into itself.
We let || v || denote the cb-norm of the operator M,. It is well known that M4A(G) is a closed
subalgebra of CB(A(G)) and is thus a (completely contractive) Banach algebra with respect to the
norm | - [l
It is clear that,
A(G) € B(G) € M4A(G) € MA(G).
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Moreover, for v € A(G) we have that

| v lla=llv B>l v a2l v llarae) -
In case G is an amenable group, we have
B(G) = M A(G) = MA(G)
and that
| v HB(G):” v HMch(G):H v HMA(G)

for any v € B(QG).

Definition 3.1. Given a locally compact group G let
A (G) E A(G)IMae) € MAG).
and
Aa(G) " A(G) o) € 1y A(G).

We refer the reader to [5] for the basic properties of M4, A(G).

Remark 3.2. The algebra An(G) was introduced by the first author in [9] where it was denoted by
Ao(G). In that paper, we show that in the case of Fa, the free group on two generators, Aq(G) shares
many of the properties characteristic of the Fourier-algebra of an amenable group. In particular, the
algebra Aqy(F2) is known to have a bounded approximate identity. The locally compact groups G for
which Agp(G) has a bounded approximate identity are called weakly amenable groups. All amenable
groups are weakly amenable, but many classical non-amenable groups such as Fy and SL(2,R) are

weakly amenable.

Remark 3.3. Let A(G) denote either Aw(G) or Ay (G). Consider the following map and its adjoints:
ia:AG) = A(G)
i - A(G)" = VN(G)
i VN(G) — AG)™,

where i 4 denotes the inclusion map. Since i g has dense range, i’y is injective and as such is invertible

with inverse z'.*A_l on Range(i*). It is easy to see that i%y is simply the restriction map. That is
iy(T) = ﬂA(G).

It will also be useful to view all of the above maps as embeddings. That is, when G is non-amenable
A(G)* can be viewed as a proper subset of VN(G) and VN(G)* as a proper subset of A(G)**.

Remark 3.4. Let A(G) denote either Ag(G) or Ay (G). Let I be an ideal in A(G). We let
Z(I)={zx € G | u(z) =0 for every u € I},
denote the hull of 1. It is easy to see that Z(I) is closed in G. Conversely, if E C G is closed, we let
Iy)(E) = {u € A(G) | u(z) = 0 for every z € E},

DOI: https://dx.doi.org/10.30504/JIMS.2023.385500.1091


https://dx.doi.org/10.30504/JIMS.2023.385500.1091

10 J. Iran. Math. Soc. 4 (2023), no. 1, 5-25 B. Forrest, J. Sawatzky and A. Thamizhazhagan

Ja) (E) = {u € A(G) | supp(u) is compact, and disjoint from E'}
and
——=l
Tae)(E) = jae)(B) .

It is well known that I 4q)(E) and Jgq)(E) are respectively the largest and smallest closed ideals of
A(G) with hull equal to E.

We say that a closed set E C G is a set of spectral synthesis for A(G) if Ly (E) = Jaq)(E).
That is if I g)(E) is the unique closed ideal in A(G) with hull E.

4. TOPOLOGICAL INVARIANT MEANS

Definition 4.1. Let A be a commutative Banach algebra with maximal ideal space A(A). Let X be a
closed submodule of A* containing ¢ € A(A). Then m € X* is called a topologically invariant mean
(TIM) on X at ¢ if

) lmllx- = (m,¢) =1,
i) (m,v-T) = ¢w)(m,T) for everyve A and T € X.

We denote the set of topologically invariant means on X at ¢ by TIM4(X, ¢).

Note: For the rest of this section we will focus our attention on the algebras A(G), Au(G), Ay (G),

and their closed ideals.

Definition 4.2. Let A be one of the algebras A(G), Aw(G) or Ay (G). Let x € G define the isometry
Ly: A— A by

for each y € G.
The following proposition will prove useful.
Proposition 4.3. Let A(G) be one of the algebras A(G), Aw(G) or Ap(G). Let X C A(G)* be a

closed submodule. Let v € G.
i) If Y = L3(X), then Y is a closed submodule of A(G)* and

u- Ly(T) = Ly(Le(u) - T)

for everyue A and T € X.
ii) Let x € G. Then Li(¢pe) = ¢, where e denotes the identity of G.
iii) Let m € TIM (X, ¢e). If & € G, Then ¢, € LE(X) and L™, (m) € TIM g (LE(X), bu).-

Proof. Let A(G) be one of the algebras A(G), Aw(G) or Ay(G). Let X C A(G)* be a closed

submodule. Let z € G.

i) Since L% is an isometry, it is clear that Y is a closed subspace.
Let T' € X and u,v € A(G) . Observe that
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(T),v) =

xT

Hence u- LX(T) = Li(Ly(u) - T) € LE(X) =Y.
ii) Let u € A(G). Then
(Ly(de),u) = (e, La(u)) = La(u)(e) = u(z) = (¢, u).

This shows that L% (¢e) = ¢q.
iii) Let T'= L¥(T1) with T7 € X. If u € A(G), we have

(Lt (m),u-T) =

x—1

Since L7*, is an isometry we have that

L5 ()] ax = [[m]la- = 1.

Finally, we have that

( ;il(m%d)x) = <m7L;;—l(¢x)> = (m, ¢e) = 1.

The next result follows immediately from Proposition 4.3 iii).
Corollary 4.4. Let A(G) be any of A(G), Awp(G) or Ap(G). Let x € G. Then
I TIM 5()(A(G)s ¢z )| = [TIM 4 (A(G)", @e ),

where | - | represents the cardinality of the underlying set.
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The first author together with T. Miao established the next result for TIMy,, ) (Am(G)*, de)

in [13].

Proposition 4.5. Let A be either Ap(G) or Ap(G). Let A(G)-VN(G) ={u-T:u € A(G),T €
VN(G)}. Then

i) A(G)-VN(G) CUCB(A(Q)).
it i*(v-T) =v-i*(T) for each v € A(G),T € A(G)*.

iii) i*(UCB(A(G))) CUCB(A(Q)).

i) If A has a bounded approzimate identity, then A(G)-VN(G)-VN(G) =UCB(A(G)).
v) u-T € i*(A(G)*) for each u € A(G),T € VN(G).

Proof. i) Since UCB(A(Q)) is a closed subspace of VN(G) and since A(G) is dense in A(G)
with respect to the norm || - || 4g), to establish i) we need only show that for any sequence
{vn} C A(G) and v € A(G) with || v, — v || 4@y~ 0 and any T' € VN(G), we have [jv, - T —
v T|lyn(e — 0. However, this follows immediately since for any u € A(G)

[ (n - T =v-Tu) | = [((n=v) T u) |
= [{T, (vn = v)u) |

< T lvwll on = v llaell v llae) -

ii) Let v € A(G), T € A(G)* and u € A(G). We have

(i*(v-T),u) =

Hence i*(v-T) = v - i*(T).

iii) Because of i) above we need only show that i*(v-T) € A(G) - VN(G) for any v € A(G) and
T € A(G)*. However, this follows immediately from ii).

iv) Since A(G) has a bounded approximate identity it follows from Cohen’s Factorization Theorem
and from 7) above that A(G) - VN(G) is a closed subspace of UCB(A(G)). However, since
A(G) - VN(G) C A(G) - VN(Q), it is also clear that A(G) - VN(G) is dense in UCB(G). Tt
follows that A(G) - VN(G) = UCB(A(G))

v) Let u € A(G),T € VN(G). Then we can define a linear functional on A(G) by

Pu,T (U) = <T7 uv>
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for each v € A(G). It is also clear that ¢, 7 has norm at most ||u| 4 [|T'[lv n(a)- Moreover,
this linear functional agrees with u-T on A(G) and as such u - T = i*(¢, 7).
g

Theorem 4.6. Let A(G) denote either Ay (G) or Ay (G). For any locally compact group, i**(T1IM 4(c)
(A(G)*, b2) € TIMp(c)(A(G)*, &) Moreover, i** : TIM 56y (A(G)", dz) = TIM a(c)(A(G)*, ¢2) is

a bijection.

Proof. We will first show that i**(TTM 4(q)(A(G)*, ¢z)) € TIM ) (A(G)*, ¢z).-

Let m € TIM ) (A(G)*,¢z)). Let v € A(G) and T' € A(G)*. Then there exists {u,} C A(G)
such that || up — v || 4= 0. Since || up — v [[oo<|| un — v || 4 it follows that u,(z) — v(x).

Next, we note that in a similar manner to the proof of Proposition 4i), we can show that u,,-T" — v-T

in the norm || - || 4()~ for each T" € A(G)*. Appealing this time to Proposition 4ii), it follows that

(@ (m), 0 T) = lim (" (m), u, - T)
= lim {(m,i*(uy 7))
= lim (m,uy (D))

= lim wy(2)(m,i*(T))
= lim v(z)(m, (7))

= o(@) (@™ (m),T).

This shows that i (T'T Mgy (A(G)*, ¢z)) C TIM 46\ (A(G)*, ¢z).

We next show that i** : TIM ) (A(G)*, ¢z) — TIM 4)(A(G)*, ¢) is injective. To see this, we
first note that if my,ma € TIM () (A(G)*, ¢5) with my # ma, then there exists an T € V. N(G) for
which

(m1,T) # (m2,T).
Next choose uy € A(G) with ug(z) = 1. Then

<m1,’LLO : T> = <m1,T> 75 (’ITLQ,T) = <m2,u0 . T>.
Since ug - T € A(G)*, we have

(i (m1),uo - T)

my, i*(UQ . T)>

i**(ng), up - T>
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so that i**(mq) # **(ma).

Finally, we show that i** : TIM 5q)(A(G)*, ¢z) — TIM gy (A(G)*, ¢z) is surjective.

Let M € TIM ) (A(G)*, ¢z). First note that if u,v € A(G), with u(r) = 1 = v(x) and if
T € VN(G), then u-T and v- T are in A(G)* and

Pick a up € A(G) with || ug | 4= 1 and ug(z) = 1. We can define my; € A(G)*™* by
(mM,T> = <M, up - T)

for T € VN(G).

Note that [|mas||a@)=» < 1. It is clear from the observation above that if v € A(G) is such that
v(xz) =1, then (mpr,v-T) = (mpr, T). We also have that

(mar, z) = (M ug - dz) = (M, uo(2)d2) = (M, ¢z) = 1.

That is, mys € TIMA(G)(A(G)*, Oz).

Finally, if T € A(G)*, then

(@™ (mar), T) = (mpr,i"(T)) = (M, ug - i*(T)) = (M,up.T) = (M,T).

Therefore, i**(mpyr) = M.

0

Definition 4.7. Given a locally compact group G we let b(G) denote the smallest cardinality of a
neighbourhood basis at the identity e for G.

The next corollary follows immediately from the previous theorem and from Hu [15].

Corollary 4.8. Let G be a non-discrete locally compact group. Let A(G) be A(G), Aw(G) or Ay (G).
Then
| TIM ) (A(G)", 62) |= 27"

In particular, A(G)* admits a unique topological invariant mean if and only if G is discrete.

We now turn our attention to ideals in the algebra A(G) where A(G) is any of A(G), Ax(G) or
Ay (G).

Lemma 4.9. Let A(G) be A(G), Aw(G) or Ay (G). Let I be a closed ideal in A(G). Assume that
x & Z(I). Let M € TIM 4)(A(G)*, ¢5). Then M € (I+)*.

Proof. Let T € I'+. Since Z(I) is closed and since = ¢ Z(I), we can find an open neighborhood U of
x such UNZ(I) = 0. We can then find a ug € A(G) N Cyo(G) so that supp(ug) C U, and ug(x) = 1.
It follows that ug € 1.

Since T € I+, we have that for any u € A(G) that

(uo - Tyu) = (T upu) =0
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so ug - T = 0. However, since M € TIM 4()(A(G)*, ¢=), and since ug(z) = 1,
(M, T) = (M,ug-T)=0.
U

Remark 4.10. The previous lemma shows that if I is a closed ideal in A(G) with x ¢ Z(I), and
if M € TIM ) (A(G)*, ¢x), then we can view M as an element M of I** in a canonical way.
Specifically, if T € I and Ty is any extension of T we can define

M(T) = M(Th)

and M is well defined since M € (I*)-. We claim that M € TIM[(I*,@C‘I). To see that this is

the case we note that
1M1+ = [ M| agcye = M(¢2) = M (s, )-
If u € I, then z'le‘I =T, thenu-TlII =u-T and as such
M(u-T) = M(u-T1) = u(x)M(T1) = ¢ () M(T).
This gives us a map I' : TIM 5G)(A(G)*, ¢) = TIM(I*, ¢q ), given by
M = M.
The map I': TIM a6y (A(G)", ¢z) = TIM;(I*, ¢¢ ), given by
(M) =M.
Theorem 4.11. Let A(G) be A(G), Awp(G) or Ay (G). Let I be a closed ideal in A(G). Assume that
x & Z(I). The map I' : TIM () (A(G)*, ¢z) = TIM[(I", ¢s, ), given by
D(M) = M

is a bijection.

Proof. Assume that My, My € TIM 5y (A(G)*, ¢,) and that To € A(G)* is such that M;(Tp) #
MQ(T()). Let T € I'* = TO\I' Then

My(T) = Mi(Tp) # Ma(Tp) = Ma(T)
SO
['(M;) = My # My = I'(Ms)
and hence T is injective.

Next we let m € TIM;(I*, ¢z ). We let ug € I be such that ug(z) = 1 with |lug[4) = 1. First,
observe that (ug - T)|, = uo - (1},) for each T' € A(G)*. Then we define M € A(G)** by
<M’ T> = <m’ uo - (T|1)> = <maTII>
for each T' € A(G)*. We have that
M| accye < [lmllr==[luoll ae) = 1-
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Moreover
(M, 60) = (m,ug - b)) = uo(z)(m, dsy ) = 1.
Next let T € A(G)* and let u € A(G). Then
(Myu-T) = (m,uo-(u-T),)
= (m, (uou) - T},)
= (uou)(x)(m, Tj,)
= u(x)(uo(z)(m, T},))
)(m,uo - (T},))
= u(x)(M,T)

T
T

(
:u(
(

It follows that M € TIM ) (A(G)", ¢z). Finally, if T € I* and if Ty € A(G) with T =T, then
<M7 T> = <Ma T1>
= (m, T1\1>
= <m7 T>

Hence I'(M) = M = m and T is surjective.

The following result follows immediately from Corollary 4.8.

Corollary 4.12. Let A(G) be A(G), Aw(G) or Ay (G). Let I be a closed ideal in A(G). Assume
that x & Z(I). If G is a non-discrete group, then

2b(G)
|TIM](I*,¢I‘I)|:2 .
In particular, I* admits a unique topological invariant mean if and only if G is discrete.

Lemma 4.13. Let A be a commutative Banach algebra with maximal ideal space A(A). Let X be a
closed submodule of A* containing ¢ € A(A). Let M € TIMA(A, $). Let m = M, be the restriction
of M to X. Thenm € TIM4(X, ¢).

In particular, if we let A(G) be one of the algebras A(G), Ae(G) or An(G), I be a closed ideal in
A(G) with x & Z(I) and X is any of UCB(I), WAP(I) or AP(I), we have that ¢» € X and hence
that for any M € TIMI(I*7¢x|I); if m = M, we get that m € TIM;(X, gi)xll).

Proof. Let M € TIMA(A, $). Let m = M|, be the restriction of M to X. We have that

1=(M,¢) = (m,¢) = |Im|

X*
and that if u € A and T € X, then
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Hence m € TIMA(X, ¢).

Let A(G) be one of the algebras A(G), Aw(G) or Ay (G) and I a closed ideal in A(G) with
x ¢ Z(I). Let X = UCB(I). We can choose an open neighborhood U of X with UN Z(I) = () and a
ug € A(G) N Cyo(G) such that supp(up) C U and up(z) = 1. Then ug € I. Moreover, if v € I,

<U0 : ¢x|17’U> = <¢x|I,U0U> = UO(‘T)U(‘T) = <¢$‘Iau0v>‘
Hence qﬁ% = ug - %\1 e UCB(I).
To see that ¢, € AP(I) note that {u(z)|[lull; <1} = {A € C[ | A |[< 1} is compact and hence
{u-@o lullr <1} = {Ads, € C[| A |< 1}
is compact in I* so ¢z € AP(I). As AP(I) € WAP(I) we also have that ¢ € WAP(I).
U

Theorem 4.14. Let A(G) be one of the algebras A(G), Aw(G) or Ay (G). Let I be a closed ideal in
A(G). Assume that x ¢ Z(I). The restriction map R : TIM[(I*, ¢z )) = TIM(UCB(I), ¢z )) is a
bijection. In particular, if G is non-discrete, then

’ TIM.A(G) (-A(G)*; sz) |=] TI]W_A(G)(UCB(_A(G)7 ¢ac> ’: 2217(6‘).

Proof. Choose an open neighbourhood U of x with UN Z(I) = ) and a uy € A(G) N Cyo(G) with
supp(up) C U, and up(xz) = 1. Then uy € I and

qu\] = Uug - ¢x|1 S UCB(I)

Next we let M € TIM(I*,¢y )). Let m = R(M). It follows from Lemma 4.13 that m €
TIM{(UCB(I), ¢u,,)).
If My, My € TIM(I*, ¢x‘1) with My # Mos, then there exists a T' € I* for which

(M1, T) # (M2, T).

Choose an open neighbourhood U of x with U N Z(I) = 0 and a up € A(G) with supp(ug) C U,
and ug(z) = 1, then uo - T € UCB(I) with
<M1,U0 : T> = <M1,T> 7& <M2,T> = <M2,U0 . T>
This shows that R(M;) # R(Mz) and hence R is injective.
Next, let m € TIM;(UCB(I), ¢z )). Pick a ug € I with || ug || 4= 1 = uo(z). Define M € I**
by
(M,T) = (m,up-T), Tel".

Since up(z) = 1, it follows that
<Ma¢x|l> = (m,uo - ¢z“> = (m, ¢x|1> =L
From this and the fact that || ug ||4(@)= 1, we get that || M ||= 1.
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Next, if v € I,T € I* , then
(M,v-T) = (m,yup-(v-T)) = (m,v-(ug-T)) =v(x){m,uy-T) =v(x)(M,T).

This shows that M € TIM(I*, ¢y, ).
Finally, if T € UCB(I)), then

(M, T) = (m,ug-T) = (m,T)

since m € TIM(UCB(I), ¢z ). Therefore, R(M) = m and R is surjective.
UJ

Remark 4.15. In the proof of the previous theorem we were able to explicitly show how each m €
TIMI(UCB(I),gf)xlI) extends to an element M € TIMI(I*,gf)xlI). The next proposition shows that

such extensions hold in greater generality.
We need the following lemma.

Lemma 4.16. Let A(G) be one of the algebras A(G), Aw(G) or Ay(G). Let I be a closed ideal in
A(G) with Z(I) being a set of spectral synthesis for A(G). Assume that x ¢ Z(I). Then {x} is a set
of spectral synthesis for I.

Proof. Let u € I be such that u(z) = 0. Let E = Z(I). Let ¢ > 0. Since E is a set of spectral
synthesis for A(G), we can find w € A(G) N Cyo(G) which is such K = supp(w) N E = () and

lu —wl| A <

DO ™

Since u(x) = 0, this means that |w(z)| < 5.

Next we choose neighbourhoods V; and Vs of x with compact closure disjoint from F with V; C V5.
Then choose a v € A(G) such that v(y) = 0if y & V2, v(y) = w(x) on V1 and ||v|| 4¢) =| w(z) |. Then
w—v € I = I(F) has compact support K; with K1 N (EU{z}) =0 and

lu = (w=0)a@) < llu = wlla@ + ollae < 5+5 =<
U

Proposition 4.17. Let A(G) be one of the algebras A(G), Aw(G) or Ap(G). Let I be a closed ideal
in A(G) with Z(I) being a set of spectral synthesis for A(G). Assume that x & Z(I). Assume also
that Y C X are two closed submodules of I* each containing gb%. Letm € TIM;(Y, qﬁx“). Then there
exists some M € TIM;(X, ¢z ) such that M), =m.

Proof. Let m € TIM;(Y, qﬁm“). By the Hahn-Banach Theorem we can find a ¥ € X* so that

W[ x- = [mlly- = 1.

Next we let
S={uelll|ullaq = u(x) =1}
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Then S is a commutative semigroup under pointwise multiplication and is hence amenable. Let

® € (o (S5)* be an invariant mean. Then for each T' € X we define fr: S — C by
Jr(u) = (¥, u-T).
It follows that fr € €5o(S) as | fr(u)| < ||T||x for each u € S. Moreover, if v € S, then
for() = (W,u- (0 T)) = (W00 T) = Ly(fr)(w)

where L, is the left translation operator on ¢ (.5).

Next, we let
(M, T) =(®, fr)
for each T' € X. Note that for 1871, = afr, + Bfn, and | (M,T) |< ||T||x so that in fact M € X*
with | M||x- < 1.
Now if T' = qu‘], then
Jr(u) = (Y, u- ¢z ) =1
for every u € S and hence (M, ¢y ) =1 and [[M||x. = 1.

Finally, since ® is a left invariant mean on /o, (S)* we have that if u € S, then
(M,u-T) =(®, fur) = (@, Lu(fr)) = (M, T).

Finally, we must show that (M,u-T) = u(x)(M,T) for alluw € I, and T € X.

First we will show that if v € I and if there exists a neighborhood U of x such that v(y) = 1 on
U, then (M,v-T) = (M,T) for all T € X. To see why this is the case, we choose u € I such that
u(z) = 1 = |lul| 4@ with u(y) = 0if y ¢ U. Then uv = u, hence

(Myjo-T)y=(M,u-(v-T))=(Muw -T) =(M,u-T)=(M,T).

Next assume that v € I satisfies v(y) = 0 on some neighborhood U of z. Since 1 € B(G), the
function 1 — u is a multiplier of I, that is (1 —v)w € I for every w € I and hence (1 —v)-T € X. We
note that 1 —v(y) = 1 on U. Again choosing u € I such that u(r) =1 = [Ju| 4) with u(y) = 0 if
y € U. Once more we get that

(M,T) = (M,0-T)) = (M, (1 —v) - T) = (M,u- (1 - v) - T)) = (M,u-T) = (M, ).

Hence (M,v-T) = 0.

Now let w € I be such that u(x) = 0. By Lemma 4.16, {x} is a set of spectral synthesis for I. It
follows that we can find a sequence of functions {w, } C I and as sequence {U,,} of open neighbourhoods
of x such that each w,, has compact support, w,(y) = 0 for all y € U,, and nlgrolo lu —wnll 4@ = 0. In

particular, from what we have seen above, (M, w, - T) = 0 and hence

Moreover,

lim ||u-T —w,-T| =0,
n— oo
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as hence we have that (M,u) = 0. Finally, choose u € I be such that u(z) = 1. Once more choose
v € I so that v = 1 on a neighbourhood U of x. Then u — v(z) = 0 and
(M, (u—1v) - T) =0
which means that
(Myu-T)=(M,v-T) =v(z)(M,T) = u(x)(M,T).

For here, if u(z) # 0, let w = ﬁu Then

(M,u-T) = (M, u<x><@u ) = u@)(M, (e T) = u(e) (M, ).

This shows that M € TIM(X, ¢z ).
Finally, if T € Y, then
fruw) =Y, u-T)=(m,u-T) = (m,T)
for all u € S. In particular, (M, T) = (®, fr) = (m,T) so M|, =m as desired.
UJ

Theorem 4.18. Let A(G) be one of the algebras A(G), Aw(G) or Ay (G). Let I be a closed ideal in
A(G). Assume that x & Z(I). Then WAP(I) has a unique topologically invariant mean at ¢ .

Proof. The fact that TIM;(WAP(I), ¢s )) # 0 follows immediately from the observation that every
TIM on I* restricts to a TIM on WAP(I) and we know that TIM;(I*, ¢z )) # 0.
Next, we let n,m € TIM(WAP(I), ¢y )). Then there exits a net {uq}aco C I so that

=1
m alélgl){ua}
in the weak* topology on I**. Hence, for each T € I*,
(nem,T) =lim(n ®ua, T) = lim(n,us - T) = limuy(x)(n, T).
(03 [0} 6}

But we also know that
1= <na ¢x|l> = hén<uav ¢x‘l> = hén ua(x)'
Hence n ® m = n. But we also know that n ®© m = m ® n = m. Hence, n = m and the TIM is

unique. [

Corollary 4.19. Let A(G) be one of the algebras A(G), Aw(G) or Ap(G). Let I be a closed ideal in
A(G). IfUCB(I) CWAP(I), then G is discrete.

Proof. Assume that G is non discrete and that = ¢ Z(I). Let My, My € TIM[(I*, ¢s ) with M #
My , Then m; = M1|WAP(I>,m2 =My o0 € TIM;(WAP(I), ¢y ). Let T € I" be such that
(M;,T) # (Ms,T) and choose u € I so that u(z) =1. Then v-T € UCB(I) C WAP(I), and

<m1,u~T> = <M1,UT> = <M1,T> 7& <M2,T> = <M2,UT> = <m2,u-T>

which contradicts the uniqueness of the TIM on WAP(I).
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5. Arens regularity of ideals in A(G), A4 (G) and Ay (G)

In this section, we will apply what we know about topologically invariant means to questions
concerning the possible Arens regularity of ideals in A(G), Aw(G), and Ay (G). The key observation

is the following which improves on [10, Corollary 3.13]:

Theorem 5.1. Let A(G) be any of the algebras A(G), Aw(G) or Ay (G). Let I be a non-zero closed
ideal in A(G). If I is Arens reqular, then G is discrete.

Proof. 1f I is Arens regular, then I* = WAP(I). Hence I* has a unique topologically invariant mean.
However, by Corollary 4.12, this implies that G must be discrete.
O

The following corollary is immediate. See also [10, Theorem 3.2] and [13, Corollary 3.9].

Corollary 5.2. Let A(G) be any of the algebras A(G), Aw(G) or Am(G). If A(G) is Arens regular,

then G is discrete.

Corollary 5.3. Let G be non-discrete. If A(G) is one of A(G), Awp(G) orAn(G), then A(G) has no

non-zero reflexive closed ideal.

Remark 5.4. Granirer [11, Theorem 5| has shown that every infinite discrete group contains an
infinite set E C G such that the ideal 15q)(G \ E) is isomorphic to l3. In particular, this ideal is
reflexive and hence Arens reqular. However, if we ask that I also has a bounded approximate identity,

then at least for the Fourier algebra such an ideal can only be Arens reqular if it is finite-dimensional.

Lemma 5.5. Let A(G) be any of the algebras A(G), Aw(G) or Ap(G). Let H be a subgroup of G.
If A(G) is Arens regular, then so is A(H). In particular, if H is amenable, then H is finite.

Proof. As G is discrete, H is open in G. In this case, the restriction map R : A(G) — A(H) is a
contractive homomorphism that is also surjective. As such A(H) is Arens regular.
The last statement is simply [19, Proposition 3.3].
0

Definition 5.6. Let R(G), the coset ring of G, denote the Boolean ring of sets generated by cosets of
subgroups of G. A subset E of G is in R(G) if and only if

n m;
E = J@iH\ | biKi),
i=1 j=1

where H; is a subgroup of G, x; € G, K; ; is a subgroup of H;, and b; j € K; ;.
By R.(G), the amenable coset ring of G, we will mean all sets of the form

E = U(x@HZ \ U bi i K j),

i=1 j=1

where H; is an amenable subgroup of G, x; € G, K; ; is a subgroup of H;, and b; j € K; ;.
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Theorem 5.7. Let I be a closed ideal of A(G) with a bounded approximate identity that is Arens

regular. Then I is finite-dimensional.

Proof. Assume that I C A(G) is Arens regular. By Theorem 5.1 G must be discrete. If I has
a bounded approximate identity, then since A(G) is weakly sequentially complete (ref), I must be
unital. Tt follows that 1c\ z(r) € I. In particular, G \ Z(I) must be compact and hence finite. This

shows that [ is finite-dimensional.
O

Remark 5.8. The fact that A(G) is weakly sequentially complete was crucial in establishing the
previous theorem. Unfortunately, we do not know whether or not either or both of Au(G) or Ap(G)

would be weakly sequentially complete.
For the remainder of this section, we will assume that G is a discrete group.

Lemma 5.9. Let A(G) be any of the algebras A(G), Aw(G) or Ay (G). Let H be a proper amenable
subgroup of G. If I o«q)(H) is Arens regular, then H is finite and A(G) is also Arens regular.

Proof. Since H is proper, there exists an x € G\ H. The ideal I 4)(zH) is isometrically isomorphic
to I 4(c)(H) and hence is also Arens regular.

If u e A(H), then the function u° defined by u°(y) = u(y) if y € H and v°(y) =0ify € G\ H is
in A(G). Now if R: A(G) — A(H) is the restriction map, then R is contractive homomorphism that
maps I 4)(zH) onto A(H). In particular, A(H) = A(G) is also Arens regular. It follows that H is
finite.

Let B be the algebra 15.A(G) ©1 1g\gA(G). Then B is a commutative Banach algebra and the
mapping I' : A(G) — B given by I'(u) = (1gu,1g gu) is a continuous isomorphism that maps
Iy (H) isometrically onto the ideal (14 (H),0) in B. Since 1g\ fr).A(G) is finite-dimensional, it is
Arens regular. We get that

(1aA(G) ©1 1w AG)™ = (1rA(G)™ @1 (1a\n A(G))™

which is commutative since each of its components is commutative. Hence 15.A(G) @1 1o\ g A(G) is
Arens regular, and so is A(G) O

Theorem 5.10. Let A(G) be any of the algebras A(G), Aw(G) or Ay (G). Let

n m;
E = J@iHi\ | biKi),
i=1 j=1

where H; is an amenable subgroup of G, x; € G, K; j is a subgroup of H;, and b; j € K; j. If I 5q) (E)
is non-zero and Arens reqular, then either E is finite and A(G) is also Arens regular, or G is amenable

and I(E) is finite-dimensional.
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n
Proof. We begin by first assuming that £ = |J x;H;. In this case, we will prove the conclusion by
i=1

induction on n. That is we let P(n) be the statement that if F = U x;H; is a proper subset of G and

if 14(q)(F) is Arens regular, then F is finite and A(G) is Arens regular
If n =1, F = xH where H is a proper amenable subgroup. Since I(H) is isometrically isomorphic

to I(zH), Lemma 5.9 shows that E is finite and A(G) is Arens regular.
k+1
Assume that P(n) is true for all n < k. Let E = |J z;H; where each H; is an amenable subgroup
i=1

k
of G. By translating if necessary we can assume that xxy; = e. If Hpyy C |J 2 H;, then we have
i=1
k
E = | z;H; and we are done. So we may assume that
i=1

k

Note that Hiq \ F' € R(Hg41) and

Loy (Hpp1 \ F) = Ly (E)

lgr

In particular, since the restriction map is a homomorphism, I 4(z)(Hy1 \ F) is Arens regular. But as
Hyy 1\ F € R(Hpy1) and Hyyq is amenable, we have that A(H) = A(H) and I 4g)(Hgy1 \ F) has a
bounded approximate identity. It then follows from Theorem 5.7 that F' is finite.

k
Next we observe that E is the disjoint union of J z;H; and the finite set F'. But as F is finite we
i=1

can proceed in a manner similar to that of the proof of Lemma 5.9 to conclude that I 4 (U x;H;)

k
is also Arens regular. From here the induction hypothesis tells us that |J x;H; is finite. And as
i=1
2
F = Hygy1\ (U z;H;) is also finite, Hy1 is finite. Hence FE is finite as well.
i=1
If we assume that

E = U ziH; \ U bi; K
=1 J=1
where H; is an amenable subgroup of G, z; € G, K, j is a subgroup of H;. We have two cases. The

first is that U x;H; # G. If this is the case, then if £} = U x;H; then £ C F; and hence the non-zero

=1
closed 1deal I 4@ (E1) is contained in the Arens regular 1deal I4)(E) and is therefore also Arens
regular. But we have seen above that this means that Fy is finite. It follows that E is also finite. As

before, this would imply that A(G) would also be Arens regular.

Finally, if we assume that |J xz;H; = G. Then by [11, Corollary 3.3] one of the H;’s has finite index
i=1
m
in G. Since each H; is amenable, so is G. This means that we can express G\ E as a disjoint union |J F;
I=1
where each Fj is a translate of an element of the coset ring of one of the open amenable subgroups K; ;.
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Moreover, this means that I 4q)(E) = L4 (E) has a bounded approximate identity [I1, Theorem
3.20]. It now follows from Theorem 5.7 that this ideal is finite-dimensional.
O
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