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CENTRALIZER NEARRINGS

G. L. WALLS

ABSTRACT. Suppose that (G,+) is a group (possibly nonabelian) and that X is a submonoid of the
monoid of all endomorphisms of G under the operation of composition of functions, (End(G), o). We
define the X-centralizer nearring of G by X by saying that Mx (G) := {f : G — G | f(0¢) = 0g and fo
a=ao f for all @ € X}. This set of functions, Mx (G), is a nearring under the “usual” operations of
function “addition” and “composition” of functions. This paper investigates how centralizer nearrings

can be defined and investigates their ideals when X is a group of automorphisms.

1. Introduction

In this paper we are always assuming that (G,+) is a group (possibly nonabelian). We let O¢
denote the identity of G and we let G* := G \ {O¢}. In general in this paper X denotes a submonoid
of the monoid of endomorphisms of the group G under the operation of composition of functions,
(End(G), o). In some cases we need to assume a little more, namely that X < Aut(G), the group of
automorphisms of the group G. We make it clear when this assumption applies.

Suppose that g is an element of the group G. We let T, denote the function 7, : G — G defined
by Ty(z) = g 'zg for all z € G. For each g € G, T, is an automorphism of G. It is called an inner
automorphism of G. The inner automorphism group of G is defined by Inn(G) :={T, | g € G}. It is
a normal subgroup of Aut(G).
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If G is a group and x € G, we define the centralizer of x in G to be Cg(z) :={g € G | x+g =g+x}
and the center of G to be Z(G) := ) Ca(g), the set of all elements of G which commute with all the
geG

elements of G.

We use the following definition.
Definition 1.1. We define Mx(G) :={f: G — G| f(0g) =0g and foa=ao f for all « € X}.

It is well-known that (Mx (G), +, o) is a nearring using the “usual” operations of function “addition”
and “composition” of functions. The elements of Mx (G) are just functions from G to G that are zero-
preserving. We call Mx(G) an X-centralizer nearring or just a centralizer nearring when X is clear.

It can be seen that every nearing with identity is isomorphic to Mx(G) for some G and X [,
Theorem 14.3]. For more information on nearrings, see the books [, 9], and [10].

The notation used in this paper is standard. If X and Y are sets, we use X C Y to mean that “X is
a subset of Y. We use the notation X <Y to mean that “X and Y are groups and X is a subgroup
of Y”. If H < G we use H <1 G to mean that “H is a normal subgroup of G”.

2. An equivalence relation

The following equivalence relation is important in what follows. It helps to determine what the
images of elements of Mx(G) can be.

We let Rx denote the unique smallest equivalence relation on G which contains the relation 7' =
{(z,a(z)) | r € G, € X}. It follows that (z,y) € Rx if and only if for some positive integer n, there
exist go, g1, -5 9n—1,9n € G and oy, 1, ..., an, Bn € X so that x = go,y = g, and «;(gi—1) = 5i(gi)
fori =1,2...,n. It is clear that if X < Aut(G), then Rx must equal 7.

The next few definitions are important in determining the elements of Mx(G). Note the lemma.

Lemma 2.1. If f € Mx(G), z,y € G and xRxy, then f(x)Rx f(y).

Proof. Since xRxy, there exist gg,g1,...,9, € G and aq,51,...,qn, 8, € X so that x = gg,y = gn
and ai(gifl) = Bl(gl) for i = 1> 27 cees e It follows that f(ﬂ?) = f(g(])7 f(y) = f(gn) and al(f(glfl)) =
flai(gi—1)) = f(Bi(g:)) = Bi(f(gs)) for i =1,2,...,n. It follows that f(x)Rx f(y). O

Thus, the elements of Mx (G) must fix the equivalence classes of Rx. The next sequence of lemmas

is important in what follows.

Definition 2.2. We say that a subset P C G is a P-pointer set for X in G provided for all non-zero
g € G there is an x € P and 0 € X so that 0(z) = g.

Note that if we have X < Aut(G), we can pick a pointer set for X in G, by picking an element from

each Rx-equivalence class and indeed, in this case, all the pointer sets arise in this fashion.

Definition 2.3. Suppose that G is a group and X is a submonoid of
(End(G), o).
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(1) For all z € G, € X define
i) Lx(osz) :={f € X | a(z) = B(z)} and
i) Cx(as2) = {y € G | for all § € Lx(a;2) aly) = B)}.

(2) For all x € G,define Fx(z) :== ] Cx(o;x).
acX

Note that since Cx(a;z) < G for all z € G, we have that Fx(z) < G for all x € G. The next

lemma. shows the importance of the above definition.
Lemma 2.4. Suppose that f € Mx(G). Then, for all z € G, f(x) € Fx(x).

Proof. Suppose that o € X. We need to prove that for all z € G, f(z) € Cx(a;x). Thus, suppose
that 8 € L(a;x). Then, a(x) = B(x), and thus

a(f(x)) = f(a(z))
= f(B(z)) = B(f(x)).
Hence, f(z) € Cx(a;z) , as required. Thus, f(x) € Fx(x). O

A few comments are in order.
Lemma 2.5. If X CY are both submonoids of End(G), then for all x € G we have Fy(x) < Fx(x)

Proof. Since X C Y, it is clear that for all x € G,a € X we have Lx(a;2z) C Ly(a,x) and that
Cy(a;z) < Cx(a;x). Tt follows that Fy (z) < Fx(z). O

The next lemma is very useful.

Lemma 2.6. Suppose that X < Aut(G). Then for allxz € G, Fx(x)= () Cg(B).
BeCx (x)

Proof. Let o € X. Now

Lx(z)={B€ X | afz) = B(x)}
—{BeX|a'B(x) =1}
={peX|a'pelx(x)}
=aCx(z)

and Ox(o;z) = [} Cgla™!p). Soforallz € G
BealCx ()

Fx(z) = () Cx(a;)

acX

= [\ Cola'B

aeX BeaCx (x)

= ﬂ Ca(v),

v€Cx (x)

as required. O
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The next lemma considers the special case that X = Inn(G).
Lemma 2.7. Suppose that X = Inn(G). Then, Fx(x) = Z(Cg(x)) for all z € G.

Proof. From the above lemma we have that

Fx()= () Col(T)

TgeCx ()

= ﬂ C(g) which since z € Cg(x) is contained in Cg(z).

9€Ca(x)
It follows that Fx(z) = Z(Cg(z)). Since for every g € Cg(x) we have Z(Cg(x)) < Cg(g) and every
z € Fx(x) must commute with every g € Cq(z). O

If the pointer set for X in G is P = {z}, then the elements of Mx(G) depend only on the elements
of Fx(x). We want to extend this fact to be able to consider the cases where the X-pointer sets of G

have more points. The following definition is what is needed.

Definition 2.8. Suppose that G is a group and that X is a submonoid of (End(G), o).
(1) For all z1,22 € G, € X define
i) Lx(o;z1,22) :={B € X | afz1) = B(x2)} and
ii) Cx(a;x1,22} :={(y1,92) € Fx(x1) X Fx(x2) |
for all 8 € Lx(o;x1,22) we have a(y1) = 5(y2)}-

(2) For all z1,z9 € G define Fx(x1,x2) := (| Cx(a;z1,22).
aeX
(3) For all z1,z9,...,2,m € G we define Fx(x1,z2,...,2Tm) i=

{(e1,e2,. . sem) € Fx(x1) X Fx(x2) X -+ X Fx () | for all
1 <i<j<mwehave (¢,c;) € Fx(x;,xj)}.

Note that if there is no 8 € X so that B(x2) = a(x1), then Lx(a;x1,22) = () and we must have

Cx(o;x1,22) = Fx(z1) X Fx(22) = Fx(x1,x2). The next result is similar to Lemma 2.4.
Lemma 2.9. Suppose that f € Mx(G). Then, for all z1,xo, ... ,zm € G we have (f(x1), f(x2),..., f(zm))

S Fx($1,$27...,$m).

Proof. Suppose that for 1 <i < m x; € G, then by Lemma 2.4, f(x;) € Fx(z;). Now suppose that
1<i<j<m. If e Lla;z;,x))

as in Lemma 2.4 we have

= f(B(z;))
= B(f(z;))-
It follows that (f(x;), f(x;)) € Fx(o;xi, x;), as required O
The next result is a generalization of Betsch’s Theorem [9, Lemma 3.3].
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Theorem 2.10 (Generalization of Betsch’s Theorem). Suppose that P = {x1,x2,...,Zm} is an X-
pointer set for G. Then, for each (ci,ca,...,cm) € Fx(x1,22,...,2m), there is a unique f € Mx(G)
so that for all 1 <i<m, f(x;) = ¢.

Proof. (uniqueness) Suppose that f,g € Mx(G) and for each i = 1,2,...,m
f(zi) = ¢; = g(x;). Let z € G. Since P is an X-pointer set for G, there is an z € P and § € X so
that 0(zy) = z. It follows that

Thus, f = g, as required.
(existence) Suppose that (c1,co,...,cn) € Fx(z1,22,...,%y) and define a function f[e1,ca,...,cn] :
G — G by

0c  ifz=0g

0(cj) if O(z;) = z for some z; € P, € X.

fler,co, .o oyem](2) =

First, we need to show that f[ci,co,..., ¢ is well-defined. Thus, we suppose that there are

01,02 € X and z;,z; € P so that
01(x;) = ba2(x;5) = 2.

Now if i < j, as 01(z;) = 02(x;), we have 0 € Lx(61;x;,x;). Since (¢;,¢j) € Cx(61;xi, x;5), we must
have 01 (c;) = 62(c;), as required.

Similarly, if ¢ = j, then as 6;(z;) = 62(x;), we must have 0o € Lx(01,x;). Again since ¢; €
Cx (01;z;), we must have 01(¢;) = 02(c;), as required.

It follows that f[c1,c,. .., cp] is well-defined.

Next we want to show that f[ci,ca,...,¢n] € Mx(G). Thus, let 5 € X and z € G. Now pick a € X
so that a(zy) = 2 for some x € P. It follows that

fletsca, o eml(B(2)) = fler, ca, ..o em](B(alay)))
]

((Boa)(zy))
= (Boa)(ck) = Blaler)) = B(f(2))

:f[Cl,CQ7-..,Cm

and hence, flc1,co,...,cn] € Mx(G).
Since Idg € X and for i =1,2,...,m Idg(z;) = z; we have
fleiseay ..o em] (i) = Idg(e) = ¢, as required. O

Corollary 2.11. Let P be an X -pointer set for G. Then,

feMx(G) < f=[flf(x), f(z2),.... fxm)]

In particular
Mx(G) ={flei,cay. .. em] | (c1,¢2,...,cm) € Fx(x1,22,...,2m)}
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In the case that X < Aut(G) we pick an X-pointer set for G by picking exactly one element from
each Rxy-eqivalence class of GG, as was stated above Definition 2.3.

The next result is an application of the above result.
Theorem 2.12. Let E := End(G) where G = (x) x D and |x| = exp(G). Then, Mg(G) = (ldg).

Proof. 1t is easy to see that P = {x} is an E-pointer set for G. Thus, we only need to consider Fg(z).
Now Fg(x) > (x) so we can write Fg(z) = (x) x C where C = D N Fg(x).

If C' # {0¢}, pick Og # ¢ € C and define a € E by a(z) = z and o |p= 0g. Now Idg € Lg(o;x),
so since ¢ € Fg(z) we have 0g = a(c) = Idg(c) = c. It follows that Fg(x) = (z) and that
Mg(G) = (flz]) = (Idg), as required. O

Corollary 2.13. Let G be a finite abelian group, E = End(G) and suppose e = exp(G). Then,
Mg(G) = (ldg) = Z.

From the above corollary (Corollary 2.13) we see that Mg (Zig x Zs) is isomorphic to (Zio,+, )
which is a ring. Below we consider M4(Z1p X Z3) where A := Aut(Z19 X Zz). For convenience let
G =719 X Zso.

Since G has 12 elements of order 10 and 3 elements of order 2, it is easy to see that |Aut(G)| = 24.
One can map (1,0) to any element of order 10 and there are then two possible elements of order 2 to
map (0,1).

It is easy to see that P = {(1,0),(2,0),(5,0)} is an A-pointer set for G. Considering all the
possibilities one can see that F4((1,0)) = ((1,0)),

Fa((2,0) = ((2,0)), Fa((5,0)) = ((5,0)). It follows that
IMa(G)| =10-5-2 = 100.

Clearly, f[c1,c2,c3] 0 f[(1,0),(2,0),(5,0)] = flc1, c2, 3], s0
f1(1,0),(2,0), (5,0)] is a right identity for Mx(G). However,
f1(1,0),(2,0),(5,0)] o f[(4,0), (4,0),(0,0)] = f[(7,0), (4,0),(0,0)] so
f1(1,0),(2,0), (5,0)] is not an identity of M4(G).

Of course if I := Inn(G), then for x € G, we would have Fr(z) = G and M;(G) = {f : G — G |
f(0g) = 0g} which has order 10°.

3. Automorphic centralizer nearrings

This section is concerned mainly with automorphic centralizer nearrings. This is the case when we
have X < Aut(G). The next lemma is useful.

Lemma 3.1. Suppose X < Aut(G). If a € X, then Fx(a(z)) > o(Fx(x)).
Proof. Now
B € Cx(ax)) & Bla(z)) = a(z)
s alpalr) =2
& a1l fa e Ox(z)
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and
w € Co(a™Ba) & a~ Ba(w) = w
& Ba(w) = a(w)
& a(w) € Ca(p)
s wea(Calp))

It follows that a(Cg(a~!Ba)) = Cg(B). Hence, using Lemma 2.6

Fx(a@) =[] CalB)
BECK (a(x))

= (1 alCslaBa))

a~1BaeCx(x)

=a( (] Csla'Ba)

a~1BaceCx(x)
>a( (] Co(7) = a(Fx(x))
v€Cx ()
O

Now we want to specfically determine the elements of Mx(G). To begin we find elements of G,

{z1, 22, , 2z}, so that
G* = orbx(x1)U orbx (z2)U---U orbx(zy,).

Thus, we have a partition of the nonidentity elements of GG. Since
X < Aut(G), P = {z1,22,...,x,} is an X-pointer set for G.

Recall that by Corollary 2.11 Mx(G) = {f[c1,¢2,...,¢cn] | (c1,¢2,...,¢n) € Fx(x1,22,...,2n)}. (
We know that every element of Mx(G) must take Og to O¢.)

It is easy to see that
fler,co, -+ yen] + fldi,da, ..., dy] = flen +di, ... cn + dy]. Hence, (Mx(G),+) is an abelian group
provided Inn(G) < X < Aut(G) (See Lemma 2.7.).

Now we go back to Lemma 3.1. Let o € X and suppose that
x € orbx(x;), then a(x) € orbx(x;). It follows that in the definition of Fx[c1,co,- - ,¢y] we may
replace the “z;” by “a(x)” or by “z”. It then is easy to see that |Fx(«a(z))| = |Fx(x)|. Now using

Lemma 3.1 we see that
Lemma 3.2. Suppose that o € X < Aut(G), then Fx(a(z)) = a(Fx(x)).
Here are some examples.

Ezample 3.3. Let G = Z;, be an elementary abelian p-group of order p" and suppose that X = Aut(G).
Suppose that 1 # z € G. Then if G = (), Mx(G) = (z). Otherwise, for all y € G'\ (x), then we can
write G = (z) X (y) x E for some F < G. There is an o € X so that a(z) =z and a(y) =z +y # y.
It follows that y ¢ Mx (x). Since y was arbitrary, not in (x), it follows that Fx(x) = (x).
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It is clear that G* = orbx(z) and hence that, using the notation of Theorem 2.10, Mx(G) =
{fliz] | 0 <i < p} = Z,. The last equality is as rings.

Example 3.4. Let G = Qg = (z,y | * = 1,22 = y%,y~'owy = 2~ 1), the quaternion group of order 8.
a) Suppose X = Aut(G). In this case G* = orbx(z?)U orbx (), Fx(2?) = (2?), and Fx(x) =
(x). It follows that |[Mx(G)| = 8.
b) Suppose that X = Inn(G).
Now G* = orby(z%)U orbx(z)U orbx (y)U orbx (zy),
Fx(2?) = (2?), Fx(z) = (z), Fx(y) = (3), Fx(xy) = (xy). It follows that |Mx (G)| = 2-4-4-4 =
27 = 128.

Ezample 3.5. Suppose that G = S5, the symmetric group on {1,2,3,4,5}. In this case we let X =
Inn(G) = Aut(G). It follows from Lemma 2.7 that for each z € G, Fx(z) = Z(Cg(x)).

nos. X Ca(z) | Mx(G) = Z(Cg(x))
A (12) Zy x Ss Zs
B | (12)(34) Dg Zo
C | (123) |zsx2, Zs
D | (123)(45) | Z3 x Zo Zs
E | (1234) Z4 Z4
F | (2345 | zs Zs

We know that G* = orbx((12))U orbx ((12)(34))U orbx ((123))U
orbx ((123)(45))U orbx ((1234))U orbx ((12345)). It follows that
|Mx(S5)]=2-2-6-6-4-5=2880.

We will discuss this example more in the next section.

4. Ideals of centralizer nearrings

Supose that G is a group and X < Aut(G). Suppose that z1,z9,...7, € G and G* = orbx (1)U
orby(x2)U---U orbx(z,). We define a graph whose vertices are the set V' = {1,2,...,n} where
two distinct vertices ¢ and j are connected by an (undirected) edge provided that either Fx(z;) N
orbx (z;) # 0 or orbx(z;) N Fx(x;) # 0. Let E be the set of edges. The graph is (V, E). Now let
{C1,C4,...,C,} be the set of connected components of this graph.

Let C be a connected component of the graph V', above and define

IIC) = A{fle1,ca,...,cn] | (c1,¢2,. .. ) € Fx(x1,22,...,2p)
and for all i = 1,2,...,n we have ¢; = 0 provided i ¢ C}.
We claim that I[C] is an ideal of Mx(G).

Lemma 4.1. Suppose Inn(G) < X < Aul(G) and that C is a connected component of the graph
(V,E). Then, I[C] is an ideal of Mx(G).
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Proof. We need to verify the conditions for I[C] to be an ideal.

i) Since (Mx(G),+) is an abelian group, it is clear that
([C,+) € (Mx(G), +).

ii) Let g = flc1,c2,...,¢cn),h = fld1,da,...,d,] € Mx(G) and suppose that j = flei,ea,...,e,] €
I[C]. Now we let k = g(h + j) — gh. We need to show that k € I[C]. We do this by showing
that if ¢ ¢ C, then k(x;) = 0. So we have

k(zi) = (9(h +j) — gh)(z:)
g(h+j)(xi) — gh(:)
9((h+j)(xi)) — g(h(x;))

g(h(z;) + j(z:)) — g(h(z;))

g(h(z;) +0) — g(h(z;)) since i ¢ C
g(h(zi)) — g(h(x;)) =0

Thus, indeed k = g(h + j) — gh € I[C] whenever j € I[C],g,h € Mx(G).
iii) Suppose that k = jh where j = f[c1,¢2,...¢,] € I[C] and h = f[dy,dy, ..., dy] € Mx(G) and
suppose that i ¢ C.

[ Now d; € Fx(z;).
and d; € orby(x;) for some i’ € V.
Now, if i = i'. then ¢’ ¢ C and if i # i/,
then i and 4’
form an edge. Thus, in either case i’ ¢ C and so ]

= «(0) = 0 where a(xy) = d; for some a € X.

It follows that k € I[C] and hence, I[C]|Mx(G) < Mx(G).
It follows that I[C] is an ideal of Mx(G). O

Theorem 4.2. Suppose Inn(G) < X < Aut(G). Let (V,E) be the graph defined above and suppose
that {C1,Cy,...,C,} is the set of connected components of the graph (V, E). Then,

Mx(G) =I[Ci]|® I[Co) & --- & I[Cy].
Proof. The proof is clear. O

Here are a few facts. Suppose that G is a group, Inn(G) < X < Aut(G) and that (V) E) is the
graph as defined above.

DOL: https://doi.org/10.30504/jims.2022.362376.1074


https://doi.org/10.30504/jims.2022.362376.1074

20 J. Iranian Math. Soc. Vol. 3 No. 1 (2022) 11-21 G. L. Walls

i) If (V, E)) is not a connected graph, then Mx(G) is not a simple nearring. Indeed, it is decom-
posable as a direct sum of ideals.

ii) If G* = orbx(z), then all the nonidentity elements of G have the same order, which must be
a prime, and G must be abelian (Since the center is a characteristic subgroup of G.). It follows
that G is an elementary abelian p-group for some prime p. Now Example 3.3 implies that (in
this case ) if X = Aut(G), then My (G) is isomrphic to Z, which is a simple ring.

iii) Returning to Example 3.5, we can see that the connected components of the graph (V, E) are
{{A,D,C},{B,E},{F}}. Hence, we get

Mx(Ss) = I[A,D,C) & I|B, E] & I[F]

where I[A, D, C] is an ideal of order 2-6 -6 = 72, I[B, F] is an ideal of order 2 -4 = 8, and
I[F] is an ideal of order 5.

One final remark.

Lemma 4.3. Suppose that G is a finite group so that
(i) Inn(G) < X < Aut(G) and
(ii) There is x € G, so that |z| =p, p a prime and Cq(z) = (x)
Then, C' = orbx(z) is a connected component of the graph (V, E). In particular, if Mx(G) is a
stmple nearring, then G = (x) is a cyclic group of order p and Mx(G) = (Idg).

Proof. Suppose that y ¢ C and (y,z") is an edge. it follows that there is an a € X so that either
(i) a(y) € Fx(z*) or (ii) a(a?) € Fx(y).

In case (i) a(y) € Fx(z') < Z(Cg(z')) = (z). It follows that y € C, a contradiction.

In case (i) a(z?) € Fx(y) < Z(Ca(y)). Thus, y € Cg(2?) = Cg(x) = (z). Again this is a contradic-
tion.

It follows that C' is a connected component of the graph (V, E). The result follows. O
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