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THE »-TH RESIDUAL RELATIVE OPERATOR ENTROPY %[(A|B) AND THE
n-TH OPERATOR VALUED DIVERGENCE

H. TOHYAMA*, E. KAMEI AND M. WATANABE

ABSTRACT. We introduced the n-th residual relative operator entropy %LC"L (A|B) and showed its mono-
tone property, for example, R, (A|B) < Rl (A|B) < R (4|B) and RI.(A|B) < RIL(A|B) <
%Ln]y(A|B) for x <y if A < B ornisodd. The n-th residual relative operator entropy 9%&”1, (A|B) is
not symmetric on z and y, that is, R, (A|B) # RU'L(A|B) for n > 2 while RY, (A|B) = R4 B).
In this paper we compare %I, (A|B) with R, (A|B) and give the relations between R, (4| B) and the
n-th operator divergence AE’Q (A|B). In this process, we find another operator divergence ZEni(A|B)
which is similar to A[-TZ]C(A\B) but not the same.

K3

1. Introduction

Throughout this paper, the capital lettets A and B denote strictly positive operators on a Hilbert
space and Aty B = A%(A_%BA_%)tA% (t € R) is the path passing through A and B. For t € [0, 1],
it is an operator mean in the sense of Kubo and Ando [5] and is denoted by A t; B.

Fujii and Kamei [1] introduced the relative operator entropy as

S(A|B) = PH&W
e

= A2(log A" BA"2)As.

Communicated by Mohammad Sal Moslehian

MSC(2020): Primary: 47A63; Secondary: 47A64, 94A17.

Keywords: The n-th relative operator entropy; the n-th residual relative operator entropy; the n-th operator valued divergence.
Received: 16 September 2021, Accepted: 31 January 2022.

*Corresponding author

DOI: https://dx.doi.org/10.30504/jims.2022.305123.1039

71


http://jims.iranjournals.ir
http://en.ims.ir/
https://dx.doi.org/10.30504/jims.2022.305123.1039

72 J. Iranian Math. Soc. Vol. 2 No. 2 (2021) 71-79 H. Tohyama, E. Kamei and M. Watanabe

Furuta [2] generalized it to the generalized relative operator entropy as
d

S:(AIB) = = At B|  =(At, BJA'S(A1B).

t=x
Yanagi, Kuriyama and Furuichi [3] introduced the Tsallis relative operator entropy as

_ A B-A4A
xT

T.(A|B) = (x € R\{0}), To(AB) = S(AIB).

Among the above relative operator entropies we have inequalities as follows [3]:
(1.1) S(A|B) <T,(A|B) < Sy (A|B) < =T1_,(B|A) < S1(A|B) (x € (0,1)).
As differences between terms in (1.1), we defined operator valued divergences as follows:

A12(A|B) = T:(A|B) — S(A|B), A2.4(A|B) = S:(A|B) — To(A[B),

Aso(A[B) = =T1—2(B|A) — S3:(A[B), A4(A|B) = 51(A|B) + T1—2(B|A).
As a generalization of S(A|B) and T,(A|B), we introduced in [1] the n-th relative operator en-
tropy S (A|B), the n-th generalized relative operator entropy sl (A|B) and the n-th Tsallis relative
operator entropy T;,En}(A\B) as follows:

SU(AIB) = S AATS(AIB))", SPUAIB) = (4 5, BIATSY(A[B),
T (A|B) = T,,(A|B) and

7" U(A|B) — Sl-U(A|B)

. (z #0), T"(AIB)=SI(AB) forn>2.

T(A|B) =

Among them we have the following inequalities as (1.1) [1]: For z € [0, 1]
SM(A|B) < TI(A|B) < s (A|1B) < T" (B|A) < S (A|B) for nis odd or A < B,
2 SM(A|B) > TI"(A|B) > SI(AIB) > T (B|A) > SI(A|B) for n is even and A > B.
Moreover we generalized S (A|B), sl (A|B) and Tin}(A\B) to the n-th residual relative operator
entropy D%LEHL(A\B) in [7] as follows:
S)%gc”]y(A|B) = A2l (A_%BA_%,ZC, y)A% for z,y € R,

where

1 n 1
(a2, y) = ((:g_“l)), /0 (1 — )" La@=v+tags (g > 0).

We remark that R (A|B) = SI(4|B), RL(A|B) = SIY(A|B) and R} (A|B) = TI'(A|B) and

have the following theorems.

Theorem 1.1. ([7, Theorem 2.2]) Let A and B be strictly positive operators, n € N and x, y € R.
Then

(a) 9‘{?] (A|B) is monotone increasing for each x and y if n is odd or A < B,

)

DOI: https://dx.doi.org/10.30504/jims.2022.305123.1039


https://dx.doi.org/10.30504/jims.2022.305123.1039

J. Iranian Math. Soc. Vol. 2 No. 2 (2021) 71-79 H. Tohyama, E. Kamei and M. Watanabe 73

(b) mﬁfﬂ (A|B) is monotone decreasing for each x and y if n is even and A > B.

Theorem 1.2. ([7, Theorem 2.4]) Let A and B be strictly positive operators, n € N and r, s, z,
y € R. Then

%LZL(A br B’A s B) =(s— r)nm%ll]f:c)Hxs,(lfy)rers(A‘B>-

Theorem 1.3. ([7, Theorem 2.8]) Let A and B be strictly positive operators, n € N and t, x, y € R.
Then
(4 1 B)AT'RE(A1B) = R, 1, (A|B)

We know i)‘ig[,;l]y(A]B) = ﬂ%z[,l]x(A\B) but %EZLL(A]B) does not equal %L"L(A[B) for n > 2 in general, so
we compare %&nL(A\B) with %Z[In]x(A]B) and estimate the difference 9%&";,(A|B) = f)‘ignulc(A|B) in some
cases in Section 2. In Section 3 we show a relation between E)‘{LCHL (A|B) and Ayﬂ (A|B) which is defined

in [6]. We also introduce the new n-th operator valued divergences and compare them with A% (A|B).

2. Relation between ER?L(A|B) and f)‘iz[,nl;(A|B)

In this section, we investigate relations between %&"}y (A|B) and %L%(A\B) We begin with the next

lemma.

Lemma 2.1. Let ¢, k >0, n € N and g be a continuous odd function. If g(t) <0 fort >0 then

/k (c—1t)"g(t)dt > 0.
—k

k

If moreover g(t) < 0 for some interval in [0, k|, then / (c—1t)"g(t)dt > 0.
—k

Proof. Since

(c— )" = Z(_l)z‘ ( ” ) i Z ( " )Cn—iti _ Z ( ” )Cn—iti’

1

=0 :even i:odd
we have
/ (c—t)"g(tydt= > [ c“/ tgtydt— > | c“/ tg(t)dt
—k ieven \ ¢ —k iodd \ ¢ —k
n . k-
=-2> | c’”/ tig(t)dt > 0.
iodd \ * 0
The second assertion is clear. O

First we show the next result concerning the corresponding function ¥["(a, z,7) to 9‘{%, (A|B).

Proposition 2.2. Let a,z,y € R with z <y and n € N.
(a) Ifa>1 orn is odd, then O (a,z,y) — WM (a,y,z) > 0.
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(b) If0<a<1 andn is even, then UM (a,z,y) — UM (a,y, ) <0

n 1
&O . a1)>' =t tat= s, e have
sy

loga)® [! _ _ " e
O R e M il (e I

Proof. Since " (a,z,y)

(by putting s = ¢ — %)
1_

n 1 n—1
_ élog al))' /2 <; B S) (a(;_s)y+(%+s)m e s)z—&—(%—l—s)y) ds
n — L)1
2

n Lzt 1 n—1
(log((;’)_a;)(' y) /21 (; — 8) (a(ﬂ?—y)s — a(y—$)8) ds.

2

Since g(s) = al®¥s — aW=2)% is a odd function and furthermore, g(s) < 0 if @ > 1 and g(s) > 0 if
0 <a <1, we have

and

N

1 n—1
- _ (z—y)s _ ,(y—x)s < i <
/—§<2 s) (a a )ds_() if0<a<l1

for n > 2 by Lemma 2.1, and therefore, we have

\D[”](a,x,y) — \I/["](a, y,z) >0 if a>1ornisodd,

Ul (a, z,y) — M (a,y,2) <0

if 0 <a<1andnis even.
It is clear that W (a, z,y) — W (a,y,z) = 0.

O
We give a condition for f)‘i[xn:]y(A\B) = %LnL(A]B)
Theorem 2.3. Let A and B be strictly positive operators, n € N withn > 2 and x, y € R with z # y.
Then the following hold:

y7a:‘

R (A|B) =RnI"(AB) off A=B.

Proof. 1t suffices to show that \I/[”}(a,x,y) — \I/["](a,y,x) = 0 if and only if a = 1. By the proof of
Proposition 2.2, we have

ngz(@+y)
\I’[n](aﬂ?’y) — \I’[n}(aj Y, .13) — (loga) az /

1 n—1
2 (1
SR i (z—y)s _ ,(y—2)s
(n— 1) s (2 s> (a a ) ds.

If a = 1 then the above difference equals 0. On the contrary, assume a # 1. Then alz=v)s _qlv=2)s 5
on (—3,3)or a@=v)s _qW=2)s < gon (1,1

—35,5). By Lemma 2.1, we obtain Ul (a,z,y)— UM (a,y,2) #£0
sincen —1>1.

O
Proposition 2.2 implies the next theorem immediately.
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Theorem 2.4. Let A and B be strictly positive operators, x < y and n € N. Then the following

inequalities hold:

(a) If A< B ormn is odd then
0 <R (AIB) - RIL(A[B).
(b) If A> B and n is even then
0> R (A1B) — WL (4|B).
Remark 2.5. Tt holds that Ry (A|B) = RIL(A|B).
The monotone property of 9%%, (A|B) implies the next theorem which estimate the other side of the
difference R, (A|B) — RI'L(A|B).

Theorem 2.6. Let A and B be strictly positive operators, o, € R with o < f and n € N. Then the
following inequalities hold for x, y € R with o < x,y < f:

(a) If A< B ormn is odd then
R (A]B) ~ RPL(A[B) < 97, (A|B) — R (A|B).
(b) If A> B and n is even then

R (A|B) — Rl (A|B) > mgf]ﬁ(A\B) — R0 (4]B).

3. Applications of Q{L;n] A|B) to the n-th operator divergences
7y

We defined in [6] the n-th operator valued divergences A%(/HB ) for i =1, 2, 3, 4 as follows:

A AIB) = (A4 B)AT 2 (AIB),  ALL(AIB) = —(A4, B)AT 21" (A|B),
ASL(AIB) = (A4, BYAT 9" (AIB), A[L(AIB)=—(A 5 B)AT 9, (A]B),
where 21" (A|B) = e (A|B) — S (A|B). Among them A[lni(A|B) and AE@(A|B) are the differences
between the n-th relative operator entropies in (1.2), that is,
Al"(AIB) = T (A|B) — SP(A|B) and  AYL(4]B) = S{"(A|B) - (-1)"T}"(B|A),
however,
AV (AIB) # SEN(AIB) — TI(A|B) and  AJL(A|B) # (—1)"T)" (B|A) — SYN(A|B) for n>2

while A} (A|B) = S,(A|B) — T,(A|B) and Al (A|B) = ~Ti_,(B|A) — S,(A|B).

First we show that all of AE@(A[B) are the differences between the n-th residual relative operator
entropy DQEZL(A\B) which is a generalization of sl (A|B) and e (A|B).
Theorem 3.1. Let A and B be strictly positive operators, n € N and x € R. Then the following
equalities hold:
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(a) Al(A|B) =RU(A|B) — R~ (AIB) = TV (A|B) — SI(AB).

(b) ALL(AB) = RIL(AIB) - R (A|B).

(¢) Al(aB) =xl(AB) - RIL(4]B).

(d) allaB) =w(A1B) - R (A1B) = s7(41B) — (—1)r 1", (BA).

Proof. (a) is trivial. We have (b) ~ (d) by Theorem 1.3 as follows:
(b) ASY(AB) = (A b, B)AT' I (AIB) = —(A 5, B)A™ (% 4(A1B) — R{}(4]B))
= ~R[L(AIB) + REL(AIB).

() ALLAIB) = (A5, B)AT' [, (AIB) = (4 5, BYA™! (R, ,(A1B) — R{}(4|B))

= 9/'}(A[B) - Ri%(A|B).
(@) AlL(AIB) = —(4 5 B)ATLZ (AIB) = —(A 1 B)A™ (UL, 4(A]B) - R{{(4]B))

= R (4|B) + R (4]B). 0
We showed in [7] that for a € [0, 1],

(al) R (A|B) < R (AIB) < Rl (A|B) <RI (AIB) < R (A|B)

(a2) RN (AIB) < R (A]B) < R (4|B) < 2 (AIB) < R (4|B)
if nis odd or A < B and

(b1) R (A|B) > R (A|B) > R, (4]B) > R (41B) > R[] (4]B)

(h2) R (A|B) > R (4|B) = R, (41B) > R (4B) > R[] (4]B)
if n is even and A > B.

There are eight differences of two terms next to each other in the above inequalities (al) and (a2)
(or (bl) and (b2)). The n-th operator valued divergences A[n] (A|B) (1=1, 2 3, 4) are the four of
them. We denote the rest of them by A (A\B) [n] =(A|B), A (A]B) and A (A]B) as follows and
compare them with Agn:l (A|B).

Definition 3.2. Let A and B be strictly positive operators, n € N and x € R.
(a) ATL(AIB) = RyL(AB) - Ry(A|B).

) AyL(AB) = REL(AIB) - R (4]B).

(c) ZQ7L<A|B> = "} (4B) - R (4] B).

) ) =9y

= "} (A|B) - R[',(A[B).

) )
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We know immediately that
ATL(AIB) ~ AL (AB) = ALL(AIB) ~ A (A|B)
and
AJL(AIB) — AYL(AB) = AL (AB) — B[, (A1B).
By the results in Section 2 we obtain the orders between A (A|B) and A (A|B).

Proposition 3.3. Let A and B be strictly positive operators andn € N. Then the following inequalities

hold:
(a) If A< B orn is odd then
Al AB) > AT (AIB) forz <0, Al'(A|B) < A[L(A[B) for x>0,
[ (AIB) > Ay (AIB) forw <0, All(AIB) < ALL(AB) for x>0,
M (AIB) < AyL(AIB) fora <1, All(A|B) > AW( A|B) forz > 1,
M (AIB) < AYL(AIB) forz <1, Al

(b) If A> B and n is even then

(A|B) > A (A|B) for x > 1.

Al (aB) < AYL(AIB) forz <0, All(aB) = A (A|B) forx >0,

lx

Aé"i(AIB) < Z[znl:(A’B) for <0, A (AB)> Al 5.2(A|B) for x >0,

[n]

2.z
ALLAIB) = BEL(AIB) forw <1, AL(AB) < A[’” HAIB) fora > 1,
AL (AIB) 2 BL(AIB) forw <1, A[L(AIB) < AUL(A[B) for x> 1,
We have relations similar to Theorem 3.5 in [] concerning A (A|B) we defined above.

Theorem 3.4. Let A and B be strictly positive operators, n € N and r, s, x € R. Then the following
hold:

(a) AYLAL BlA g, B) = (s —r)"(A 4 BIATAL_, (AB).

(b) AYL(A L BlA 4y B) = —(s = 1)"(A §u_ayrsas BIATALL (), (AIB).
(¢) By%(Aty BIAL; B) = (s — 1)(A bu—syrras B)A D1ty 1_ny(AlB).
(d) BYL(A L BlA s B)= (s —r)"(A 5, AR, ), 1)(AIB).

Proof. By Theorem 1.2 and Theorem 1.3, we have
(a) AU%(A 1, BIA 5, B) = R(%(A 4, BIAt, B)—R(}(A b BlA b, B)

=<s—r>( s (AIB) = %HA\B))
= (s—r)"(A 5 B)AT (K], (AIB) - R{}(A]B)

= (s —r)"(A t, B)A~ 25,2 L(A]B).
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(b) Ayl(Atb, BlAt, B)=%IL(Ay, BlAy, B) - R (AL, BlA Y, B)
= (S o T)n (ﬁgrll]fx)r+xs,(17m)r+zs(A’B) El} z)rtas, T'(A‘B))
= (s = ) (A b ayrras BYATH (R (A1B) - R(4]B))

)

_(8 - r)n(A u(l—x)r-i-:cs )A 1A[n] —(s— r)x(A|B)

[n]
(lfx)r+xss(A|B) 9{(1 z)r+ws,(1— as)r+xs(A’B))
= (5= )" bty ns BYAT (R 1oy (AIB) = RG4(415)

= (5 = )™(A b1 _ayrras BYATALL (o) (AB).

(c) AyL(At, BlAg, By=RU" (A, BlA, By -4, BlAt, B)
=(s—r)" <9‘{[n]

(d) Ayl(Ay, BlAy, By=%0"(At, BlAg, B)-Rl" (AL, BlAt, B)

A\B))

= (s—71)" (mLﬂ(A\B) —ol

= —(s—r)"(A BYATL (R (AIB) - REL(AIB))
~(s = 1)"(A B BYATAT 0 1) (AlB). 0

Corollary 3.5. Let A and B be strictly positive operators, n € N and x € R. Then the following
relations hold:

(a) By%(A|B) = —(A 4, B)A"'A" (A|B).

(b) A ["] (AIB) = (A b, B)AT'A"|_(A|B).

() A ["] (AIB) = —BAT'AY,_,(AIB).

This corollary shows that A, (A|B) have similar formulations to the definition of Al"l(A|B).
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