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THE FIRST EIGENVALUE OF (p,q)-ELLIPTIC QUASILINEAR SYSTEM ALONG
THE RICCI FLOW

S. AZAMI AND M. HABIBI VOSTA KOLAET"

ABSTRACT. In this paper we investigate the monotonicity of the first eigenvalue of (p, ¢)-elliptic quasi-
linear systems along the Ricci flow in both normalized and unnormalized conditions. In particular, we

study the eigenvalue problem for this system in the case of Bianchi classes for 3-homogeneous manifolds.

1. Introduction

Studying the eigenvalues of geometric operators is a hot topic in studying Riemannian manifolds.
It is already known that the spectrum of Laplacian and p-Laplacian on a compact Riemannian man-
ifold M encodes important geometric information. For estimates of the spectrum of other geometric
quantities of M, see [7,8].
Recently, there is an increasing interest in studying flows, including the heat flow and Ricci flow
(see [11,15]) as well as the mean curvature flow (for example see [9]).
Generally solving the geometric flow equations are too difficult due to their nonlinearity. The short
time existence of solutions is obtained by the parabolic or hyperbolic nature of the equations.
The Ricci flow was first introduced in Physics by Friedan [10] in a context of string theory and later
by Hamilton [17] in Mathematics.

Let M be a manifold with a Riemannian metric gg, the family g(¢) of Riemannian metrics on M is
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called an unnormalized Ricci flow when it satisfies the equations

(1.1) £0(t) = ~2Ric (9(1)

with the initial condition ¢g(0) = go where Ric is the Ricci tensor of g(t).

Also one may consider the normalized Ricci flow as

. 2r
(1.2) =79(t) = —2Ric(g(t)) + —g, 9(0) = go,
ot n
where r = % is the average of the scalar curvature.
M
The existence and uniqueness of the solution of this flow is proved by Hamilton in [17] and De Turk
in [14]. Now consider g(¢) as a solution of the Ricci flow (1.1), and aply the normalization to get

B t
a0 = (t)g(t), 7= /0 b(v)dv,

where i%—f = 2 and r is as in (1.2). In this case g(£) is the solution of the normalized Ricci flow (1.2).

A functional F (g) of Riemannian metrics g is said to be monotonic under the Ricci flow if F (g (¢)) is
nondecreasing in ¢ whenever ¢ (.) is a Ricci flow solution.

Monotonic quantities are an important tool for understanding Ricci flow. In particular, formally
thinking of Ricci flow as a flow on the space of metrics, one way to get monotonic quantity is to think
of Ricci flow as the gradient flow of a functional F.

The functional F was introduced by Perelman in [23] for smooth function f and metric g as

Flg.f) = /M (R+|VF2) e du,

whose gradient flow differs from the Ricci flow by the action of diffeomorphisms. If g (.) satisfies the
Ricci flow equation and e~/ satisfies the conjugate or backward heat equation in terms of g (.), then
F(g(t), f(t)) is nondecreasing in t. Furthermore, it is constant in ¢ if and only if g (.) is a gradient
steady soliton with associated function f. Minimizing F (g, f) over all functions f with [ M e fdu=1
gives the monotonic quantity A\; (g), which turns out to be the lowest eigenvalue of —4A + R. Later
Cao in [1] improved Perelman’s results for the first eigenvalue of the operator —4A + cR where ¢ > 1.
Although the Ricci flow was introduced by Hamilton for the first time it was Perelman’s outstanding
view of the first eigenvalue of the operator —4A + R which resulted in the current interests in Ricci

flow.

2. Priliminaries and (p, ¢)-elliptic system

Consider M as a compact Riemannian manifold and let u : M — R be a smooth function on M.

The p-Laplacian of u for 1 < p < oo is defined as

Apu = div(|Vu|P~2Vu)
= |VulP2Au+ (p — 2)|VulP~*(Hess u)(Vu, Vu),
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where

(Hessu) (X,Y) =V (Vu) (X,Y)
= X.(Yu) - (VxY)u X,Y €y (M).

Now let (M™, g) be a closed Riemannian manifold. In this paper we are going to study the (p, g)-elliptic

quasilinear system
—Apu = uulP~? + Nul*v|fv  in M,
(2.1) —Av = |92 + Mul|®v]Pu in M,
u=v=0 on OM,
where p > 1, ¢ > 1 and «, 8 are real numbers such that
a+1 +1
S
q
In this situation \ is called an eigenvalue of system (2.1) and (u,v) are eigenfunctions corresponding
to A.
The first nonzero eigenvalue of the (p, g)-elliptic quasilinear system (2.1) is defined as

1
A = inf (T / Vu \”du+5+ / Voltdu: A= 1),

1 1
A:/ ]u!a+l|v\6+ldu+a+/ yu\de“/ o7y,
M p M q M

the special case of the system (2.1) as

a>0,6>0, =1.

where

Apu = —Au|*[v]Pv  in M,
Ao = —Aul[*w|’u  in M,
u=v=0 on OM,

was studied before, for example in [2].
In monotonicity for the first eigenvalue of the system (2.1), it is important to make sure about the
differentiability of the eigenvalue function. For this purpose we apply techniques of Cao and Wang
in [1] and [25]. Let to € [0,T), (up,vo) = (u(ty),v(to)) be the eigenfunctions for the eigenvalue A(t)
of (p, q)-elliptic quasilinear system (2.1). We consider the smooth functions as

1) = (95OLY ) (0

detgi;(to)] det[gij(to)]

along the Ricci flow. Now let

My = 18
Gr Ga

where u(t) and v(t) are smooth functions under the Ricci flow,
a+1 B+1
G = / ROP PR+ [ o Paes T [ s,
p M q M
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and satisfy the equality

1 1
(2:2) [l s 2 [ s 2 o=
M p M q M
At time tg, (u(to),v(to)) is the eigenfunctions for \(¢p) of (p, ¢)-elliptic quasilinear system (2.1), and
)\(’LL, v, to) = )\(to),

for which we are going to give an evolution formula.
If (M™,g(t)) is a solution of the Ricci flow (1.1) on the smooth manifold (M™, go) in the interval [0, T")

then we may write the eigenvalue function A(u,v,t) as below

1 1
(2.3) AMu,v,t) = at / |VulPdp + M/ |Vo|tdp,
p M q M
where u and v satisfy in (2.2).
N. Zographopoulos in [27] has discussed existence and uniqueness of solution of the (p,q)-elliptic

quasilinear system (2.1). This type of systems appear in different cases in Physics. For example in the
study of transport of electron temperature in a confined plasma and in the study of electromagnetic
phenomena in nonhomogeneous super conductors, see [3,13]. For more details in electrochemistry and
nuclear reaction, see [10] or [12].

Let us recall some results on the monotonic quantities of the first eigenvalue of systems including

geometric operators.

Theorem 2.1 (Wu et al, [20]). Let g(t), t € [0,T), be a solution of the Ricci flow on a closed
manifold M"™ and A, (t) be the first eigenvalue of the p-Laplace operator (p > 1) of g(t). If there

exrists a non-negative constant € such that
R
Ri; — i > —€Gij,
and
R > pe,
then A1, (t) is strictly increasing and differentiable almost everywhere along the Ricci flow on [0,T).

Theorem 2.2 (Azami [2]). Let (M™,g(t)) be a solution of the unnormalized mean curvature flow
on the smooth closed manifold (M™, gy) and X(t) be the evolution of the first eigenvalue under the
mean curvature flow. Let n < k = min{p, q}. At the initial time t = 0, if H > 0, and there exists a
non-negative constant € such that
hij > eHg;; and = <e< l,
k n
then X (t) is nondecreasing under the unnormalized mean curvature flow.
For more results along this line, we refer the reader to [I,20,21,24]. In this paper, we are going to
improve the above results for the first eigenvalue of the system (2.1) under the Ricci flow. As a quick

review, we list our main results as follows:
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Theorem 2.3. Let (M, g(t)), t € [0,T) be a solution of the unnormalized Ricci flow (1.1), on a smooth
closed Riemannian manifold (M™, go) with nonnegative scalar curvature such that R;; — yRgi; > 0
where v > % and also p > q. If A(t) denotes the evolution of the first eigenvalue of (p,q)-elliptic

quasilinear system (2.1), then

1

is increasing along the unnormalized Ricci flow, where ¢ =

Remark 2.4. Consider (M3,g(t)), t €10, T) as a solution of the Ricci flow (1.1) on a closed Rie-
mannian manifold (M3,gg). If there ewist constant € such that eRg;; < R;j where 0 < € < % at time
t =0 on M, then this inequality is preserved by the flow (1.1) on [0,T). Therefore, if Ricci curvature
of (M3,go) 1s positive then the result of Theorem 2.3 holds for (M3,g(t)) with theorem’s assumption.

Theorem 2.5. Consider (M, g(t)), t € [0,T) as a solution of the normalized Ricci flow (1.2), on a
smooth closed Riemannian manifold (M", go) with nonnegative scalar curvature such that R;j—yRg;; >
0 where v > % and also p > q. If A(t) denotes the evolution of the first eigenvalue of (p,q)-elliptic

quasilinear system (2.1), then

ray —I¢ %<7+q;1>
At)en (2Rmm(0)e R (r — 2Rmm(0)))
is increasing along the normalized Ricci flow.

Theorem 2.6. Let (M, g(t)), t € [0,T) be a solution of the Ricci flow (1.1) on a compact Riemannian
manifold (M™, go). If A(t) denotes the first positive eigenvalue of the (p,q)-elliptic quasilinear system
(2.1) and

= [ wuPrtdus [l
M M
+/ 2|ulP~ 2wl v Puvdp < oo
M
then A(t) — oo in finite time where R;; — yRg;; > 0 in M x [0,T") and ~y is a positive real constant.

Theorem 2.7. Consider (M,g(t)), t € [0,T) as a solution of the normalized Ricci flow (1.2), on
a smooth closed oriented Riemannian manifold (Mz,go), and also p > q > 2. If A(t) denotes the
evolution of the first eigenvalue of (p, q)-elliptic quasilinear system (2.1) then

e If R <0 then
A)el—(BH)rt+ e
is nondecreasing along the normalized Ricci flow (1.2), and
A(t)elm(GHR)rt=frery

is nonincreasing along the normalized Ricci flow (1.2), where ¢ is real constant.
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e If R >0 then

qc ’Ft qr t}

A(t)etzr
is nondecreasing along the normalized Ricci flow (1.2), and

Aty (BB

is nonincreasing along the normalized Ricci flow (1.2), where ¢ is real constant.

3. Monotonicity and evolution formulas

In this section we prove the main results of this paper. First of all we are going to give evolution

formulas in both normal and unnormal cases for the first eigenvalue of (p, ¢)-elliptic quasilinear system

(2.1).

Proposition 3.1. Let (M, g(t)) be a solution of the unnormalized Ricci flow (1.1) on a smooth closed
Riemannian manifold (M™,go). If A(t) denotes the first eigenvalue of the (p,q)-elliptic quasilinear

system (2.1) then

d o a+1
Mol = M) [ RiuploPuvdi+ “Aw0) [ Rlald
p M
B +1 q . p—2
+ T)\(to) Rv|%dp+ (o + 1) ch (Vu, Vu) |VulP*dpu
M
. _9 a+1
+(B+1) | Ric(Vov,Vou)|Vo|T*du — R]Vu|pd,u
M

_p+1

/ RIVo|%dp.
q M

Proof. As mentioned before, A(u, v, t) is differentiable, so differentiating the formula (2.3) with respect

to the time variable ¢, we get

da a+1 i k0 -
(3.1) N0 )=ty = —5 [/M{ 979 at(gm)v uViu+2 < Vaug, Vu > }\Vu] d,u,}
a _ giigh2 vV q—2
+ 2[/1\4{ 9-9 a(glk)vﬂ)vjv +2 <V, Vo > }|Vv\ dﬂ}
a+1 p dg
/ Vel ”g(at)d“}

a—i—l q 1 dg
22wt Gty Gdn].

where u; = 8t Also differentiating both sides of normalization condition

a+1 +1
/ o Puvdp + 2L / fuppdp + 21 / olfdu = 1,
M p M q M
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we have
0 :% / |u|®|v[Puvdp + a—i—l/ lulPdp + ﬂ—i_l/ ]v]qdu]
(a+1) / | v|Puy. vdu—i—/ u|*|v]Puv (1157“9 <g§>> du
+ B+ [l P wduc+ @+ 1) [ uds
+(B+1) / |9 20 vpdp + ;—1 ., |ul? <1trg (g‘;])) du
+ BQH/M lv|? <1trg <?)§>> du,
thus

(o + 1)/ |u|*[v|Pusvdp + (6 + 1)/ || o) Puvedp
M M

+ (a4 1)/ luP~2uudp + (B + 1)/ [v|92v.vpdp
M M

1 1
:/ R|u!a|v\ﬁuvd,u+a+/ R|u]pd,u+ﬁ+/ R|v|%d .
M P Jm q M

Multiplying both sides of the (p, ¢)-elliptic quasilinear system (2.1) by u; and v; respectively we get

(o + 1)/ < Vug, Vu > |VulP~2dp + (B + 1)/ < Vo, Vo > V|7 2dp
M M

1
— Alto) / R|U|a|v|ﬂuvdﬂ+a;r>\(to) / RluPdu
M

+1
+’6)\(t0)/ Rlv|%dp.
q M

Now aplying the Ricci flow equation into (3.1), we get the resul. O

Similarly in the case of normalized Ricci flow (1.2) we have

Proposition 3.2. Let (M, g(t)) be a solution of the normalized Ricci flow (1.2) on a smooth closed
Riemannian manifold (M",go). If A(t) denotes the first eigenvalue of the (p,q)-elliptic quasilinear
system (2.1) then

d o a+1
a)\(u U, t)|t=t, = )\(to)/ Rlu|“|v[Puvdp + )\(to)/ R|ulPdu
p M
B+1 q . p—2
+——A(to) [ Rlv|%dp+ (a+1) [ Ric(Vu,Vu)|VulP™*du
q M M
. _9 o+ 1
+(B+41) | Ric(Vv,Vv)|Vou|T*du — R|VulPdu
M M

1 1
—6—1—/ R|Vvlldu + ot 7‘/ |VulPdu
q M n M

1
+ b+ 1"/ |Volldp.
n M
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Proof. Similar to Proposition 3.1, by replacing the normalized Ricci flow equation (1.2) into the

formula (3.1) we get what we want. O
Now we are ready to prove our main theorems.

Proof of theorem 2.3. By Proposition 3.1 since R;; — yRg;; > 0 we have
d 1
Mol > M) [ R loPuvdp+ “T2Aw0) [ Rlala
p M

+1 1
+ Bk(to)/ Rlv|%dp + (o + 1) (fy - ) / |VulP Rdp
q M b/ Jm
and since p > q we get

LB+ (v - ;) | voltra
d

EN 0, 1)ty > )\(to)/ Rlul® o) uvdy
4 M
atl p p+1 q
+ Ato) | RlulPdu + 7/\(t0) Rlv|%dpu
p M M

1 1 1
s(r-2) [ |Vu|deu+ﬁi [ velRay).
q p M q M

Evolution of the scalar curvature R under the Ricci flow (1.1) is
OR

a5 = = AR + 2|Ric)?,
where by |Ric|? > L R? we get
OR
> AR R2
ot *
Since the solution to the ODE % = %y is
1
t) = ,
y(t) c_ 24

where ¢ = Rmiln ) is a real constant and y(0) < R(z,0), then the maximum principle yields

y(t) < R(z,t).

This implies that

d -1
A0l > (34 ) o))

and so, in any sufficiently small neighborhood of ¢y as I we get 4\(u,v,t) > (’y + %) Mu, v, t)y(t),
for any t; sufficiently close to ty where [t1,t9] C I,

(3.2) AMu,v,t0) = Ato),  Au,v,t1) > A(t1),
and
)\(to) n < q-— 1) c— 2t
l Ly o < nt
n)\( ) 2\ q e 2t
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since the function In is increasing and tg is arbitrary, this implies what we are looking for. U

Proof of Theorem 2.5. Similar to the proof of Theorem 2.3, consider the evolution formula of R as

0 T
tR R+ ’R'LC’ nR,

where by |Ric|? > L R? we have

O ps>ar+2r_"R,
ot n n

since the solution to the ODE % = %yQ — -y is

w01 = (24 (i - ) )

Now since R;; —vRg;; > 0, p > ¢ by the maximum principle we get

d -1
ﬁ)\(u,v,tﬂt =ty > (’7 + qq> y(to)A(to) + %])\(to).

As above in any sufficiently small neighborhood of ty as I we get %)\(u, v, t) > (’y + %) AMu, v, t)y(t)+
Au,v,t)2L, for t; sufficiently close to tg where [ty,to] C I, and
(33) )\(’U,, v, to) = )\(to), )\(’LL, v, tl) Z )\(751).

Now by integrating from both sides we get

rqy u %(7-5-%)
M) € (2Bomin ()50 + (1 = 2Ry0in(0)) )
At) =, v 2(v+2)’
¢ (2Rynin(0)e R0 +(7»—2R,m-n(o)))2<7 “)
and since is arbitrary we get the result. O

Proof of Theorem 2.6. Consider M as a compact Riemannian manifold, we recall the p-Reilly

formula as
/ [(Apu)2 — |Vu|*’~4|Hess uli]dp = / |Vu|*’ " Ric (Vu, Vu) du,
M M

where u is smooth function and

p—2|V|Vul?ul> p—4< Vu,V|Vu|? >2

|Hessu|} = |Hessul|* +

2 |Vul? 4 |Vult
We also have
1 1
A4 =4 g 2> 2 (Au)? > —— (Ayu)P
(3.9 Vaf | Hessul}y > — (Apu) > —— (A,

and
—Apu = MululP~2 4+ Nu|*|v|Pv,
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thus
/ (Apu)? dp = /\2/ u2]u\2p_4d,u,+)\2/ |u|?*|v| v dp
M M M
+)\2/ 2u|ulP~2|ul*|v|Pvdpu.
M
Now consider
I —/ u2\u]2p_4du+/ |u|?*|v| v dp —|—/ 2)ulP~2|u|®|v|Puvdp.
M M M
Then by the inequality (3.4) we have
1
/M \Vu|?~4|Hess u|4dp — m)\QI >0,
which finally implies that
Aju)? — |Vu|?P~4 H 21dp < | -2 ) a2,
[ l@? = vl eaaufi]dn < (5

where by Reilly formula we get

n
n—+1

AT

/ |Vu|*~1Ric (Vu, Vu) dp <
M
Since R;; — vRg;; > 0 we obtain

n —
m)\QI > ’}//M |Vu|2p 4Rgijviuvjudu

=v/'mvm%2mt
M

> Y Rmin(t) / \Vu|*P~2dpu.
M
The manifold M is compact and [, [Vu|*’~2dy is positive; since Rynin(t) — 0o we have
A(t) — +o0,
as t — T'. This completes the proof. OJ

Theorem 2.7, recall that on surfaces we have the following bounds for the scalar curvature R along

the normalized Ricci flow

o If r < 0 then
r—ce < R<r+cet.

e If r =0 then

<R<ec.
1+ect = —

e If r > 0 then

—ce"™ < R<r+ce.

Where c is real constant, by this classification and R;; = %Rgij which holds on 2-surfaces, the proof

is based on some calculations.
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Proof of Theorem 2.7. By Proposition 3.2 for p > ¢ > 2 we get

d o a+1
(w0, D)ty = Alto) / ) / RlulPdy

at
1 1
+ﬁix (to) / R|v\qdu+(§—1 s /R[Vu\pdu

1 1
+(g—1)ﬁ+ /R|v 9y +pra+ /|Vu|pdu
q p M

2
+ qrﬁ“/ R|Vo|9du
n M
> (r—ce™) Ato) + (g - 1) (r—ce™) A(to) + %)\(to).

Now by integrating from both sides on a sufficient neighborhood of ty as I we get what we were looking

for, the other parts are proved similarly. O

4. 3-homogeneous manifolds and Bianchi classes

Locally homogeneous 3-manifolds have been divided into 9 classes in two groups. The first is
contained H(3), H(2) x R! and SO(3) x R!, and the other includes R3, SU(2), SL(2, R), Heisenberg,
E(1, 1) and E(2), in which the second group are called Bianchi classes.

Also there are some published works in a case of Bianchi classes, for example Hou in [1&] has given
some bounds for the first eigenvalue of —A in a case of u > 0 under the backward Ricci flow, later
Razavi and Korouki in [19] studied similar work for the first eigenvalue of (—A — R) under the Ricci
flow.

In this section we are going to give evolution and monotonicity for the first eigenvalue of the (p, q)-
elliptic quasilinear system (2.1), in a case of Bianchi classes.

Consider gy as a given metric in the Bianchi classes. Milnor in [22] introduced the frame {X;}3_; in
which both the Ricci tensors and metric are diagonalized and this property is preserved by Ricci flow.

We consider the metric g as
g(t) = A(t) (01)° + B(t) (62)* + C(t) (63)° .

Remark 4.1. In homogeneous condition the scalar curvature R is constant, by this fact and also by
proposition 5.1 we get
d

(4.1) EA 0, D=ty = (0 + 1) / Ric (Vu, Va) |[VulP~2dp
M

+(B+ 1)/ Ric (Vv, Vo) |[Vo|7 2dpu.
M

Now we are going to give monotonicity for the first eigenvalue of (p, g)-elliptic quasilinear system
(2.1) in a case of Bianchi classes separately, where p > ¢
Case 1: R?
In this case all metrics are flat, so for all ¢ > 0 we have g(t) = go where gg is constant, therefore A(t)

is constant.
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Case 2: Heisenberg
This class is isomorphic to the set of upper-triangular 3 x 3 matrices endowed with the usual matrix

multiplication. Under the metric gy we choose a frame {X;}?_; in which
(X2, X3] = X1, [X3,X1]=0, [X1,Xo]=0,
also under the normalization AgByCy = 1 we have
1 1 1 1 3
:—*A2 :7143 :—7AZB :—7A2 ) 2:7144
R 2 ; Rll 2 ) R22 2 ) R33 2 C? ‘ |RZC| ’ 4 ’

by substituting Ric into the formula (4.1) under the Ricci flow (1.1) we have

d a+1
(4.2 M0, Doty = p

1 1
/ [7A3v1uv1u — ZA2BV,uVau
L2 2

1
- §AQCV3uV3u] |Vu|P~2dp

1 1 1
+ QM / |:7A3V]_’UV1U - *AQBVQUVQU
q M L2 2

1
- §AZCV3UV3U} Vol 2du
> _gA2/\(t0)a
where by similar process we get

d
TN, D]ty < §A2A(to).

Now by integrating from both sides of the bounds of (4.2) in a sufficient neighborhood of tg as I we
get

A(t)ed Jo A%t
is non-decreasing and also
At)e 5 Jo A%t
is non-increasing along the Ricci flow (1.1).
Case 3: E(2)
E(2) is the group of isometries of Euclidian plane. In this case we have an Einstein metric and Ricci

flow converges exponentially to flat metrics. Dependent to the metric go we choose the frame {X;}_,

such that
(X2, X3] = X1, [X3,X1] =Xo, [X1,X5]=0,
In this case under the normalization AgByCy = 1 we have
1 2 1 2 2 1 2 2
-~ (A-B =_-A(A*-B =_B(B°-A
R 2( )", Ru 5 ( ), Rz 5 ( )

1 1
Ryy=—5C(A=B)*, |Ric|® = 5 (4= B+ (A-B)",

1
2
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similar to the case of Heisenberg under Ricci flow (1.1), if we assume Ay > By then

d 1 1 1
9\ 0,y = p O / [5A (4% = B%) ViuViu+ 3 B (B? - 4%) VyuVau

1
~5C(A- By vguvw] V[P~ 2d

1 1 1
n q(ﬁﬁ/ {,A (A? — B?) ViuViv + =B (B? — A%) VouVau
q M L2 2
1
— 5C (A= B’ VauVau| Vol 2dy

> _g (A2 = B?) A(to).

In a similar way

d
a)‘(uv v, t) |t=t0 <

(VIS

(A% — B*) A(to).

Similarly by substituting Ric into the evolution formula (4.1) and also by integrating from both sides

of this formula in a sufficient neighborhood of ¢y as I we also have

/\(t)eg J5(A2—B2)dt

)
is non-decreasing and also

A(t)e 5 Jo(A2=B%)at

I

is non-increasing along the Ricci flow (1.1).

Case 4: E(1,1)

E(1,1) is the group of isometries of the plane with flat Lorentz metric, there is no Einstein metric here
and Ricci flow fails to converge, they all are asymptotically cigar degeneracies. For a given metric gg

similarly by a frame {X;}3_, we have
[XlaXQ] == 07 [X2aX3] - _X17 [X37X1] - XQ-

Also under the normalization AgByCy = 1 we have

Rz—%(AﬂLB)?, R11=%A(A2—32)7 Rzz:%B(BQ—Az)a

1 3
Ryy=—5C(A+ B)*, ||Ric|* = 1A4'
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By the substituting Ric into the formula (4.1), under the Ricci flow we have

d a+1
A0y =

/ [%A (A% — B?) ViuViu + %B (B? — A?%) VouVau
M

1
— 5C (A+ B) VauVau|[Vul~2dy

N q(ﬂ“)/ [EA (A% — B2) VioViv + 2 B (B? — A%) Vyu¥au
¢ Jm'2 2

1
- 50 (A+ B)? V3UV3U} |Vl 2du

>~ (A+ B)” Alto).

by the similar process

d
A0, )] iy < g (A + B)* A(to).

This implies that by integrating from both sides in a sufficient neighborhood of tg as I we conclude
that

A(t)e Jo(A+B) at

)
is non-decreasing along and

)\(t)e—g Jo(A+B)?dt

is non-increasing along the Ricci flow (1.1).
Case 5: SU(2)
Similarly in this class we have Einstein metrics and Ricci flow converges exponentially into these

metrics, also by the frame{X;}?_, we have
[X27X3] :X17 [X37X1] :X27 [X17X2] :X3a

In this case under the normalization AgByCy = 1, we have

1
R=nA% Ry = AA*—(B-C)7,

1 1
Ray = §B[B2 —(A- 0)2]7 R33 = 50[02 — (A - B)Q]a

|| Ricl|* = %{[AQ ~(B=C)’P+[B* = (A-C)’) +[C* - (A= B},

1 By Co\? [By)* Co\?  [Cp)? Bo\?

In this case by Cao [0] we get

where

o If Ag = By = Cj then A(t) is constant.
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o If Ay = By > Cj then by similar calculation as above we have

d
G0 Dy 2 =3[ 47 = (A= O |A(to),

and also

d
Z w0, 1) gy < gAQA(tO).

This implies that by integrating from both sides in a sufficient neighborhood of tg as I we conclude
that

is non-decreasing and also

is non-increasing along the Ricci flow (1.1).
Case 6: SL(2,R)
There is no Einstein metrics here and the Ricci flow doesn’t converge and develops a pancake degen-

eracy, also by the frame {X;}3_, we get
(X2, X5] = X1, [X5,X1] =X, [Xy,Xo] = X5,
in this case we also have
R=nA2 Ry = %A[AQ —(B—C), Rpy— %B[BQ (A4 )]

1
R33 = *C[CQ — (A+ B)?,

|| Ric||* = { — O+ [B? — (A+ O+ 0% — (A+ B)},
in which
1 Bo\*> [ Co By . Co _BoCoy
=l (22 0} 4970 9=0 gP0Z0L
n=—3{1+ <A0> " <A0> rap g
In this case by simple calculation and by Cao [5,6], and also by substituting Ric into the formula (4.1)
we find that

o If A > B = C then

d
A0, )iy 2 S[B* — (A+ B)’A(to),

and

d
A, 0,8y < SAPA(t0),

which by integrating in a sufficient neighborhood of 3 as I, implies

)\( ) fo [B2—(A+B)? ]dt
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is non-decreasing and also
p rt
)\(1 )6 2 fO A2dt’

is non-increasing along the Ricci flow (1.1). Also in a similar way we get
o If A< B - (C we find

/\(t)e% Il [C2f(A+B)2]dt’
is non-decreasing and
)\(t)e_g fot[B2—(A+C)2]dt’

is non-increasing along the Ricci flow (1.1).

5. Einstein metrics; an important example

One of the most interesting case of such metrics are Einstein metrics in which Ric tensor is scalar
coefficient of given metric. In this case we are going to give an example of monotonicity of the first

eigenvalue of (p, ¢)-elliptic quasilinear system (2.1) in a case of Einstein metrics.

Example 5.1. Consider (M"™, go) as an Einstein manifold, then there exist a constant a such that

Ric(go) = ago. The solution to the Ricci flow on M s

g9(t) = (1 — 2at) go,

therefore it implies that

a an
) t)) = t = .
Ric(g(t) = =% 0t) Ry = o
In this case we have
d a a—l—l
N0y = =5 [p [ vl [ (],

by the assumption p > q we find that

d a
—AWmeﬁozlq Ato).

dt — 2at
Now by integrating from both sides in a sufficient neighborhood as I = [t1,to] and also under similar

assumption as theorems proved before, we get
A(t) (1 — 2at)?
is increasing along the Ricci flow (1.1).
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