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THE FIRST EIGENVALUE OF (p, q)-ELLIPTIC QUASILINEAR SYSTEM ALONG

THE RICCI FLOW

S. AZAMI AND M. HABIBI VOSTA KOLAEI∗

Abstract. In this paper we investigate the monotonicity of the first eigenvalue of (p, q)-elliptic quasi-

linear systems along the Ricci flow in both normalized and unnormalized conditions. In particular, we

study the eigenvalue problem for this system in the case of Bianchi classes for 3-homogeneous manifolds.

1. Introduction

Studying the eigenvalues of geometric operators is a hot topic in studying Riemannian manifolds.

It is already known that the spectrum of Laplacian and p-Laplacian on a compact Riemannian man-

ifold M encodes important geometric information. For estimates of the spectrum of other geometric

quantities of M , see [7, 8].

Recently, there is an increasing interest in studying flows, including the heat flow and Ricci flow

(see [11,15]) as well as the mean curvature flow (for example see [9]).

Generally solving the geometric flow equations are too difficult due to their nonlinearity. The short

time existence of solutions is obtained by the parabolic or hyperbolic nature of the equations.

The Ricci flow was first introduced in Physics by Friedan [16] in a context of string theory and later

by Hamilton [17] in Mathematics.

Let M be a manifold with a Riemannian metric g0, the family g(t) of Riemannian metrics on M is
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called an unnormalized Ricci flow when it satisfies the equations

∂

∂t
g(t) = −2Ric (g(t))(1.1)

with the initial condition g(0) = g0 where Ric is the Ricci tensor of g(t).

Also one may consider the normalized Ricci flow as

∂

∂t
g(t) = −2Ric (g(t)) +

2r

n
g, g(0) = g0,(1.2)

where r =
∫
M Rdµ∫
M dµ

is the average of the scalar curvature.

The existence and uniqueness of the solution of this flow is proved by Hamilton in [17] and De Turk

in [14]. Now consider g(t) as a solution of the Ricci flow (1.1), and aply the normalization to get

ḡ(t̄) = ψ(t)g(t), t̄ =

∫ t

0
ψ(ν)dν,

where 1
ψ
∂ψ
∂t = 2r

n and r is as in (1.2). In this case ḡ(t̄) is the solution of the normalized Ricci flow (1.2).

A functional F (g) of Riemannian metrics g is said to be monotonic under the Ricci flow if F (g (t)) is

nondecreasing in t whenever g (.) is a Ricci flow solution.

Monotonic quantities are an important tool for understanding Ricci flow. In particular, formally

thinking of Ricci flow as a flow on the space of metrics, one way to get monotonic quantity is to think

of Ricci flow as the gradient flow of a functional F .

The functional F was introduced by Perelman in [23] for smooth function f and metric g as

F (g, f) =

∫
M

(
R+ |∇f |2

)
e−fdµ,

whose gradient flow differs from the Ricci flow by the action of diffeomorphisms. If g (.) satisfies the

Ricci flow equation and e−f satisfies the conjugate or backward heat equation in terms of g (.), then

F (g (t) , f (t)) is nondecreasing in t. Furthermore, it is constant in t if and only if g (.) is a gradient

steady soliton with associated function f . Minimizing F (g, f) over all functions f with
∫
M e−fdµ = 1

gives the monotonic quantity λ1 (g), which turns out to be the lowest eigenvalue of −4∆ + R. Later

Cao in [4] improved Perelman’s results for the first eigenvalue of the operator −4∆+ cR where c ≥ 1
4 .

Although the Ricci flow was introduced by Hamilton for the first time it was Perelman’s outstanding

view of the first eigenvalue of the operator −4∆ + R which resulted in the current interests in Ricci

flow.

2. Priliminaries and (p, q)-elliptic system

Consider M as a compact Riemannian manifold and let u : M −→ R be a smooth function on M .

The p-Laplacian of u for 1 < p <∞ is defined as

∆pu = div(|∇u|p−2∇u)

= |∇u|p−2∆u+ (p− 2)|∇u|p−4(Hess u)(∇u,∇u),

DOI: https://10.30504/JIMS.2021.263742.1026

https://10.30504/JIMS.2021.263742.1026


J. Iranian Math. Soc. Vol. 2 No. 1 (2021) 53-70 S. Azami and M. Habibi Vosta Kolaei 55

where

(Hess u) (X,Y ) = ∇ (∇u) (X,Y )

= X. (Y.u)− (∇XY ) .u X, Y ∈ χ (M) .

Now let (Mn, g) be a closed Riemannian manifold. In this paper we are going to study the (p, q)-elliptic

quasilinear system

(2.1)


−∆pu = λu|u|p−2 + λ|u|α|v|βv in M ,

−∆qv = λv|v|q−2 + λ|u|α|v|βu in M ,

u = v = 0 on ∂M,

where p > 1 , q > 1 and α, β are real numbers such that

α > 0, β > 0,
α+ 1

p
+
β + 1

q
= 1.

In this situation λ is called an eigenvalue of system (2.1) and (u, v) are eigenfunctions corresponding

to λ.

The first nonzero eigenvalue of the (p, q)-elliptic quasilinear system (2.1) is defined as

λ(t) = inf
u,v ̸=0

{α+ 1

p

∫
M

|∇u|pdµ+
β + 1

q

∫
M

|∇v|qdµ; Λ = 1},

where

Λ =

∫
M

|u|α+1|v|β+1dµ+
α+ 1

p

∫
M

|u|pdµ+
β + 1

q

∫
M

|v|qdµ.

the special case of the system (2.1) as
∆pu = −λ|u|α|v|βv in M ,

∆qv = −λ|u|α|v|βu in M ,

u = v = 0 on ∂M,

was studied before, for example in [2].

In monotonicity for the first eigenvalue of the system (2.1), it is important to make sure about the

differentiability of the eigenvalue function. For this purpose we apply techniques of Cao and Wang

in [4] and [25]. Let t0 ∈ [0, T ), (u0, v0) = (u(t0), v(t0)) be the eigenfunctions for the eigenvalue λ(t0)

of (p, q)-elliptic quasilinear system (2.1). We consider the smooth functions as

h(t) = u0

(
det[gij(t)]

det[gij(t0)]

)
, l(t) = v0

(
det[gij(t)]

det[gij(t0)]

)
,

along the Ricci flow. Now let

u(t) =
h(t)

G
1
p

, v(t) =
l(t)

G
1
q

,

where u(t) and v(t) are smooth functions under the Ricci flow,

G =

∫
M

|h(t)|α|l(t)|βh(t)l(t)dµ+
α+ 1

p

∫
M

|h(t)|pdµ+
β + 1

q

∫
M

|l(t)|qdµ,
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and satisfy the equality∫
M

|u|α+1|v|β+1dµ+
α+ 1

p

∫
M

|u|pdµ+
β + 1

q

∫
M

|v|qdµ = 1.(2.2)

At time t0, (u(t0), v(t0)) is the eigenfunctions for λ(t0) of (p, q)-elliptic quasilinear system (2.1), and

λ(u, v, t0) = λ(t0),

for which we are going to give an evolution formula.

If (Mn, g(t)) is a solution of the Ricci flow (1.1) on the smooth manifold (Mn, g0) in the interval [0, T )

then we may write the eigenvalue function λ(u, v, t) as below

λ(u, v, t) =
α+ 1

p

∫
M

|∇u|pdµ+
β + 1

q

∫
M

|∇v|qdµ,(2.3)

where u and v satisfy in (2.2).

N. Zographopoulos in [27] has discussed existence and uniqueness of solution of the (p, q)-elliptic

quasilinear system (2.1). This type of systems appear in different cases in Physics. For example in the

study of transport of electron temperature in a confined plasma and in the study of electromagnetic

phenomena in nonhomogeneous super conductors, see [3,13]. For more details in electrochemistry and

nuclear reaction, see [10] or [12].

Let us recall some results on the monotonic quantities of the first eigenvalue of systems including

geometric operators.

Theorem 2.1 (Wu et al, [26]). Let g (t), t ∈ [0, T ), be a solution of the Ricci flow on a closed

manifold Mn and λ1,p (t) be the first eigenvalue of the p-Laplace operator (p > 1) of g (t). If there

exists a non-negative constant ϵ such that

Rij −
R

p
gij ≥ −ϵgij ,

and

R ≥ pϵ,

then λ1,p (t) is strictly increasing and differentiable almost everywhere along the Ricci flow on [0, T ).

Theorem 2.2 (Azami [2]). Let (Mn, g (t)) be a solution of the unnormalized mean curvature flow

on the smooth closed manifold (Mn, g0) and λ (t) be the evolution of the first eigenvalue under the

mean curvature flow. Let n ≤ k = min{p, q}. At the initial time t = 0, if H > 0, and there exists a

non-negative constant ϵ such that

hij ≥ ϵHgij and
1

k
≤ ϵ ≤ 1

n
,

then λ (t) is nondecreasing under the unnormalized mean curvature flow.

For more results along this line, we refer the reader to [1, 20, 21, 24]. In this paper, we are going to

improve the above results for the first eigenvalue of the system (2.1) under the Ricci flow. As a quick

review, we list our main results as follows:
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Theorem 2.3. Let (M, g(t)), t ∈ [0, T ) be a solution of the unnormalized Ricci flow (1.1), on a smooth

closed Riemannian manifold (Mn, g0) with nonnegative scalar curvature such that Rij − γRgij ≥ 0

where γ ≥ 1
q and also p ≥ q. If λ(t) denotes the evolution of the first eigenvalue of (p, q)-elliptic

quasilinear system (2.1), then

λ(t)

(
c− 2

n
t

)n
2

(
γ+ q−1

q

)
,

is increasing along the unnormalized Ricci flow, where c = 1
Rmin(0)

.

Remark 2.4. Consider
(
M3, g(t)

)
, t ∈ [0, T ) as a solution of the Ricci flow (1.1) on a closed Rie-

mannian manifold
(
M3, g0

)
. If there exist constant ϵ such that ϵRgij ≤ Rij where 0 < ϵ ≤ 1

3 at time

t = 0 on M , then this inequality is preserved by the flow (1.1) on [0, T ). Therefore, if Ricci curvature

of
(
M3, g0

)
is positive then the result of Theorem 2.3 holds for

(
M3, g(t)

)
with theorem’s assumption.

Theorem 2.5. Consider (M, g(t)), t ∈ [0, T ) as a solution of the normalized Ricci flow (1.2), on a

smooth closed Riemannian manifold (Mn, g0) with nonnegative scalar curvature such that Rij−γRgij ≥
0 where γ ≥ 1

q and also p ≥ q. If λ(t) denotes the evolution of the first eigenvalue of (p, q)-elliptic

quasilinear system (2.1), then

λ(t)e
rq
n
t
(
2Rmin(0)e

− r
n
t + (r − 2Rmin(0))

)n
2

(
γ+ q−1

q

)

is increasing along the normalized Ricci flow.

Theorem 2.6. Let (M, g(t)), t ∈ [0, T ) be a solution of the Ricci flow (1.1) on a compact Riemannian

manifold (Mn, g0). If λ(t) denotes the first positive eigenvalue of the (p, q)-elliptic quasilinear system

(2.1) and

I =

∫
M
u2|u|2p−4dµ+

∫
M

|u|2α|v|2βv2dµ

+

∫
M

2|u|p−2|u|α|v|βuvdµ <∞

then λ(t) −→ ∞ in finite time where Rij − γRgij ≥ 0 in M × [0, T ) and γ is a positive real constant.

Theorem 2.7. Consider (M, g(t)), t ∈ [0, T ) as a solution of the normalized Ricci flow (1.2), on

a smooth closed oriented Riemannian manifold
(
M2, g0

)
, and also p ≥ q ≥ 2. If λ(t) denotes the

evolution of the first eigenvalue of (p, q)-elliptic quasilinear system (2.1) then

• If R < 0 then

λ(t)e{−(
p
2
+ q

n)rt+
pc
2r
ert},

is nondecreasing along the normalized Ricci flow (1.2), and

λ(t)e{−(
q
2
+ p

n)rt−
pc
2r
ert},

is nonincreasing along the normalized Ricci flow (1.2), where c is real constant.

DOI: https://10.30504/JIMS.2021.263742.1026

https://10.30504/JIMS.2021.263742.1026


58 J. Iranian Math. Soc. Vol. 2 No. 1 (2021) 53-70 S. Azami and M. Habibi Vosta Kolaei

• If R > 0 then

λ(t)e{
qc
2r
ert− qr

n
t},

is nondecreasing along the normalized Ricci flow (1.2), and

λ(t)e{−(
p
2
+ q

n)rt−
pc
2r
ert},

is nonincreasing along the normalized Ricci flow (1.2), where c is real constant.

3. Monotonicity and evolution formulas

In this section we prove the main results of this paper. First of all we are going to give evolution

formulas in both normal and unnormal cases for the first eigenvalue of (p, q)-elliptic quasilinear system

(2.1).

Proposition 3.1. Let (M, g(t)) be a solution of the unnormalized Ricci flow (1.1) on a smooth closed

Riemannian manifold (Mn, g0). If λ(t) denotes the first eigenvalue of the (p, q)-elliptic quasilinear

system (2.1) then

d

dt
λ(u, v, t)|t=t0 = λ(t0)

∫
M
R|u|α|v|βuvdµ+

α+ 1

p
λ(t0)

∫
M
R|u|pdµ

+
β + 1

q
λ(t0)

∫
M
R|v|qdµ+ (α+ 1)

∫
M
Ric (∇u,∇u) |∇u|p−2dµ

+ (β + 1)

∫
M
Ric (∇v,∇v) |∇v|q−2dµ− α+ 1

p

∫
M
R|∇u|pdµ

− β + 1

q

∫
M
R|∇v|qdµ.

Proof. As mentioned before, λ(u, v, t) is differentiable, so differentiating the formula (2.3) with respect

to the time variable t, we get

d

dt
λ(u, v, t)|t=t0 =

α+ 1

2

[ ∫
M

{
− gijgjk

∂

∂t
(glk)∇iu∇ju+ 2 < ∇ut,∇u >

}
|∇u|p−2dµ

]
(3.1)

+
β + 1

2

[ ∫
M

{
− gijgjk

∂

∂t
(glk)∇iv∇jv + 2 < ∇vt,∇v >

}
|∇v|q−2dµ

]
+
α+ 1

p

∫
M

|∇u|p
[1
2
trg(

∂g

∂t
)dµ

]
+
α+ 1

q

∫
M

|∇v|q
[1
2
trg(

∂g

∂t
)dµ

]
,

where ut =
∂u
∂t . Also differentiating both sides of normalization condition∫

M
|u|α|v|βuvdµ+

α+ 1

p

∫
M

|u|pdµ+
β + 1

q

∫
M

|v|βdµ = 1,
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we have

0 =
d

dt

[ ∫
M

|u|α|v|βuvdµ+
α+ 1

p

∫
M

|u|pdµ+
β + 1

q

∫
M

|v|qdµ
]

= (α+ 1)

∫
M

|u|α|v|βut.vdµ+

∫
M

|u|α|v|βuv
(
1

2
trg

(
∂g

∂t

))
dµ

+ (β + 1)

∫
M

|u|α+1|v|βu.vtdµ+ (α+ 1)

∫
M

|u|p−2u.utdµ

+ (β + 1)

∫
M

|v|q−2v.vtdµ+
α+ 1

p

∫
M

|u|p
(
1

2
trg

(
∂g

∂t

))
dµ

+
β + 1

q

∫
M

|v|q
(
1

2
trg

(
∂g

∂t

))
dµ,

thus

(α+ 1)

∫
M

|u|α|v|βutvdµ+ (β + 1)

∫
M

|u|α+1|v|βuvtdµ

+ (α+ 1)

∫
M

|u|p−2u.utdµ+ (β + 1)

∫
M

|v|q−2v.vtdµ

=

∫
M
R|u|α|v|βuvdµ+

α+ 1

p

∫
M
R|u|pdµ+

β + 1

q

∫
M
R|v|qdµ.

Multiplying both sides of the (p, q)-elliptic quasilinear system (2.1) by ut and vt respectively we get

(α+ 1)

∫
M
< ∇ut,∇u > |∇u|p−2dµ+ (β + 1)

∫
M
< ∇vt,∇v > |∇v|q−2dµ

= λ(t0)

∫
M
R|u|α|v|βuvdµ+

α+ 1

p
λ(t0)

∫
M
R|u|pdµ

+
β + 1

q
λ(t0)

∫
M
R|v|qdµ.

Now aplying the Ricci flow equation into (3.1), we get the resul. □

Similarly in the case of normalized Ricci flow (1.2) we have

Proposition 3.2. Let (M, g(t)) be a solution of the normalized Ricci flow (1.2) on a smooth closed

Riemannian manifold (Mn, g0). If λ(t) denotes the first eigenvalue of the (p, q)-elliptic quasilinear

system (2.1) then

d

dt
λ(u, v, t)|t=t0 = λ(t0)

∫
M
R|u|α|v|βuvdµ+

α+ 1

p
λ(t0)

∫
M
R|u|pdµ

+
β + 1

q
λ(t0)

∫
M
R|v|qdµ+ (α+ 1)

∫
M
Ric (∇u,∇u) |∇u|p−2dµ

+ (β + 1)

∫
M
Ric (∇v,∇v) |∇v|q−2dµ− α+ 1

p

∫
M
R|∇u|pdµ

− β + 1

q

∫
M
R|∇v|qdµ+

α+ 1

n
r

∫
M

|∇u|pdµ

+
β + 1

n
r

∫
M

|∇v|qdµ.
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Proof. Similar to Proposition 3.1, by replacing the normalized Ricci flow equation (1.2) into the

formula (3.1) we get what we want. □

Now we are ready to prove our main theorems.

Proof of theorem 2.3. By Proposition 3.1 since Rij − γRgij ≥ 0 we have

d

dt
λ(u, v, t)|t=t0 ≥ λ(t0)

∫
M
R|u|α|v|βuvdµ+

α+ 1

p
λ(t0)

∫
M
R|u|pdµ

+
β + 1

q
λ(t0)

∫
M
R|v|qdµ+ (α+ 1)

(
γ − 1

p

)∫
M

|∇u|pRdµ

+ (β + 1)

(
γ − 1

q

)∫
M

|∇v|qRdµ,

and since p ≥ q we get

d

dt
λ(u, v, t)|t=t0 ≥ λ(t0)

∫
M
R|u|α|v|βuvdµ

+
α+ 1

p
λ(t0)

∫
M
R|u|pdµ+

β + 1

q
λ(t0)

∫
M
R|v|qdµ

+

(
γ − 1

q

)[α+ 1

p

∫
M

|∇u|pRdµ+
β + 1

q

∫
M

|∇v|qRdµ
]
.

Evolution of the scalar curvature R under the Ricci flow (1.1) is

∂R

∂t
= ∆R+ 2|Ric|2,

where by |Ric|2 ≥ 1
nR

2 we get

∂R

∂t
≥ ∆R+

2

n
R2.

Since the solution to the ODE dy
dt =

2
ny

2 is

y(t) =
1

c− 2
n t
,

where c = 1
Rmin(0)

is a real constant and y(0) ≤ R(x, 0), then the maximum principle yields

y(t) ≤ R(x, t).

This implies that

d

dt
λ(u, v, t)|t=t0 ≥

(
γ +

q − 1

q

)
y(t0)λ(t0),

and so, in any sufficiently small neighborhood of t0 as I we get d
dtλ(u, v, t) >

(
γ + q−1

q

)
λ(u, v, t)y(t),

for any t1 sufficiently close to t0 where [t1, t0] ⊆ I,

λ(u, v, t0) = λ(t0), λ(u, v, t1) ≥ λ(t1),(3.2)

and

ln
λ(t0)

λ(t1)
≥ n

2

(
γ +

q − 1

q

)
ln
c− 2

n t1

c− 2
n t0

,
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since the function ln is increasing and t0 is arbitrary, this implies what we are looking for. □

Proof of Theorem 2.5. Similar to the proof of Theorem 2.3, consider the evolution formula of R as

∂

∂t
R = ∆R+ 2|Ric|2 − r

n
R,

where by |Ric|2 ≥ 1
nR

2 we have

∂

∂t
R ≥ ∆R+

2

n
R2 − r

n
R,

since the solution to the ODE dy
dt =

2
ny

2 − r
ny is

y(t) =

(
2

r
+

(
1

Rmin(0)
− 2

r

)
e

r
n
t

)−1

.

Now since Rij − γRgij ≥ 0, p ≥ q by the maximum principle we get

d

dt
λ(u, v, t)|t = t0 ≥

(
γ +

q − 1

q

)
y(t0)λ(t0) +

rq

n
λ(t0).

As above in any sufficiently small neighborhood of t0 as I we get
d
dtλ(u, v, t) >

(
γ + q−1

q

)
λ(u, v, t)y(t)+

λ(u, v, t) rqn , for t1 sufficiently close to t0 where [t1, t0] ⊆ I, and

λ(u, v, t0) = λ(t0), λ(u, v, t1) ≥ λ(t1).(3.3)

Now by integrating from both sides we get

λ(t0)

λ(t1)
≥
e−

rq
n
t1
(
2Rmin(0)e

− r
n
t1 + (r − 2Rmin(0))

)n
2

(
γ+ q−1

q

)

e−
rq
n
t0
(
2Rmin(0)e

− r
n
t0 + (r − 2Rmin(0))

)n
2

(
γ+ q−1

q

) ,

and since is arbitrary we get the result. □

Proof of Theorem 2.6. Consider M as a compact Riemannian manifold, we recall the p-Reilly

formula as ∫
M

[
(∆pu)

2 − |∇u|2p−4|Hess u|2A
]
dµ =

∫
M

|∇u|2p−4Ric (∇u,∇u) dµ,

where u is smooth function and

|Hess u|2A = |Hess u|2 + p− 2

2

|∇|∇u|2u|2

|∇u|2
+
p− 4

4

< ∇u,∇|∇u|2 >2

|∇u|4
.

We also have

|∇u|2p−4|Hess u|2A ≥ 1

n
(∆pu)

2 ≥ 1

n+ 1
(∆pu)

p ,(3.4)

and

−∆pu = λu|u|p−2 + λ|u|α|v|βv,
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thus ∫
M

(∆pu)
2 dµ = λ2

∫
M
u2|u|2p−4dµ+ λ2

∫
M

|u|2α|v|2βv2dµ

+ λ2
∫
M

2u|u|p−2|u|α|v|βvdµ.

Now consider

I =

∫
M
u2|u|2p−4dµ+

∫
M

|u|2α|v|2βv2dµ+

∫
M

2|u|p−2|u|α|v|βuvdµ.

Then by the inequality (3.4) we have∫
M

|∇u|2p−4|Hess u|2Adµ− 1

n+ 1
λ2I ≥ 0,

which finally implies that∫
M

[
(∆pu)

2 − |∇u|2p−4|Heaau|2A
]
dµ ≤

(
n

n+ 1

)
λ2I,

where by Reilly formula we get∫
M

|∇u|2p−4Ric (∇u,∇u) dµ ≤ n

n+ 1
λ2I.

Since Rij − γRgij ≥ 0 we obtain

n

n+ 1
λ2I ≥ γ

∫
M

|∇u|2p−4Rgij∇iu∇judµ

= γ

∫
M
R|∇u|2p−2dµ

≥ γRmin(t)

∫
M

|∇u|2p−2dµ.

The manifold M is compact and
∫
M |∇u|2p−2dµ is positive; since Rmin(t) −→ ∞ we have

λ(t) −→ +∞,

as t→ T . This completes the proof. □

Theorem 2.7, recall that on surfaces we have the following bounds for the scalar curvature R along

the normalized Ricci flow

• If r < 0 then

r − cert ≤ R ≤ r + cert.

• If r = 0 then

− c

1 + ct
≤ R ≤ c.

• If r > 0 then

−cert ≤ R ≤ r + cert.

Where c is real constant, by this classification and Rij =
1
2Rgij which holds on 2-surfaces, the proof

is based on some calculations.
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Proof of Theorem 2.7. By Proposition 3.2 for p ≥ q ≥ 2 we get

d

dt
λ(u, v, t)|t=t0 = λ(t0)

∫
M
R|u|α|v|βuvdµ+

α+ 1

p
λ(t0)

∫
M
R|u|pdµ

+
β + 1

q
λ(t0)

∫
M
R|v|qdµ+

(p
2
− 1

) α+ 1

p

∫
M
R|∇u|pdµ

+
(q
2
− 1

) β + 1

q

∫
M
R|∇v|qdµ+

pr

n
.
α+ 1

p

∫
M

|∇u|pdµ

+
qr

n
.
β + 1

q

∫
M
R|∇v|qdµ

≥
(
r − cert

)
λ(t0) +

(p
2
− 1

) (
r − cert

)
λ(t0) +

qr

n
λ(t0).

Now by integrating from both sides on a sufficient neighborhood of t0 as I we get what we were looking

for, the other parts are proved similarly. □

4. 3-homogeneous manifolds and Bianchi classes

Locally homogeneous 3-manifolds have been divided into 9 classes in two groups. The first is

contained H(3), H(2)×R1 and SO(3)×R1, and the other includes R3, SU(2), SL(2, R), Heisenberg,
E(1, 1) and E(2), in which the second group are called Bianchi classes.

Also there are some published works in a case of Bianchi classes, for example Hou in [18] has given

some bounds for the first eigenvalue of −∆ in a case of u > 0 under the backward Ricci flow, later

Razavi and Korouki in [19] studied similar work for the first eigenvalue of (−∆−R) under the Ricci

flow.

In this section we are going to give evolution and monotonicity for the first eigenvalue of the (p, q)-

elliptic quasilinear system (2.1), in a case of Bianchi classes.

Consider g0 as a given metric in the Bianchi classes. Milnor in [22] introduced the frame {Xi}3i=1 in

which both the Ricci tensors and metric are diagonalized and this property is preserved by Ricci flow.

We consider the metric g as

g(t) = A(t) (θ1)
2 +B(t) (θ2)

2 + C(t) (θ3)
2 .

Remark 4.1. In homogeneous condition the scalar curvature R is constant, by this fact and also by

proposition 3.1 we get

d

dt
λ(u, v, t)|t=t0 = (α+ 1)

∫
M
Ric (∇u,∇u) |∇u|p−2dµ(4.1)

+ (β + 1)

∫
M
Ric (∇v,∇v) |∇v|q−2dµ.

Now we are going to give monotonicity for the first eigenvalue of (p, q)-elliptic quasilinear system

(2.1) in a case of Bianchi classes separately, where p ≥ q

Case 1: R3

In this case all metrics are flat, so for all t ≥ 0 we have g(t) = g0 where g0 is constant, therefore λ(t)

is constant.
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Case 2: Heisenberg

This class is isomorphic to the set of upper-triangular 3× 3 matrices endowed with the usual matrix

multiplication. Under the metric g0 we choose a frame {Xi}3i=1 in which

[X2, X3] = X1, [X3, X1] = 0, [X1, X2] = 0,

also under the normalization A0B0C0 = 1 we have

R = −1

2
A2, R11 =

1

2
A3, R22 = −1

2
A2B, R33 = −1

2
A2C, ||Ric||2 = 3

4
A4,

by substituting Ric into the formula (4.1) under the Ricci flow (1.1) we have

d

dt
λ(u, v, t)|t=t0 = p

(α+ 1)

p

∫
M

[1
2
A3∇1u∇1u− 1

2
A2B∇2u∇2u(4.2)

− 1

2
A2C∇3u∇3u

]
|∇u|p−2dµ

+ q
(β + 1)

q

∫
M

[1
2
A3∇1v∇1v −

1

2
A2B∇2v∇2v

− 1

2
A2C∇3v∇3v

]
|∇v|q−2dµ

≥ −p
2
A2λ(t0),

where by similar process we get

d

dt
λ(u, v, t)|t=t0 ≤ p

2
A2λ(t0).

Now by integrating from both sides of the bounds of (4.2) in a sufficient neighborhood of t0 as I we

get

λ(t)e
p
2

∫ t
0 A

2dt,

is non-decreasing and also

λ(t)e−
p
2

∫ t
0 A

2dt,

is non-increasing along the Ricci flow (1.1).

Case 3: E(2)

E(2) is the group of isometries of Euclidian plane. In this case we have an Einstein metric and Ricci

flow converges exponentially to flat metrics. Dependent to the metric g0 we choose the frame {Xi}3i=0

such that

[X2, X3] = X1, [X3, X1] = X2, [X1, X2] = 0,

In this case under the normalization A0B0C0 = 1 we have

R = −1

2
(A−B)2 , R11 =

1

2
A
(
A2 −B2

)
, R22 =

1

2
B
(
B2 −A2

)
,

R33 = −1

2
C (A−B)2 , ||Ric||2 = 1

2

(
A2 −B2

)2
+

1

4
(A−B)4 ,
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similar to the case of Heisenberg under Ricci flow (1.1), if we assume A0 ≥ B0 then

d

dt
λ(u, v, t)|t=t0 = p

(α+ 1)

p

∫
M

[1
2
A
(
A2 −B2

)
∇1u∇1u+

1

2
B
(
B2 −A2

)
∇2u∇2u

− 1

2
C (A−B)2∇3u∇3u

]
|∇u|p−2dµ

+ q
(β + 1)

q

∫
M

[1
2
A
(
A2 −B2

)
∇1v∇1v +

1

2
B
(
B2 −A2

)
∇2v∇2v

− 1

2
C (A−B)2∇3v∇3v

]
|∇v|q−2dµ

≥ −p
2

(
A2 −B2

)
λ(t0).

In a similar way

d

dt
λ(u, v, t)|t=t0 ≤ p

2

(
A2 −B2

)
λ(t0).

Similarly by substituting Ric into the evolution formula (4.1) and also by integrating from both sides

of this formula in a sufficient neighborhood of t0 as I we also have

λ(t)e
p
2

∫ t
0 (A

2−B2)dt,

is non-decreasing and also

λ(t)e−
p
2

∫ t
0 (A

2−B2)dt,

is non-increasing along the Ricci flow (1.1).

Case 4: E(1,1)

E(1,1) is the group of isometries of the plane with flat Lorentz metric, there is no Einstein metric here

and Ricci flow fails to converge, they all are asymptotically cigar degeneracies. For a given metric g0

similarly by a frame {Xi}3i=0 we have

[X1, X2] = 0, [X2, X3] = −X1, [X3, X1] = X2.

Also under the normalization A0B0C0 = 1 we have

R = −1

2
(A+B)2 , R11 =

1

2
A
(
A2 −B2

)
, R22 =

1

2
B
(
B2 −A2

)
,

R33 = −1

2
C (A+B)2 , ||Ric||2 = 3

4
A4.
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By the substituting Ric into the formula (4.1), under the Ricci flow we have

d

dt
λ(u, v, t)|t=t0 = p

(α+ 1)

p

∫
M

[1
2
A
(
A2 −B2

)
∇1u∇1u+

1

2
B
(
B2 −A2

)
∇2u∇2u

− 1

2
C (A+B)2∇3u∇3u

]
|∇u|p−2dµ

+ q
(β + 1)

q

∫
M

[1
2
A
(
A2 −B2

)
∇1v∇1v +

1

2
B
(
B2 −A2

)
∇2v∇2v

− 1

2
C (A+B)2∇3v∇3v

]
|∇v|q−2dµ

≥ −p
2
(A+B)2 λ(t0),

by the similar process

d

dt
λ(u, v, t)|t=t0 ≤ p

2
(A+B)2 λ(t0).

This implies that by integrating from both sides in a sufficient neighborhood of t0 as I we conclude

that

λ(t)e
p
2

∫ t
0 (A+B)2dt,

is non-decreasing along and

λ(t)e−
p
2

∫ t
0 (A+B)2dt

is non-increasing along the Ricci flow (1.1).

Case 5: SU(2)

Similarly in this class we have Einstein metrics and Ricci flow converges exponentially into these

metrics, also by the frame{Xi}3i=0 we have

[X2, X3] = X1, [X3, X1] = X2, [X1, X2] = X3,

In this case under the normalization A0B0C0 = 1, we have

R = ηA2, R11 =
1

2
A[A2 − (B − C)2],

R22 =
1

2
B[B2 − (A− C)2], R33 =

1

2
C[C2 − (A−B)2],

||Ric||2 = 1

4

{
[A2 − (B − C)2]2 + [B2 − (A− C)2]2 + [C2 − (A−B)2]2

}
,

where

η =
1

2

{
1−

(
B0

A0
− C0

A0

)2

+

(
B0

A0

)2

−
(
1− C0

A0

)2

+

(
C0

A0

)2

−
(
1− B0

A0

)2 }
.

In this case by Cao [6] we get

• If A0 = B0 = C0 then λ(t) is constant.
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• If A0 = B0 > C0 then by similar calculation as above we have

d

dt
λ(u, v, t)|t=t0 ≥ −p

2

[
A2 − (A− C)2

]
λ(t0),

and also

d

dt
λ(u, v, t)|t=t0 ≤ p

2
A2λ(t0).

This implies that by integrating from both sides in a sufficient neighborhood of t0 as I we conclude

that

λ(t)e
p
2

∫ t
0 [A

2−(A−C)2]dt,

is non-decreasing and also

λ(t)e−
p
2

∫ t
0 A

2dt

is non-increasing along the Ricci flow (1.1).

Case 6: SL(2,R)
There is no Einstein metrics here and the Ricci flow doesn’t converge and develops a pancake degen-

eracy, also by the frame {Xi}3i=0, we get

[X2, X3] = −X1, [X3, X1] = X2, [X1, X2] = X3,

in this case we also have

R = ηA2, R11 =
1

2
A[A2 − (B − C)2], R22 =

1

2
B[B2 − (A+ C)2]

R33 =
1

2
C[C2 − (A+B)2],

||Ric||2 = 1

4

{
[A2 − (B − C)2]2 + [B2 − (A+ C)2]2 + [C2 − (A+B)2]2

}
,

in which

η = −1

2

{
1 +

(
B0

A0

)2

+

(
C0

A0

)2

+ 2
B0

A0
+ 2

C0

A0
− 2

B0

A0

C0

A0

}
.

In this case by simple calculation and by Cao [5,6], and also by substituting Ric into the formula (4.1)

we find that

• If A > B = C then

d

dt
λ(u, v, t)|t=t0 ≥ p

2
[B2 − (A+B)2]λ(t0),

and

d

dt
λ(u, v, t)|t=t0 ≤ p

2
A2λ(t0),

which by integrating in a sufficient neighborhood of t0 as I, implies

λ(t)e
p
2

∫ t
0 [B

2−(A+B)2]dt,

DOI: https://10.30504/JIMS.2021.263742.1026

https://10.30504/JIMS.2021.263742.1026


68 J. Iranian Math. Soc. Vol. 2 No. 1 (2021) 53-70 S. Azami and M. Habibi Vosta Kolaei

is non-decreasing and also

λ(t)e−
p
2

∫ t
0 A

2dt,

is non-increasing along the Ricci flow (1.1). Also in a similar way we get

• If A ≤ B − C we find

λ(t)e−
p
2

∫ t
0 [C

2−(A+B)2]dt,

is non-decreasing and

λ(t)e−
p
2

∫ t
0 [B

2−(A+C)2]dt,

is non-increasing along the Ricci flow (1.1).

5. Einstein metrics; an important example

One of the most interesting case of such metrics are Einstein metrics in which Ric tensor is scalar

coefficient of given metric. In this case we are going to give an example of monotonicity of the first

eigenvalue of (p, q)-elliptic quasilinear system (2.1) in a case of Einstein metrics.

Example 5.1. Consider (Mn, g0) as an Einstein manifold, then there exist a constant a such that

Ric(g0) = ag0. The solution to the Ricci flow on M is

g(t) = (1− 2at) g0,

therefore it implies that

Ric (g(t)) =
a

1− 2at
g(t) Rg(t) =

an

1− 2at
.

In this case we have

d

dt
λ(u, v, t)|t=t0 =

a

1− 2at

[
p
α+ 1

p

∫
M

|∇u|pdµ+ q
β + 1

q

∫
M

|∇v|qdµ
]
,

by the assumption p ≥ q we find that

d

dt
λ(u, v, t)|t=t0 ≥ qa

1− 2at
λ(t0).

Now by integrating from both sides in a sufficient neighborhood as I = [t1, t0] and also under similar

assumption as theorems proved before, we get

λ(t) (1− 2at)
q
2 ,

is increasing along the Ricci flow (1.1).
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