Journal of the Iranian Mathematical Society
ISSN (on-line): 2717-1612

J. Iranian Math. Soc. 2 (2021), no. 1, 17-38

© 2021 Iranian Mathematical Society

GENERALIZED TRAPEZOID TYPE INEQUALITIES FOR FUNCTIONS WITH
VALUES IN BANACH SPACES

S. S. DRAGOMIR

ABSTRACT. Let F be a complex Banach space. In this paper we show among others that, if « : [a, b] —
C is continuous and Y : [a,b] — E is strongly differentiable on the interval (a,b) , then for all u € [a, ],

H(/uba(s)ds)Y(bH (/aua(s)ds)Y(a)—/aba(t)Y(t)dtH

max { [2 la ()] ds, [} o (5)| ds } 21V (1)) .

(12 0=t la@lde+ [ (¢ = o)l @] dt] supreio 1Y Q)]

IA

1/p

<=0 [(J2la(s)lds)" + (J)" o (s)|ds)"]
< (Jrny @l ar)

for p, ¢ > 1 with % + % = 1. Applications for operator monotone functions with examples for power

and logarithmic functions are also given.

1. Introduction

In 2001, Dragomir et al. [11] obtained the following generalized trapezoid inequality:
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Theorem 1.1. If g : [a,b] — R is Riemann integrable on [a,b] and f : [a,b] — R is of bounded

variation on |a,b], then

b u
(1.1) s0ar= 1) o s@ [“awa
a+b b
< [2 =)+ =52 s 001V ()

a

for all u € [a,b], where \/°. (f) is the total variation of f on [a,b].

In particular, we have the mid-point trapezoid inequality

b a2
(12) [ r0s0a-s0 [ soa-iw [ g0a
1
Si(b_at?ﬂ]’g I\/

The constant 1/2 is sharp in the sense that it cannot be replaced by a smaller quantity.

Let (H, (-,-)) be a Hilbert space. The continuous function f is operator convex on the interval I if

for any selfadjoint operators A and B with spectra Sp (A), Sp(B) C I,

(L= ) A4 1B) < (1—1) F (A) + 1 (B)
for all t € [0,1].

In the recent paper [10] we obtained the following result for functions in Hilbert spaces H:

Theorem 1.2. Let f be an operator convex function on I and A, B, A # B, selfadjoint operators on
H with Sp (A), Sp (B) C I. If f is Gateaux differentiable on [A,B] :={(1 —t) A+ tB, t € [0,1]} and
p:[0,1] = [0,00) is Lebesgue integrable and symmetric, namely p (1 —t) = p (t) for allt € [0,1], then

(1.3) Og(/Olp(t)dt)W—/Olp(t)f((l—t)A—i—tB)dt
g;/ol (;—‘t—;Dp(t)dt[VfB(B—A)—VfA(B—A)],

where V fo (V') is the Gateauz derivative in C over the direction V.

In particular, for p =1 we get

f(A)+[(B)

1
(1.4) 0< —/ F((L—1t)A+tB)dt
0

[ViB(B—A)=Via(B—A).

oo\r—n

For some trapezoid operator inequalities in Hilbert spaces, see [0, 8,9] and [7].
Let E be a complex Banach space. We say that the vector valued function Y : [a,b] — E is strongly
differentiable on the interval (a,b) if the limit

Y (1) = lim % Y (t+h) =Y (1))
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exists in the norm topology for all t € (a,b).

In this paper we show among others that, if a : [a,b] — C is continuous and Y : [a,b] — E is
strongly differentiable on the interval (a,b), then for all u € [a, ],

H(/uba(s)ds> Y (b)+ </aua(s)ds>Y(a)—/aba(t)Y(t)dtH

'max{fj|a(s)|ds,fa“|a |ds}f 1Y (2)]] dt,

[J2 =) la@ldt+ [ (t - a) o (t)] ] superon IV (1))

IN

<( I/P [(f la (s \ds) ([ ()] ds) }1/10
(f v oy ar)

for p, ¢ > 1 with ]lj + % = 1. Applications for operator monotone functions on Hilbert spaces with

examples for power and logarithmic functions are also given.

2. General trapezoid inequalities

We have the following weighted version of generalized trapezoid inequality for two functions with

values in Banach spaces:

Theorem 2.1. Assume that o : [a,b] — C, Y : [a,b] — E are continuous and Y is strongly differen-
tiable on (a,b), then for all u € |a, b

(2.1) H(/uba(s)ds> Y (b)+ (/aua(s)ds> ¥ (a) —/aba(t)Y(t)dtH

SC(Q?Y7U)7

where

C o, Yiu) = Lb (/uta(s)]ds> profas ([ laras) v o
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We also have the bounds

(2.2) C(a,Y,u)
(3 lac ()l ds [, [V (£)]] dt,
< {f (f o (s \ds) dt} (f 1Y (¢ |th) v

J2 (21 () ds ) desupreq 1Y ()]
([ (o ()] ds) [ 1Y @) dt,

3 LU @) as)? a7 (1 @ a7

Jo (S e ()] ds) dtsupyepa o 1Y (9]
where p, ¢ > 1 with%jt%_

Proof. Let u € [a,b]. Using the integration by parts formula for Bochner integral, we have

(2.3) /ab</atoz(s)ds—/aua(s)ds>Y’(t)dt

b

= </:a(s)ds—/aua(8)d8>Y(t)a

j/@“Z/tua(s)ds;Y'(t) /ub</uta(s)ds)Y’(t)dt.
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By utilising (2.3) and (2.4) we derive the following identity of interest

(2.5) </uba(s)ds>Y(b)+</aua(s)ds>Y(a)—/aba(t)Y(t)dt
_/ub </utoc(s)ds>Y’(t)dt—/au </tua(s)ds>Y’(t)dt
for all u € [a,b].

Taking the norm in (2.5) and using the properties of the integral, we get

26) H(/ @as) v o)+ ([ atoa )Y(a)—/fa(t) ()
</toz ) 1) dt < )Y (t)dt“
(/t ) Hdt+ </t a(s)ds)Y(t)Hdt
</u /uta(s)ds ’ 1Y’ (o)) de

g/u </u |a(s|ds> Y’ (¢ Hdt+/a </tu|a(s)|ds) 1Y’ (1)) dt

=C(o,Y,u),

Y @)]] dt +

a(s)ds

which proves (2.1).
Using Holder’s inequality, we get for p, ¢ > 1, —|— L —1, that

/ub </ut\oz(s)\ds) 1Y’ ()| e

subgepus (1 o () ds) 711V ()] dt,

12 (v (o)1 as) ae) ™ (20w oy an) ™

IN

J2 (1 ()1 ds) dt super 1Y (0]
(Sl (s)lds) 7 1Y (1)) de,

=3 [ (tracsnas)”at] " (g wpear)”

J2 (11 () ds) desupyeq 1Y ()]
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/au (/tu \a(s)\ds> 1Y’ (o)) de

( i
SUpefa] (J; 1 (s)lds) [ IIY7 (#)]] dt,

and

IN

L ()l ds) ae) 7 (v o)) de) .

f (ft ‘Oé ’dS) dtsupte[au] HY ( )H
(Ja ()l ds) [ V" ()]l dt,

=1 LR (s) ds)” de] 7 (1Y ()17 dn)*

Jo' (S e (s)] ds) dt sup,epa, Y7 (B)]]-

By making use of (2.6) we deduce (2.2).

Corollary 2.2. With the assumptions of Theorem 2.1, we have

(27) H( ©as) v+ ([ awas)y <>—/ba<> o
/]as]ds/ v (0 ydt+/ o (s \ds/ 1Y (0)]| e

max { [/ o (s)] ds, [ o () ds} [ V" (0)] dt,

IN

J2 lex () dsmas { [ 1Y ()], [ 1Y (1)) e}

g/a ra<s>rds/a IV @) at

The proof follows by the first branches in the bounds (2.2).

for all u € [a,b].

Remark 2.3. If m € (a,b) is such that

(28) /amra<s>rds=/:ra<s>|ds=;/ab|a<s>|ds,

then by (2.6) we get

(2.9) H(/:a(s)ds)Y(bH (/ama(s)ds)Y(a)_/:a(t)Y(t)dtH
< ;/ab\a(s)ds/abHY’(t)Hdt.
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Corollary 2.4. With the assumptions of Theorem 2.1, we have

(2.10) H </uboz(s) ds> Y (b) + </au0z(s) ds) Y (a) - /aba(t)Y(t) dtH
b

<|[e-tlawiar [ ¢l s ol

te(a,b)
for all u € [a,b].

Proof. From the third branches in the bounds in (2.2) we have

(2.11) H(/uba(s)ds>Y(b)+ </aua(s)ds)Y(a)—/aba(t)Y(t)dtH
< [([ o) it s V0]
<[ </t |a(s)|ds> i s [V 0]
< |00 [/b (/ut|a(s)|ds) dt+/au (/t“m(s)ms) dt].

Using integration by parts, we have for u € [a, b] that

/: </ut|04(3)|d8>dt= (/ut\a(s)d5>ti—/ubt!a(t)|dt
- (/ub’a(sﬂdS)b—/ubt\a(t)]dt
b

[ o-vlawl

and

u

/au (/tu|a(s)|ds> dt — (/tu|a(s)|ds>ta+/aut]a(t)|dt
:—(/au|a(s)|ds>a+/auta(t)|dt

- [(t-aawla

which, by (2.11) provides the desired result (2.10).
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Remark 2.5. By making use of Hélder’s integral inequality, we have for p, ¢ > 1 with %—l—% =1 that

[ o-nawlas

and

[ e—aawia

By (2.10) we then get

e

< sup HY’ H
tela,b]

for all u € [a,b].

( supsep (0— 1) [ o ()] dt,

npan)”

(Jo=ora) ™ (1l1a

f;’ (b — t) dt supyepuy la ()]
b—u f la (t)| dt,

(b—u)!+1/a 1/p
(q+1 1/q (f ‘ ’p dt) )

3 (b—w)? supepy g o (2)]

Supte[au f ’Ct ‘dt
(o (= a)?dt) T ([ o (D) dt) 7

fau (t - (Z) dt SUP¢¢[a,u] ‘O‘ (t)’ )
( (u—a) f: |l (8)] dt,

(u a)1+1/q

— u 1
e ([ a0 ',

B e R (i <>rpdt)
—|—(U— 1+1/q (f ‘

\ % (U - a)? SUPte[a,u] |Oé (tﬂ :

ds> Y (b)+ </auoz(s)d5> Y (a) —/aba(t)Y(t)dtH

(b= w) 2o @)l dt+ (u—a) [ ]a @] dt]

1/p

OIEORP

L[ (0= ) supiepu o ()] + (u— @) supyepy, o (1)
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Observe that

(b—u)/ub|a(t)\dt+(u—a)/au\a(t)\dt
< max {b—u,u— a} [/ub|a(t)\dt+/au|a(t)|dt]

— B(b—a)Jr’u—a;—bH /ab|04(t)|dt'

By using the elementary inequality for a, b, ¢, d > 0 and p, ¢ > 1 with % =+ % =1,

(ab + cd) < (aP + P)/P (b7 + d9)'/4

we get
(b— u)1+1/q (/Jb P dt> 1/p . a)1+1/q </au P dt) 1/p
< ((b - u)lﬂ/q)q + <(u _ a)1+1/q>q] 1/q
’ -<</ub'o‘<t>"’dt) 1/p>p+ ((/au\a(t)!pdt> l/pﬂ "
- (b B U)QH + (u— a)qﬂ} o [/ub o (2)|P dt + /au o (8)|P dt} 1
= [0+ @] </b o <t>|pdt)1/p.

Also,

N =

[(b —u)? sup |a(t)|+ (u—a)® sup \Oé(t)!]
t€[u,b] tela,ul

o=+ (=)’ sup o (o)

1 a+0\?
_[4(b—a)+<u— 5 )]tzl[g)]]a(tﬂ.

DOL https://dx.doi.org/10.30504/JIMS.2021.299742.1038

25


https://dx.doi.org/10.30504/JIMS.2021.299742.1038

26 J. Iranian Math. Soc. Vol. 2 No. 1 (2021) 17-38 S. S. Dragomir

Then by (2.12) we get for p, ¢ > 1 with }D + % =1 that

(2.13) H </uba(s) ds> Y (b) + </auoz(s) ds) Y (a) — /aba(t)Y(t) dtH
< swp V@)
[3 (0= a) + |u—<2[] [} [ ()] dt,

1/q 1/p
L [0+ = (@)

| |50 a)+ (1= 5)*| superoy o ()

for all u € [a,b].
We also have:

Corollary 2.6. With the assumptions of Theorem 2.1, we have for all u € [a,b],

(2.14) H(/b (5)as) ¥ <b>+(/“a@)ds)Y(a)—/ja(tw(t)dt\
[([frnras) e ([ inorar) woo]
([ <t>qut)1/q
< (bl [(Ab|a<s>|ds)p+ (/au|a<s>|ds)p]
([ <t>qut)1/q

forp,q>1with%+$:1

1/p

Proof. Observe that, by the elementary inequality for a, b, ¢, d > 0 and p, ¢ > 1 with % + % =1,

(ab + ed) < (aP + )P (b7 4 7)1,
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([ ) dt]/ ([l dt) g
AL (o) a7 (ora)”
([ ([rota) ae [ ([ tora)a)”
([ o [prora)”

</ </ o |d> d”/ (/t |a<s)\ds>”dt>”p

we have

which proves (2.14).

Remark 2.7. If m € (a,b) is such that (2.8) is valid, then by (2.14) we get

(2.15) ‘ ( nja(s)ds)Y(b)—i— (/ama(s)ds)Y(a)—/aba(t)Y(t)dtH
%( //bya )] ds (/bHY’ \th>1/q.
Assume that «, Y : [a,b] — E, are continuous and Y is strongly differentiable on (a,b), then
(2.16) </ab+ba(s)ds>Y(b)+(/aa;ba(s)ds>Y(a)—/aba() (t)dt
<),
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where

a-+b

C(a,Y) = abb : la(s)|ds | |[Y" (1) dt + S
[ (fstmors o [ (]

We also have the bounds

(s ]ds) 1Y (2)]| de.

(2.17) C(a,Y)
(el ()l ds fase [V (8)] dt,

(12 (et as) ] ™" (2 1 o )",

IN

b
S (Jage lo o) ds) dtsupyfage ) [V (O]

2

((F o)1) [ 1Y @) dt,
[ (1 enas) a] (0 o),

a+b
2

Ja

(57 b o1 ) dsup, gy 17 01

\

Wherep,q>1with%+%:1.
From (2.7) we get

b axb b
(2.18) H(/Wa(s) ds> Y (5) + (/ o (s) ds> Y (a) —/ o (D) (£)dt

2

b a+b a+

g/m |a(s)|ds/a+b Iy’ ( )||dt+/aQ a(s)]ds/aZb 1Y ()|t

atb
max { [l o (s)] ds, [, 7 |o (s)] ds b [V ()] dt,

IN

a+b
J2 o ()] dsmae { [ 1" (1)) dt, 5 17 1))}

g/a |a<s>|ds/a v (o) .

DOL https://dx.doi.org/10.30504/JIMS.2021.299742.1038


https://dx.doi.org/10.30504/JIMS.2021.299742.1038

J. Iranian Math. Soc. Vol. 2 No. 1 (2021) 17-38 S. S. Dragomir

while from (2.13) we get
a+b

b atb b
(2.19) ||</a+ba(s) ds> Y (b)+ (/ o (s) ds> Y (a) —/ o (1)Y (1) dt

2 —af\a )| dt,

1/p
/ 1 _ N\1+1/q D
< g Y] s - a) (e @ a)

1 (b= a)supciqp la ()]

From (2.14) we also get

(2.20) H( >Y(b)+</a2a(s)ds)Y(a)—/ba(t)Ytdt
1/p b P axb py1/p
32/[(/ |a<s>|ds> +</ |a<s>|ds)]

2

9 (/abuyf (t)qut>1/q.

If we consider the case when «a (t) =1, t € [a,b], then by (2.1) we get for all u € [a,b],
b
(2.21) H(b W)Y () + (u—a)Y (a) - / Y (1) dtH <C (),

where

b u
C (Y, ) ;z/ (t—u)HY’(t)Hdt—Ir/ (w—1)|[Y" )] dr.

We also have the bounds
(b—u) [2 Y (1) dt,

Y1/ 1/a
(2.22) C(Y,u) < p+1 l/pp (f Y7 (t qut> ;

5 (0 =) supsep Y (O]
(u—a) [ 1Y (@) dt,

\

u—qg)tt1/p 1/q
+ ((p+1)1/p (f HY, ‘q dt)

l o 2 Y/ t

5 (u—a)”supycpa Y @),

for all u € [a,b], where p, g > 1with%+$:1.
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From (2.7) we get

(2.23) H(b—u)Y(b)—i—(u—a)Y(a)—/abY(t)dtH

b u
<wm/ﬂwwmmtuu@/\wmmwt

< B(b—a)Jr u— bH /abHY’(t)Hdt

for all u € [a, b].
From (2.14) we get

(2.24) H(b_u)Y(b)+(u—a)Y(a)_/:Y(t)dtH
) /p<

1 b 1/q
< [b- 0 + @ =ap*] HY%MP&)

for all u € [a, b] .

We also have the dual result:

S. S. Dragomir

Theorem 2.8. Assume that « : [a,b] — C, Y : [a,b] — E are continuous and « is continuously

differentiable on (a,b), then for all u € |a, b]

(2.25)

SCN'(CM,Y,’LL),

where

(o, Y u) : /(/ 1Y (s Hds)|a \dt+/u</tu||Y(s)Hds)|o/(t)

We also have the bounds
(2.26) C(a,Y,u)

b
LY ()l ds [, o (1)) dt,

1/q

2 (v enas) ] (g2 e e ar)™,

IA

f (f Y (s Hds) dt supyep, p 1o (1)],
(o 1Y (s)ll ds) [ le/ ()] dt,

9 ULy @l ds)” a7 ([ o (o] de) .

L Jo (1Y (s)ll ds) dt supyepa o (2]
where p, ¢ > 1 with%—}-%:l.
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Proof. Observe that the following identity of interest holds

(2.27) a(b)</ubY(s)ds>+oz </Y ) / ()Y (8)dt
:/ubo/(t)(/utY(s)ds)dt/ </Y ds>dt

Indeed, using integration by parts in Bochner’s integral, we get

/ubo/(t) </utY(s)ds) dt = a(t) (/utY(s)ds> )

b b
—a(b)/ Y(s)ds—/ a(O)Y (t) dt

/auo/(t) </tuY(8)ds) dt = o (1) (/tuws)ds) :+/aua(t)y
a) (/GUY(S)ds> +/aua )Y (t)dt

/ubo/(t)(/:Y(s)ds>dt—/aua’(t < )
:ab)/ubY(s)ds—/ub )Y ()dt—l—oe()(/a Y()d) /a(t)Y(t)dt
b)/ubY(s)dsm(a) (/jy@)%) / o ()Y (1) dt

and the identity (2.27).
The rest follows in a similar way to the one in the proof of Theorem 2.1 and the details are
omitted. 0

for all u € [a, b].

b

—/ba(t)Y(t)dt

and

Therefore

Similar consequence may be obtained for the dual case as well. However we do not state them here.

3. Inequalities for operator monotone functions

A real valued continuous function h on [0, co) is said to be operator monotone if h(A) > h(B) holds
for any A > B > 0 operators on the Hilbert space H.

We have the following representation of operator monotone functions, see for instance [2, p. 144-
145]:

Theorem 3.1. A function h : [0,00) — R is operator monotone in [0,00) if and only if it has the

representation

tA

(3.1) h(t) = h(0)+ bt + /OOO oy,
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where b > 0 and a positive measure (1 on [0,00) such that

(3.2) /000 H)\)\du (A) < o0.

We have the following representation result:

Lemma 3.2. Let h : [0,00) — R be operator monotone in [0,00). Assume that U > 0, then for all
selfadjoint operators V. we have
(3.3) Dh(U) (V) = bV + / A2 [(A UV (A + U)_l} du (V).
0
Proof. From (3.1) we get
)\2
t+ A

h(t):h(0)+bt+/ooo<)\— >du()\).

Assume that U > 0, then for all selfadjoint operator V' we have, by the representation of h and for ¢

in a small open interval around 0, that
h(U+tV)—h(U)
— btV +/ </\ —NH(U 4tV + )\)_1> dp(\) —/ ()\ AU+ )\)_1> dp (V)
0 0

— btV + /OOO 2 [(A FU) T - (AU tV)_l] dp ()

—ti—i—/ 2 [(A+U)—1(A+U+ﬂ/—A—U)(A+U+ﬂ/)—1} dpi (\)
0
- ti+t/ 2 [(A+U)—1V(A+U+ﬂ/)—1] dp () .
0
Dividing by t # 0, we get

h(U+tV) —h(U) :WJF/OOA2 [(A+U)—1V(A+U+tv)‘l] dp (N)
t 0

and by taking the limit over t — 0, we get
Dh(U) (V) = bV + / A2 [(A LUV (A + U)—l} dyi ()
0
for all selfadjoint operator V' we have (3.3). O

Lemma 3.3. Let h : [0,00) — R be operator monotone in [0,00). Assume that U > u > 0, then for

all selfadjoint operators V- we have
(3.4) IDR(U) (V)] < b (u) [[V]]-
Proof. From (3.3) we get

(3.5) IDA(U) (V) = bV|| < /0 T o+ v )| au

<|vi /OOO 2 07 (v
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Observe that A+ U > A4 u > 0 for A € [0,00). Then 0 < A+ U)"* < (A +u)"', which implies that
2
H()\ + U)_IH < (A+u)"", namely ’()\ + U)_IH < (A +u)"%for A e0,00).
Therefore by (3.5) we get

(3.6) IDh(U) (V) = bV < HVII/0 Nt u) 2 du(N).
If we take the derivative over ¢ in (3.1) then we have

X+ — At )2
3.7 h’t:b+/ d,u,/\:b+/ dp (A
30 w o (t+)N)? W 0 (t+A)? *)
for ¢t > 0.

From (3.7) we get
/OOO M N+u)2du(\) =h (u) —b,
and by (3.6) we derive
DR (U) (V) = bV < [V B (w) = bV

Finally, by the triangle inequality and by the fact that b > 0, we obtain that
DR (U) (V)| = b[[V]| < [DR(U) (V) =0V,
which proves the desired result (3.4). O

For a continuous real valued function h on (0, c0) and two given operators A, B > 0 we consider the

auxiliary function hs p defined by the use of continuous funcional calculus for selfadjoint operators,
hap(t):=h((1—-t)A+tB), t€]0,1].
We have the following representations of the derivatives:

Lemma 3.4. Assume that the operator function generated by h is Fréchet differentiable in each A > 0,
then for B > 0 we have that ha p is differentiable on [0, 1] and

(3.8) /A,B t)=D(h)(1—-t)A+tB)(B—A)
fort €10,1], where in 0 and 1 the derivatives are the right and left derivatives.

Proof. We prove only for the interior points ¢ € (0,1). Let h be in a small interval around 0 such that
t+h e (0,1). Then for h # 0,

hap(t+h)—h(t)

h

_h(A—(t+h)A+(t+h)B)—h((1-t)A+1tB)
h

_ h((1—t)A+tB+h(B—A)—h((1—1t)A+tB)

N h
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and by taking the limit over A — 0, we get

hap(t+h)—h(t)

g (t) = lim

h—0 h
oy h((l—t)A+tB+h(B—A))—h((1—t)A+1tB)
= Aso h

=D(h)((1—-t)A+tB)(B—-A),
which proves (3.8). O

Corollary 3.5. Let h : [0,00) — R be operator monotone in [0,00). Then for allA>a>0,B >b>0

we have

(3.9) |4 @) = 11D (h) (1 —t) A+1B) (B — A)]|
<K ((1—=t)a+tb)||B - A

for all t € [0,1].

The proof follows by Lemma 3.3 and Lemma 3.4.
One can observe that the inequality (3.9) remains valid for operator monotone functions on (0, c0) .
This follows by considering the function h. (t) := h(t + €) for € > 0, which is operator monotone on

[0,00) and then by letting ¢ — 04 and using the continuity of h and '

Theorem 3.6. Let f : [0,00) — R be operator monotone in [0,00) and « : [0,1] — C a continuous
function on [0,1]. Then for all A>a >0, B >b> 0 we have

(3.10) ([ awas) s ["awas) s

—/Ola(t)f((l—t)A—i—tB)dtH
<ip-al[ [ atnas [ £ -nasma
—I—/Ou|a(s)|ds/0uf’((1—t)a+tb)dt}

< ||B—A||max{/ub\a<s>ds,/ouwms)ds}

LOZI@ Gpb £ a,

(@) ifb=a,

. IO Gfb £ a,

<|B- AH/ o (3)] ds x
0

f(@) ifb=a,
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(3.11) H</ula(s) ds) F(A) + </Oua(s)ds) £ (B)

—/Ola(t)f(u—t)AHB)dtH

1 u
<||B—A| [/ (1—t)]a(t)|dt+/0 t|a(t)|dt] sup f ((1—t)a+ tb)

te(0,1]

and

(312 ([ awas) e+ ([Tawas) rm
—/1a(t)f((1—t)A+tB)dtH

<;1AK/ a s \ds) 1w (/ » rds>pu]1/p

x(A U%u—ﬂa+wwmguq

<|1B- 4] [(/ |a<s>|ds>p+ ([Clacras)] "
1

X(A U%ﬂ—oa+wWwQUq

forp,q>1with%+$:1

Proof. We use inequality (2.7) for o and fa p on [0, 1] to get

(3.13) H( )fAB(>+</" (s)d )fAB() /1 ()fAB(wdtH
/|a |ds/ £ @llde+ [Clalds [ 17 0] d
Smax{/u s [ |a<s>|ds}/0 | Fom ()] dt
s/ol Ia(S)IdS/OleA,B (1) dt.

and, since by (3.9)
[fas @] < (Q-t)a+1b) B - Al

for all ¢ € [0,1], hence by (3.13) we get (3.10).
The inequality (3.11) follows in a similar way from (2.10) while (3.12) follows by (2.14).
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If we take in Theorem 3.6 f (t) =", r € (0,1), which is operator monotone on [0, c0), then for all
AZa>O,BZb>Owehaveforp,q>lwith%—i—%:lthat

([ ([ wrs)m

—/1a(t) (1 —t)A+tB)’”dtH

0
<nB—mmm{Zﬁa@w&AﬁMQwﬁ

b —a” s
—a if b # a,

ra" lif b= a,

b;:ar if b # a,

a

1
<1B-A] [ la()ldsx
0

ra" lifb=a,

(3.15) H </u1a(s) ds> Ay (/Oua@) ds) B

—/Oloz(t) (1—-t)A+1tB)" dtH
<rmax{a" 10"} ||B - A {/u

1

(1—t)|a(t)\dt+/0ut]a(t)]dt}

and

(o) (o)
_Aiﬂﬂﬂl—ﬂA+¢Byﬁ'
con- (o) - ([ o)
x (/01 (1 —t)a + th)1™D dt) 1/4
com-a ([ e < [1ors)]

x </01 (1=t)a+ b)Y dt> I/q.
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If we consider the operator monotone function f (¢) =1Int, ¢t € (0,00) in Theorem 3.6, then we get

(3.17)

(3.18)

and

(3.19)

H(/ula(s)ds> A+ (/Oua(s)ds> In B

—/1a(t)ln((1—t)A+tB)dtH

0
<|IB A||max{Ab|a<s>\ds,/0"\a(s)ds}

lngflna if b ?é a,

—a

a~tifb=a,

) blna if p £ g,

<|B —AH/ o (s)] ds
0

a tifb=a,

H(/ula(s)ds) In A+ (/Oua(s)ds> In B

—/Ola(t)ln((l—t)A—i—tB)dtH

< B - A [/ul<1—t)\a<t>\dt+/0“tra<t>rdt}

H(/ula(s)ds) In A+ (/Oua(s)ds> In B

—/Ola(t)ln((l—t)A+tB)dtH

< 1B - A [(1 —u) (/ul \a(S)\ds>p+u (/Ou |a(3)|dg>p] v

1—q_gl— 1/q .
(f=is) b #a
a tifb=a,

o al([mere) ([ rore)]”
(1sa) b £,

atifb=a

forp,q>1withl%+%:1.
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