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ON THE WATCHING NUMBER OF GRAPHS

S. AHMADI AND E. VATANDOOST*

ABSTRACT. Let G = (V, E) be a simple and undirected graph. A watcher w; of G is a couple of
w; = (vs, Z;), where v; € V and Z; is a subset of the closed neighborhood of v;. If a vertex v € Z;, we
say that v is covered by w;. A set W = {w1,wa,...,wr}, of watchers, is a watching system for G if
the sets Lw(v) = {w; : v € Z; , 1 <4 < k} are non-empty and distinct, for every v € V. In this
paper, we study the watching systems of some graphs and consider the watching number of Mycielski’s

construction of some graphs.

1. Introduction

In this paper, all graphs are assumed to be finite, simple and undirected. We will often use the
notation G = (V, E) to denote a graph with non-empty vertex set V' = V(G) and edge set E = E(G).
An edge of G with end vertices u and v is denoted by uv. The order of a graph is the number of vertices
in the graph and the size of a graph is the number of edges. For every vertex x € V(G), the open
neighborhood of the vertex z is denoted by N¢(x) and defined as Ng(z) = {y € V(G) : zy € E(G)}.
Also, the closed neighborhood of the vertex x € V(G), N¢[z], is Ng[z] = Ng(z) U {x}. The degree of
a vertex z € V(G) is degg () = |Ng(z)|. The mazimum degree of a graph G is denoted by A(G). A
vertex = € V(G) is called a universal vertex, if Ng[z] = V(G). A complete bipartite graph is a special
kind of bipartite graph, where every vertex of the first part is connected to every vertex of the second

part. The complete bipartite graph is denoted by K, .
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A subset S of the vertices of a graph G is a dominating set of G, if every vertex in V(G) \ S is
adjacent to at least one vertex in S. The domination number of a graph G, denoted by v(G), is the
cardinality of a minimum dominating set of G. A set C of vertices G is an identifying code of G, if
for every two vertices x and y the sets Ng[z] N C and Ng[y] N C are non-empty and different. The
smallest size of an identifying code of a graph G, is called the identifying code number of G and is
denoted by v/P(G). For more details, we refer the reader to [5,6,9,12].

For graph G = (V, E), let V'(G) = {v}, vy, ..., v, } be a copy of V(G) = {v1,v2,...,v,} and w be a
new vertex. Mycielski’s construction of graph G, denoted by u(G) and it is a graph with the vertex set
V(@) =V(G)UV' (G)U{w} and the edge set E(u(G)) = E(G)U {vw; s vy € E(G), 1<14,j <
nyU{wv, : 1<i<n}. The Mycielski’s construction of a graph G was introduced by J. Mycielski to
construct triangle-free graphs with the arbitrarily large chromatic number [8]. In recent years, there
have been results reported on the Mycielski graph related to several domination parameters [4, 7].
Watching systems were introduced in [2], are generalization of identifying codes. A watcher w of a
graph G is a couple of w = (v;, Z;), where v; € V(G) and Z; C Ng[v;]. We will say that w is located at
v;. A watching system for a graph G is a finite set W = {w1,wa, ..., wi}, such that for every v € V(G),
Ly (v) ={w; : ve Z;, 1<i<k} are non-empty and distinct. The watching number of a graph G
is denoted by w(G) is the minimum size of watching systems of G. Auger et al. in [3], gave an upper
bound on w(G) for connected graphs of order n and characterized the trees attaining this bound. In
2014, Maimani et al. in [10], studied the watching systems of triangular graphs. They proved that
watching number of triangular graph 7'(n) is equal to {%ﬂ In 2017, Roozbayani et al. in [1 1], studied
identifying codes and watching systems in Kneser graphs.

In this paper, we study the watching number of some graphs. In Section 2, we give two bounds for
w(G), which are sharp. We show that if G is a connected graph, A(G) =n—2 and Ng(a) = Ng(b) =
G\ {a,b}, then w(G) = [loga(n+1)]. In Section 3, we give two bounds for w(u(G)), which are sharp.
We prove if G has a universal vertex, then w(u(G)) = [log2(n + 1)] + 2. Finally, we give an upper
bound for w(u(Cy)).

2. Some results on watching systems

In this Section, we give some results about watching systems.

Theorem 2.1. [2] Let G be a graph of order n. Then
i) If G is twin free graph, then v(G) < w(G) < +P(G),
i) [log2(n+1)] < w(G) < v(G)[log2(A(G) +2)] .

Example 2.2. For graphs G and H which are shown in Figure 1, we have w(G) =4 and w(H) = 3.
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Theorem 2.3. Let G be a graph of order n with A(G) =n —1. Then w(G) = [loga(n + 1)].

Proof. By Theorem 2.1, (ii), [loga(n +1)] < w(G). Since G has a universal vertex, v(G) = 1. By
Theorem 2.1, (ii), we have w(G) < [loga(n — 1+ 2)] = [loga(n 4+ 1)]. So w(G) = [loga(n +1)]. O

Theorem 2.4. Let G be a connected graph and e € E(G) such that G\ {e} = G1 UGa. Then
w(G1) + w(G2) — 2 <w(G) <w(G1) +w(Ga).

Proof. Let a and b be two end vertices of e, a € V(G1) and b € V(G2). Let W; be a watching
system for G; with minimum cardinality, ¢ € {1,2} and Wiy = W3 U Ws. We claim that Wio is
a watching system of G. For every z € V(G1) \ {a} and y € V(G2) \ {b}, Lw,,(x) = Ly, (z) and
Lw,,(y) = Lw,(y). Also, Lw,,(a) € Lw,(a) U {(b, Zp)} and Lw,,(b) C Lw,(b) U{(a,Z,)}, where
Za C Ngla] and Z, C Ng[b]. Since Wi and Ws are watching systems for G; and Ga, respectively, so
Ly, (vi) # 0 and Ly, (v;) # Lw,,(vj) for every v; and v; in V(G). Hence, Wis is a watching system
for G and so w(G) < [Wig| = |Wi| + |[Wa| = w(G1) + w(G2).

Let W be a watching system for G with minimum cardinality. Then we have the following cases:
Case 1: Let (a,Z,) ¢ W and (b,Z) ¢ W, where Z, C Ngla] and Z, C Ng[b]. Also, let Wp =
{w, Z,) eW : veV(Gy)} and Wy = {(u,Z,) € W : u € V(G2)}. Then Wi and Wy are watching
systems for G and Ga, respectively, W1 U Wy = W and W1 N Wy = (. Thus w(G1) + w(G2) <
[Wh| + |Wa| = |W| = w(G). Hence w(G1) + w(G2) — 2 < w(G).

Case 2: Let (a,Z,) € W and (b,Z) ¢ W, where Z, C Ngla] and Z, C Ng[b]. Then W; =
{(v, Z, NV (Gy) : veV(Gy), (v,Z,) € W} and Wo = {(u,Z,) € W : ue V(G2)} U{(b,{b})} are
watching systems for G and Ga, respectively.

So w(G1) + w(Ga) < [Wi| + |Wa| = W]+ 1 =w(G) + 1. Hence w(G1) + w(G2) — 2 < w(G).

Case 3: Let (a,Z,) € W and (b, Z,) € W.

If (b, Zy) € Ly (a) and Ly (a) \ {(b, Zp)} = Lw(x) for some x € V(G1), then

Wi ={(v,Z, NV (G1)) : veV(G1), (v,Z,) € W}U{(a,{a})}

DOI: https://dx.doi.org/10.30504/JIMS.2023.388523.1097


https://dx.doi.org/10.30504/JIMS.2023.388523.1097

182 J. Iran. Math. Soc. 4 (2023), no. 2, 179-188 S. Ahmadi and E. Vatandoost

is a watching system for G;.
If (b, Zy) € Lw(a) and Ly (a) \ {(b, Zp)} # Lw(x) for every x € V(Gy) \ {a}, then

Wy ={(v,Z, NV (Gy)) : veV(G1), (v,2,) € W}

is a watching system for G1.
If (b, Zb) ¢ Lw(a), then

Wy = {('U,ZU N V(Gl)) v eV(Gy), (U,Zv) € W}

is a watching system for G1.
Similarly, If (a, Z,) € Ly (b) and Ly (b) \ {(a, Zs)} = Lw () for some = € V(G3), then

Wa ={(v, Z,NV(G2)) : veV(Ga), (v,2,) € WHU{(b,{b})}

is a watching system for Gs.
If (a,Z,) € Lw(b) and Ly (b) \ {(a, Zs)} # Lw(z) for every x € V(G3) \ {b}, then

Wy ={(v,Z, NV (Gy)) : veV(Ga), (v,Z,) € W}

is a watching system for Gs.

If (a,Z,) ¢ Lw(b), then Wy = {(v,Z, NV (G2)) : v € V(G2), (v,Z,) € W} is a watching system
for Gy. Thus w(G1) + w(Ga) < |Wi| + |[Wa| or w(G1) + w(Ga) < |Wi| + [Wa| 4+ 1 or w(G1) +w(Ga) <
|W1|4|Wa|+2. However, w(G1)+w(G2)—2 < w(G). By Example 2.2, these two bounds are sharp. [

Following Ashrafi et al. [1], a link of graphs G; and G2 by vertices a € V(G1) and b € V(G2) is
defined as the graph (G; ~ G3)(a,b) obtained by joining a and b by an edge in the union of these
graphs.

Corollary 2.5. Let G ~ (K1, ~ Ki4)(a,b), where a and b be the universal vertices of K1, and K g,
respectively. Then [loga(“£2)] + [loga(552)] < w(G) < [loga(r +2)] + [loga(s +2)].

Proof. By Theorems 2.3 and 2.4, the proof is straightforward. (|

Theorem 2.6. Let G be a connected graph of order n with A(G) = n — 2, and let a and b be two
distinct vertices in G such that Ng(a) = Ng(b) = G\ {a,b}. Then w(G) = [loga(n +1)].

Proof. By Theorem 2.1, (ii), [loga(n+1)] < w(G). If n = 2% —1, then k < w(G). Let x € Ng(a) and
Ng(a)\ {z} = AUB, where ANB = () and |A| = | B| = 2¥~! — 2. Let induced subgraph on AU {a} in
G be A,. By Theorem 2.3, w(A,) = [log2(2¥~1 —141)] = k—1. Supoose W = {w; = (a, Z;) : Z; C
Ng,la], 1 <i<k—1} be a watching system for A, such that a € Z; for every 1 <i < k — 1. Since
|A| = | B|, there exist a bijective function f: A — B.

Suppose that Wy = {we; = (a, Z;Uf(Z;)U{zx}) : (a,Z;) e Wi, 1 <i<k—1}and W = WoU{(b, Z)},
where Z, = BU {z,b}. Then we have:

Lw(a) = {w2; € W2 : w; € Lw,(a)},

Ly (b) = {ws},
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Ly (x) = {wp} U Who,

Ly (y) = {w2i € W2 : w; € Lw, (y)}, Lw(f(y)) = Lw(y) U{ws}, ify€ A

Hence Ly (v) # 0 and Ly (u) # Lw (v) for every u and v in V(G). Thus W is a watching system for
G. Hence, w(G) < |W| = k. Therefore, w(G) = k = [loga(n + 1)].
Let n # 28 — 1. Then [logz(n + 1)] = [logz(n + 2)]. By Theorem 2.1, (ii),

[loga(n + 1)] = [loga(n +2)] < w(G).

Let n be even, Ng(a) = AUB, ANB = ( and |A| = |B| = “52. Since |A| = |B|, there exist a
bijective function f: A — B. By Theorem 2.3, w(A,) = ’VZOQQnTJrQ-‘. Let Wy ={w; = (a,%;) = Z; C
Na,la], 1 <i <t} be a watching system for A, such that a € Z; for every 1 <i < tand t = [loga"2].
Suppose that Wy = {we; = (a, Z; U f(Z;)) : (a,Z;) € Wq, 1 <i<t}and W =Wy U{(b, Zp)}, where
Zy = BU{b}. Then we have:

Lw(a) = {wz € Wa : w; € Ly, (a)},

Lw (b) = {wp},

Lw(y) = {w2 € W2 1 w; € Lw, ()}, Lw(f(y)) = Lw(y) U{ws}, ify € A

Thus W is a watching system for G. Hence w(G) < |W| = [loga™+2| + 1 = [loga(n + 2)]. Therefore,
w(G) = [loga(n +2)] = [loga(n + 1)].

Let n be odd, z € Ng(a) and Ng(a) \ {z} = AUB, AnNB = () and |A| = |B| = ;2. Since
|A| = |B, there exist a bijective function f : A — B. By Theorem 2.3, w(A,) = [loga™$2]. Let
Wi =A{wi=1(a,Z;) : Z; C Ny,la], 1 <i <t} bea watching system for A, such that a € Z; for every
1<i<tandt= [logQ”T‘H]. Suppose that

Wy ={wa = (a,Z; U f(Z;) U{z}) : (a,Z;) € W1, 1 <i<t}and W =WyU{(b,Zp)},
where Z, = BU {b,z}. Then we have:
Ly (a) = {we; € Wa : w; € Ly, (a)},
Ly (b) = {ws},
Ly (z) = {wp} U Wy,

Lw(y) = {w2 € W2 1 w; € Lw, ()}, Lw(f(y)) = Lw(y) U{ws}, ify e A

Thus W is a watching system for G. Hence w(G) < |W| = [loga(n+1)|. Therefore, w(G) =
[loga(n +1)]. O

Corollary 2.7. Let G be an (n — 2)-reqular graph of order n. Then w(G) = [loga(n + 1)].

Proof. By Theorem 2.6, the proof is straightforward. O
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3. Watching systems and Mycielski’s construction of graphs

In this Section, we consider the watching number of Mycielski’s construction of some graphs.

Theorem 3.1. [2] Let n > 3 be a positive integer. Then
3 ifn=4
w(Cp) = _
8] ifn 4

Theorem 3.2. Let G be a graph of order n. Then
[loga(n 4+ 1)] + 1 < w(u(G)) < w(G) + [loga(n + 2)].

Furthermore, these bounds are sharp.
Proof. 1t is clear that |V (u(G))| = 2n + 1. By Theorem 2.1, (ii),

w(p(@)) > [loga(2n + 1) + 1] = [log2(2n + 2)] = [loga(n + 1)] + 1.
Now, let w(G) = k and W; = {wy,ws,...,wk} be a watching system of G, where w; = (a;, Z;), a; €
V(@) and Z; C Ngla;]. By definition of Myecilski’s construction, induced subgraph on V' (G) U {w} in
p(G) is isomorphic to K . By Theorem 2.3, w(Kj ) = [loga(n +2)]. For 1 <i <t = [loga2(n + 2)],
suppose that Wy = {wll, wa y... ,wt/} be a watching system for induced subgraph on V/(G) U{w} in
u(G), where w; = (w,T;) and T, C Ny@)lw]. Let W = WU Wa. Then for every z € V(G) , we have
Ly (z) = Lw,(z), Lw(z') = Lw,(z) and Ly (w) = Ly, (w), where z’ is the copy of  in u(G). So
for every y € V(u(G)) the sets Ly (y) are non-empty and distinct. Hence W is a watching system of
1(G). Therefore, w(p(G)) < |W| = |Wi| + [Wa| = w(G) + [loga(n + 2)]. Therefore,

[loga(n 4+ 1)] + 1 < w(u(G)) < w(G) + [loga(n + 2)].

We know that u(P») = C5. By Theorem 3.1, w(u(P)) = 3. On the other hand, we have [logs(n +
1)] 4+ 1 = 3. This shows that the lower bound is sharp. If G = K,,, then w(u(G)) = n + [loga(n + 2)].
This shows that the upper bound is sharp. O

Theorem 3.3. Let G be a graph of order n with A(G) =n — 1. Then
w(u(G)) = [loga(n +1)] + 2.

Proof. By Theorem 3.2, [log2(n 4+ 1)] + 1 < w(u(G)). By Theorem 2.3, w(G) = [loga(n + 1)]. Let a
be a universal vertex of G and Wy = {(a,Z;) : 1 <i<t, Z; C Ngla]} be a watching system of G,
where t = [loga(n + 1)].

Let Wo = {wy = (0, Z;UZ;) : 1<i<t, Z; C Ngla]} U{(w, Nyqyw]), (w,{w})}, where Z, CV'(G)
is a copy of Z; in u(G). Then we have:

Ly, (a) ={wy € Wy : w; € Ly, (a)},

Ly, (x) = {w2; € Wa : w; € Ly, (z)}, for every z € V(G) \ {a},
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Ly, (z') = Ly, (z) U {(w, Ny@lw])}, for every x € V(G) \ {a}, z'is the copy of =,
Lw,(a) = {(w, Ny lw))},

Ly, (w) = {(w, Ny [wl), (w, {w})}.

Thus Wy is a watching system for G and so w(u(G)) < [Wa| = [loga(n + 1)] + 2.

Now, let w(u(G)) = [loga(n+1)] +1 and W be a watching system of p(G) with minimum cardinality.
Then by Theorem 2.3, there are [loga(n + 1)] watchers located at vertex a. This watching system
must cover a and w. So there exist a watcher w is located at @' or w. If w; = (a’,Za/) and
{a',w} C Z,y C NH(G)[a/], then Ly (a') = {wi} and Ly (w) = {wi} which is a contradiction. If
w = (w,Zy) and {a’,w} C Z, C Ny@)lw], then Lw(a) = {w1} and Ly (w) = {w1}, which is
impossible. Hence, w(u(G)) # [loga(n + 1)] + 1. Therefore, w(u(G)) = [log2(n + 1)] + 2. O

Theorem 3.4. Let s > 2 and G = Ka ;. Then w(G) = [loga(s + 3)] and w(pu(G)) = w(G) + 2.

Proof. By Theorem 2.6, w(G) = [loga(s + 3)]. Suppose that the bipartition of G be X = {a, b} and
Y with |Y| = s.

Let t = [loga(s+3)] and W1 = {w1 = (a, Z1),...,wi—1 = (a, Z4_1),w; = (b, Zp)} be a watching system
for G according to proof of Theorem 2.6. Also, let we; = (a, ZiUZZ{) for1 <i<t—1,wy = (b, ZbUZz)),
W, = (a/,Nu(G)[a/]), Wy = (b/,NH(G)[b/]) and Wy = {wy; : 1<i<t—1}U{w,,wy}, where Z;, d
and b are the copy of Z;, a and b, respectively, in (G) (See Figure 2). Then we have:

Lw,(a) = {ws; € W2 : w; € Lw,(a)},
LW2 (b) = {ng e Wy : wj € LW1 (b)},
Ly, (y) = {w2; € Wa @ w; € Ly, (y)} U{w,,wy }, for every y € Y,

L, (y) = {wej € Wy : wj € Ly, (y)}, for every y €Y', yis the copy of y,

Thus Ws is a watching system for u(G) and so w(u(G)) < |[Wa| = [loga(s + 3)] + 2.
Now, suppose that w(u(G)) # [loga(s+3)] +2 and W be a watching system for p(G) with minimum
cardinality. Then by Theorem 2.6, [log2(s+3)| watchers must are located at two vertices a and b. Also,
another watcher must is located at @', b or w. Anyway, we will have, Ly (a') = Ly (w) or Ly (b)) =
Ly (w). It is impossible. So [loga(s + 3)] + 2 < w(u(G)). Therefore, w(u(G)) = [loga(s + 3)] + 2.

U

Theorem 3.5. Let n > 5 be a positive integer. Then

1) Ifn s odd, w(u(Cn)) < [2] + [loga(51)] .

2) If n is even, w(pu(Cy)) < 2+ [loga(%51)] .
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Proof.

oW
v(C O—(xy)

FIGURE 2. pu(Ks )

Bold line: Every vertex of the set is adjacent to every vertex of the other set.

DLetn=2k+1, V(u(Cy)) = {v;i : 1 <i<n}uU{v, : 1<i<mn}U{w} (See
Figure 3), and H be induced subgraph on {vy;, , : 2 <i <k} U {w} in u(Cy). By Theorem
2.3, w(H) = [logo(2)]. Let Wy = {w; = (w,Z;) : Z; C Nycylw] , 1 <i <t} be a
watching system for H, where t = {logg(”%rl)].

Also, let w; = (w,Zlu{vll}U{vlzj C1<j<EkY,w = (w,ZU{v,)}), wy=wifor2<i<t—1
and W, = {wy,...,w;}.
We claim that if w) = (vq, {v1, va, vy, v, }) and w?m = (Vp, {V},Vn_1,0n}), then

2

W =W, U{w, w,[/%ﬁ U{w; = (vaj—1, {v2j—2,v2j-1, V2, v9;}) 1 2<j <k},

is a watching system for p(C),). Because we have:
Lw(vgj_1) ={w;  wj € Lw, (vy;_1)}, Lw(vej-1) ={w;}, 2<3j <k,
LW(UIZJ) = {wllaw;/}v 2< ] < k7
Lw(w) = {w; : wj € Ly, (w)},
Ly (vy) = {th[g}}a Ly (vy,) = {wy,wi },
Lu(vh) = (i}, L (0n) = (]},
Ly (v1) = {"Jlll}> Ly (vak) = {w;’w’[’%]}’
Ly (vg)) = {wj w1}, 1<j<k—1.
Therefore, w(p(Cy)) < [2] + [loga(%E1)] .
Let n = 2k and H be induced subgraph on {v,, ; : 1 < i < k} U {w} in u(C,). By
Theorem 2.3, w(H) = [logg("T‘Mﬂ. Let W1 = {wi = (’LU, Zi) . Zi Q Nu(cn)[w] y 1 S ) S t} be
a watching system for H, where ¢ = [logs(244)].
Also, let wll = (w,Z1 U {v;,v;,...,v/gk}), w; =w; for 2 < i <tand Wll = {wll,...,w;}. We
claim that W = W, U {w;-/ = (v2j—1, Ng, [v2j-1] U {1/2]}) : 1 < j <k} is a watching system
for ;1(Cy,). It is easy to see that:
LW(Uijl) = {Wj D wj € Ly, (v2j71)}7 Ly (vgj—1) ={w; }, 1 <j <k,

L (w) = {w; : w; € Lw, (w)},

’ ’ ” .
Ly (vg;) = {wy,w;}, 1 <4 <k,
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Ly (vg;) = {wj,wj }, 1< <k—1,
Ly (vag) = {wp,wy }-
Therefore, w(pu(Cy)) < [W| =k + [loga("5*)] .

FIGURE 3. u(Cy)
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