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LEFT 3-ENGEL ELEMENTS IN GROUPS: A SURVEY
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Dedicated to Prof. D. J. S. Robinson

ABSTRACT. We survey left 3-Engel elements in groups.

1. Introduction

An element a of a group G is left Engel if for each x € G there exists a non-negative integer n(x)
such that

If n(z) is bounded above, then a is bounded left Engel. More precisely, a is left n-Engel if n(xz) < n
for all z € G.

Recall that the Hirsch-Plotkin radical, HP(G), of G is the product of its locally nilpotent normal
subgroups. It is straightforward to see that every element of HP(G) is left Engel in G and the converse
is known for some classes of groups, including solvable groups and finite groups (more generally, groups
satisfying the maximal condition on subgroups) [3,7]. The converse is not true in general, not even
for bounded left Engel elements. In fact, whereas it is clear that a left 2-Engel element is always in
HP(G), this remains an open question for left 3-Engel elements. There have been breakthroughs in
recent years. In [11] it is shown that every left 3-Engel element of odd order is contained in HP(G).

In [8] this result is generalized to include elements of every order, by replacing left 3-Engel with a
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stronger condition that we call strong left 3-Engel. Left 3-Engel elements of odd order are strong left
3-Engel.

The results of [23] imply that, in order to show that every left 3-Engel element of finite order is in
HP(G), it suffices to consider elements of order 2. By looking at a similar setting for Lie algebras,
there are reasons to doubt that elements of order 2 must be in HP(G) however. Little is known about
left 4-Engel elements, although there are some interesting results in [2].

Groups of prime power exponent satisfy some Engel-type conditions and the solution to the re-
stricted Burnside problem also uses the fact that the associated Lie ring satisfies certain Engel-type
identities [28,29]. Burnside [5] observed that every element of a group of exponent 3 is a left 2-Engel
element, and so the fact that every left 2-Engel element lies in the Hirsch-Plotkin radical can be seen
as the underlying reason why groups of exponent 3 are locally finite. For groups of 2-power exponent,
there is a close link with left Engel elements. If a is an involution in a finitely generated group G of

exponent 2", then

[[[.T,CL],CLL,“’CL] = [{L"a]( 2)" =1
N ——
n+1

Thus a is a left (n + 1)-Engel element of G. Hence, if G/G2"" is finite and the left (n 4 1)-Engel
elements of G are in HP(G), then G is finite. For sufficiently large n, the variety of groups of exponent
2" is not locally finite [13, 17], so for sufficiently large n there are left n-Engel elements not contained
in HP(G). Since groups of exponent 4 are locally finite [22], if all left 4-Engel elements of a group G
of exponent 8 are in HP(G), then G is locally finite.

Is a left 3-Engel element of prime power order in a group G contained in HP(G)? We reduce this
question to elements of prime order using the following result by Abdollahi [!]: for every prime p and
every left 3-Engel element x of finite p-power, zP is in the Baer radical of G and, in particular, (zP) is
locally nilpotent. For the case p = 2 this implies the local finiteness of groups of exponent 4, originally
proved by Sanov [22]. It is also proved in [!] that two left 3-Engel elements generate a nilpotent group
of class at most 4, and this bound is achieved.

We now swap the role of ¢ and z in the definition of a left Engel element. Thus a € G is a right

Engel element if for each x € G there exists a non-negative integer n(x) such that

[a,n(x) x] =1.

If n(z) is bounded above by n, then a is a right n-Engel element. By a result of Heineken [11], if a is
a right n-Engel element of G, then a~! is a left (n + 1)-Engel element.

In [18] Newell proved that if a is a right 3-Engel element of G, then a € HP(G); in fact, he proved
the stronger result that (a)@ is nilpotent of class at most 3. A natural question arises whether (a)® is
nilpotent when a is a left 3-Engel element of G. In [21] it was shown that this is not the case by giving
an example of a locally finite 2-group with a left 3-Engel element a such that (a)© is not nilpotent
and in [9] this was generalized to an infinite family of examples. In [10] this was extended to include
every odd prime. Thus for each prime p, there is a locally finite p-group G containing a left 3-Engel

G is not nilpotent.
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The structure of this survey is as follows. In Section 2 we discuss (strong) sandwich elements in
Lie algebras and groups. We give a consistent power-conjugate presentation [12, Section 9.4] of the
largest 3-generator sandwich group, which is nilpotent of class 5 and at most 3 if all elements have
odd order. We then present one of our main results: every finitely generated strong sandwich group
is nilpotent. It follows that a strong left 3-Engel element of a group G always lies in HP(G); we
mention applications for groups of exponents 5, 9 and 8. We do not know if all sandwich groups of
rank 4 are nilpotent, but in Section 3 we give partial results. We show that there is a largest finite
sandwich group of rank 4 generated by involutions. In Section 3.1 we obtain a new reduction theorem
for sandwich groups of rank 4 with generators that have two commuting pairs. In Section 3.2 we
report some results of computations in residually nilpotent sandwich groups of rank 5 generated by
involutions. In particular, we show that these are finite if there are at least 3 commuting pairs among
the generators. Finally, in Sections 4 and 5 we consider the global nilpotence problem for the normal

closure of left 3-Engel elements in locally finite p-groups.

2. Local nilpotence of (strong) sandwich groups and strong left 3-Engel elements

The approach of [3, 11] is by working with sandwich groups; these are group-theoretic analogues
of sandwich Lie algebras introduced by Kostrikin [15]. Zel’'manov and Kostrikin [30] proved that
sandwich Lie algebras are locally nilpotent and this is a key ingredient to both Kostrikin’s solution to

the restricted Burnside problem for groups of prime exponent [16], and Zel’'manov’s general solution
[28,29].

2.1. Sandwich Lie algebras. As for group commutators, we use the left normed convention for Lie

products.

Definition 2.1. An element a of a Lie algebra L is a sandwich element if axra = 0 and axya = 0
for all z,y € L. A Lie algebra is a sandwich Lie algebra if it can be generated (as Lie algebra) by

sandwich elements.

The second condition is superfluous in odd characteristic: 0 = z(yaa) = zyaa — 2xaya + raay =

2azrya. In characteristic 2 it is needed as this example shows.

Example 2.2. Consider the largest vector space L = (a,b,c) over GF(2) subject to Id(c) being
abelian, bc = 0 and bzb = axa = cxc = 0, for all x € L. Then L is a Lie algebra generated by a, b, ab,
c(ab)™, and c¢(ab)"a for n > 0. To show that L is non-nilpotent (or, equivalently, infinite dimensional),
we give a concrete example where these generators are basis elements. Let y = ab,u,, = c¢(ab)™ and

Un+41 = c(ab)™a. We have the following multiplication table for these basis elements of L.

ab =y,

ya =yb =0,
UG = Vpt1, Upb =0, UnY = Up41,
vpa = 0, b = up, UnY = Un+1,
Up U, = 0, UnUpm, = 0, Up Uy, = 0.
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It suffices to show that the Jacobi identity holds for these generators. Since the characteristic is 2, we
deduce that:

aby + bya + yab = 0,
upab + abuy, + bupa = vu11b+ yu, = 2up41 =0,
vpab + abv, + bv,a = yu, + una = 2up4+1 =0,
UnaY + aYUp + Yuna = Vpp1yY +Unt1a = 205490 =0,
vpby + byvy, +yvpd = upy + vppb = 2up+1 =0.
2.2. 3-generator sandwich groups. In [25] the notion of a sandwich group was introduced.

Definition 2.3. A subset X of a group G is a sandwich set if {a,b9) is nilpotent of class at most 2
forall a,b € X and g € (X). If G is generated by a sandwich set, then G is a sandwich group.

The connection with left 3-Engel elements arises because the following are equivalent.

(1) If a is a left 3-Engel element of a group G, then a is in the locally nilpotent radical of G.

(2) Every finitely generated sandwich group is nilpotent.
The equivalence is a consequence of the following: If @ is a left 3-Engel element in G, then (a)® is a
sandwich group; every element of a sandwich set X is left 3-Engel in (X).

A significant feature of sandwich groups is that there is a largest sandwich group of any given
rank [25].

Theorem 2.4. Let R = (x,y,z) be the free sandwich group of rank 3. If the generators have odd

order, then R has class at most 3, else R has class 5.

We obtained in [25] the following consistent power-conjugate presentation for R.

Let ei(z,2%,y) = [2, 2,9, y].

Generators

1 =e1(z2,2%y), wz2=ei(z,2Y2), x3=-e1(y,y*, 1),
zy=[z,2, (59, s =[v,y [z, 2]], w6 =[y 2 [y,z]],
rr=[2,2,y], w8 =[2y,7]

xg = [z,x], x10=[2,y], x11=][z,Y]

T2 =T, T13=Y, Ti4=2%.

Relations

x% = g;% = x% =1, xi = x% = :z% = T3x271,

1y’ = waws,  xy” =aawy, w5 =as31, T3 = w572,

rg'? = wer3, TGt = w62,

x7’ = xrwows, ¥ =wrwy, w7 =wra, 27 = 27as5T370,

P = wrxy, w7t = wrwamaxe,

xggcg = r8x3, x%”o = T8T2T1, x:gn = T8T3, xgn = 183,

3" = xgxex3, Xg't = r3T4X3,

ﬂfgw — Tox4, x;:n = 2915, xgli? = Tox7, x:fél = T10%6, $91%2 = 1078,

T14 _ —1 T13 _ T14 _ —1 T14 _ -1
T = £U111‘8I‘7 TeLrL4T3, Tq1o" = 12711, T1g = I‘12$9 5 1’13 = 1‘135610 .
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2.3. (Strong) sandwich groups and strong left 3-Engel elements. The results of [14] imply
that a group G generated by a finite sandwich set consisting of elements of odd order is nilpotent.
Thus every left 3-Engel element of odd order in G is in HP(G).

We wish to extend this result to include groups generated by elements of any order. We take a cue

from the definition of sandwich algebras. In [3] we introduced the notion of a strong sandwich set.

Definition 2.5. A subset X of a group G is a strong sandwich set if:

(1) {(a,b9) is nilpotent of class at most 2 for all a,b € X and g € (X);
(2) (a,b,c9) is nilpotent of class at most 3 for all a,b,c € X and f,g € (X).

If G is generated by a strong sandwich set, then it is a strong sandwich group.

Remark 2.6. A strong sandwich group is somewhat analogous to a sandwich Lie algebra: if all the

elements of X have odd order, then condition (2) is superfluous. This follows from Theorem 2.4.
There is also a connection to left 3-Engel elements. We first need a definition.

Definition 2.7. An element a of a group G is a strong left 3-Engel element if:

(1) {(a,a%) is nilpotent of class at most 2 for all g € G;
(2) (a,a’,a9) is nilpotent of class at most 3 for all f,g € G.

Remark 2.8. Notice that a is left 3-Engel in G if and only if it satisfies (1). Condition (2) is
superfluous when a has odd order. Therefore a left 3-Engel element of odd order is a strong left

3-Engel element.

Strong left 3-Engel elements and strong sandwich groups are related because the following are

equivalent.

(1) If a is a strong left 3-Engel element of G, then (a)“ is locally nilpotent.
(2) Every finitely generated strong sandwich group is nilpotent.

The following results obtained in [3] about finitely generated strong sandwich groups generalize

work of Jabara and Traustason [14].

Theorem 2.9. FEvery finitely generated strong sandwich group is nilpotent.

Theorem 2.10. If a is a strong left 3-Engel element of a group G, then (a)C is locally nilpotent.
A key ingredient in proving these results was the following [3].

Proposition 2.11. Let X be a strong sandwich set in a group G and let a,b € X. Then X U {]a, b]}

is also a strong sandwich set in G.

We discuss briefly how Theorem 2.9 was proved using this proposition. Let X = {z1,z2,...,2,} bea
strong sandwich set and let X consist of all commutators in X (in any order and with any bracketing).

Iterated use of Proposition 2.11 shows that X is a strong sandwich set. As every 3-generator strong
DOI: https://dx.doi.org/10.30504/JIMS.2023.401476.1124


https://dx.doi.org/10.30504/JIMS.2023.401476.1124

212 J. Iran. Math. Soc. 4 (2023), no. 2, 207-234 Hadjievangelou et al.

sandwich group is nilpotent of class at most 3, the Hall-Witt identity essentially reduces to the Jacobi
identity. So for every u,v,w € X

[u, [v, w]] = [u, v, w][u,w,v] L.

As a result, we applied the same basic approach as used in Chanyshev’s proof of the local nilpotence

of sandwich Lie algebras [26, Section 3.2]. We mention applications to groups of exponents 5,9 and 8.
Theorem A. [25] A group of exponent 5 is locally finite if and only if it satisfies the law
[Za [yaxaxam]a [yvxaxax]a [yP’B?x?x]] = 1

Remark 2.12. This result implies in particular that a group of exponent 5 is locally finite if and only

if all of its 3-generator subgroups are finite; it was originally proved by Vaughan-Lee [27].

Theorem B. [14] Let w be a word in n variables x1, ..., x, where the variety of groups satisfying the
law w? = 1 is a locally finite variety of groups of exponent 9. Then the same is true for the variety of

groups on n + 1 variables satisfying the law (x%+1w3)3 =1.

Remark 2.13. We can use Theorem B to construct an explicit sequence of words. Define the word
Wy, = Wy (X1, ...,2y) inn variables recursively by wi = x1 and wp41 = xfl+1w%. The variety of groups
satisfying the law x3 = 1 is locally finite by Burnside and by repeated application of Theorem B we see
that, for each n > 1, the variety of groups satisfying the law w? is a locally finite variety of groups of

exponent 9.

Theorem C. [3] Assume all groups of exponent 8 satisfying a law w = 1 in n variables x1,...,x,
are locally nilpotent. Let V' be the variety on n + 3 variables satisfying both [Tp41,w,w,w] = 1 and

(w, w*n+2 wrn+3) s nilpotent of class at most 3. Then V is locally nilpotent.

Remark 2.14. Starting for example with w = 7, Theorem C gives us a sequence of locally nilpotent

varieties.

3. Left 3-Engel involutions

Theorem 2.10 implies that if a left 3-Engel element has odd order, then its normal closure is locally
nilpotent. This observation and [23] imply that, to generalize this to left 3-Engel elements of arbitrary
finite order, it suffices to consider elements of order 2. Despite Theorems 2.9 and 2.10, the question
whether the normal closure of a left 3-Engel involution is locally nilpotent remains open. The best

general result is the following.

Theorem 3.1. Let x be a left 3-Engel involution in a group G. If (x)C has no elements of order 8,
then ()¢ is locally nilpotent.

Even this apparently slight progress was surprisingly difficult to establish. The difficulty comes
from the fact that we do not know initially that (x) is a 2-group. Once we have a 2-group, it is clear

that ()¢ has exponent 4 and thus it is locally finite by Sanov [22].
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Consider sandwich groups generated by involutions. From [25], we know that such a group is
nilpotent if its rank is at most 3. The largest sandwich group of rank 3 generated by involutions has

213

order and class 5.

3.1. Rank 4 sandwich groups generated by involutions. It remains unknown whether sandwich
groups of rank 4 generated by involutions are nilpotent. Nickel’s nilpotent quotient algorithm [20] is
available in both GAP [6] and MAGMA [!]. Using these implementations, we proved that such a group
has a largest nilpotent quotient of order 277 and class 13. The calculation took 18 days of CPU time
using MAGMA 2.27-3 on a computer with a 2.6 GHz processor.

We have some partial results on the nilpotence of such groups. Before presenting them, we need

the following definition.

Definition 3.2. Let G be a sandwich group generated by a finite set X = {ay,...,a,} of sandwich
elements. The commutativity graph V(G) of G is an (undirected) graph whose vertices are the gen-
erators X, and a pair of distinct vertices a; and a; are joined by an edge if and only if a; and a;

commute.

Remark 3.3.

(1) The commutativity graph of the free r-generator sandwich group has no edges. The free abelian
group of rank r is the largest r-generator sandwich group having the complete graph as its commutativity
graph.

(2) Let H and K be the largest r-generator sandwich groups with commutativity graphs V(H) and
V(K) respectively. If V(H) C V(K), then K is isomorphic to a quotient of H.

Assume for the remainder of the section that G is a sandwich group generated by 4 involutions.
If V(G) is the complete graph, then G is elementary abelian of order 16. There is just one type of
commutativity graph with 5 edges, namely

a b
and the largest sandwich group (z,y, a,b) with this commutativity graph is (z,y) x (a,b) = Dg x C3,

a group of order 32. If the commutativity graph has 4 edges, then there are two types of graphs to

consider: either the two removed edges are adjacent or not.
w[ ]y c : ]b
a b a T
The largest sandwich group with the first commutativity graph is (x,y) x (a,b) = Dg x Dg, it has

order 64. For the second group, observe that a and ¢ commute with each of b and a®. Thus

<a’ b, C> = <a’ bc> { <C> = Dg1 (o,
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the standard wreath product of Dg by Cy. Thus the largest sandwich group with the second commu-
tativity graph is (a,b,c) x () = (Dg1C3) x Cq, a group of order 256.
Next, we consider the case when the commutativity graph has 3 edges. This is much more difficult.

There are three types of commutativity graphs:
a Y x b x Y
-INC e -
x z a c a b
The largest sandwich group with commutativity graph « is

G = (z,y,2) x (a) = Rx C

where R is the largest sandwich group generated by involutions x,y, z. From [25] we know that R is

nilpotent of class at most 5. The results of [23] show that the others are finite.

3.1.1. Sandwich groups with commutativity graph B. Let Gg = (z,a,b, c) be a sandwich group where

x,a,b, c are involutions and Gg has the commutativity graph

x b
ﬁ:A

In [23] it was shown that Gz has order 228 and class 9. It has the following consistent power-conjugate
presentation.
Let
t(a) = ch’xa]’ [xaaxb“? t(b) = Hxa’xb]’ [xbﬂxc]]v t(C) = [[ b’xc]’ [xc7ma]]
and
y(a) = [z, 2%, 2, y(b) = [z, 2%, 2%, y(c) = [z, 2%, 2]
Generators

bl = [t(a),b], b2 = t(a), b3 = t(b),
by = y(b), bs = y(b)*, bs = y(a), br = y(a)’,bs = y(a)*,
by = [x,xab] [xc7$<7,l)c]7 by = [:U,xab}, by = [x,xbc] [:U“,xabc],

b12 — [ajvxbc]a b13 — [x7xac][$ba$abc]a b14 — [LE,.’L’

abc] [ abc] 7

b16 = [l’,l’ :Eaa:Ebc]? b17 = [:L'al'

bis = x, big = 2%, byg = ab, bay = 2¢, bog = 2, bog = 1,
b24 — $bc’ b25 — xabc,
b26 = a, b27 = b, bgg = C.
Relations
R = =1,
DY = bobr, b5 = boby, b6 = bby, BYS = bsbi,
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bZlQ = b4b27 bim e b4b3b2, bZQZ = b4b2b1, b223 = b4b3, b224 = b4b3b2b17

b = babs, DY = bs, b = bsbeba,

bgw = bybo, bl5’20 = bsboby, bgm = bsbsby, ngS = b5b3baby,

b2t = bsbgby, b = bsbgba, by** = by, bY** = bsbebs,

bgzo = bgbs, b56>21 = bgbsbo, blﬁ’22 = bgbsb1, bg23 = bgbsbab1, 5224 = beba,

b® = beba, b = bz, b = bs,

bl;ls = brbs, bl%” = bybsby, b’%” = brbabr, 5223 = brbaby,

bl;24 = b7b3b2b1, bl;% - b7bSb2a bl;w = b6’ bgzs = b8b7b6’

b%lS — b8b3b2, bglg = b8b3b2b]_, ngO = b8b2b]_, bIéQQ - b8b2b17

ng4 = bgbsby, ng5 = bsbs, blé” = bgbrbs, bg% = be,

bg'2 = boby, bg* = boby, ' = bobgba,

bg'? = bobabs, by = bobrba, bg* = bobebs,

bS” = bybrbs, b823 = bobgbs, 6824 = bobrbu,

b825 = b9b7b57

By = biob, bt = biobs, by’ = biobi, bif' = bob,

bI = bioby, bYY = biobsba, b3 = biobeba,

b3 = biobebs, b3 = biobrba, biF = biobrbs,

by = bigbo,

b?lfl = b11b1, blﬁs = by1be, bllnlg = b11bs,

By = biibr, B = biibs, b3 = biibr, bY3® = biibs, b3t = bi1bsbrbs,

blﬁ5 = b11bgb7bg,

bI% = bioby, bY5' = bisbsba, bIY = biaby,

DYy = bioba, BYY = bisbg, b33 = bioby, b0 = biobs, BY% = biabsbrbs,

bY% = biabiy,

b%g = bi3by4, bll)ég = b13bs, bll)230 = bi3bu,

b3 = bisbsboba, bF = bisbs, biF' = bizbsbebs, bi3' = bizbsbeba,

bY% = bi3bsbebs,

blﬁf = b14b1, bIﬁG = b14by, blﬁf = b14bs, blﬁo = b1aby,

bY% = biabs, bYA= biabsbeba, bIY = brabsbebs, bIF = biabis,

DI = busbebabsba, bIY = bisbebsbsbabi,

b%o = b15b7bab3bab1, blfr,l = b15b6b4b3b2, bl{? = b15b7b5b3b2, b?253 = b15bebsb3b201,

b?%‘l = b15b7b4b3boby, bl{255 = b150705b3b2,

b?%s = b1gbgba, bligg = b16bgba, blﬁfio = bisbrbabn,

DYt = bigbsbaby, B2 = bighrbaby, b2 = bigbsbaby, bY% = bigbsbrbeba,

bY% = b1gbsbrbgb,

B = bizbeba, B2 = bizbabs, b2 = bizbbabsba, b = birbrbsbsba,

bY% = birbsbebsbs, bi3 = bizbsbrbba, bY% = bizbie, ¥ = bizbishis,

bY% = bi7bis,

00 = bighio, DIF = bisbia, bY3 = bigbiz, b = bisbir, B = buo,
DOL https://dx.doi.org/10.30504/JTMS . 2023 . 401476 . 1124


https://dx.doi.org/10.30504/JIMS.2023.401476.1124

216  J. Iran. Math. Soc. 4 (2023), no. 2, 207-234 Hadjievangelou et al.

b b
big = boo, b13 = bar,

b b b b
BY2%0 = bigbio, b3 = bigbia, b33 = bigbizbig, b33 = bigbiabi1, b5 = bis,
b b
big" = baa, b1y = bos,

b b b b
2L = bogbia, b52F = bagbizbigbis, b = baobiabia, b5 = bao, b5 = bis,
bb28 = ba,
b2 = by bizbis, D25 = barbiobg, D525 = boz, B527 = boy, D525 = b

— 021017915, Vg1 — U21010Y9, Y91 — V23, Uy — U24, U1 — V18,
b b b bar b
bys' = bagb1abi1, bys' = baobiaby3, b33’ = bag, by = big, by = bas,
b b

b = bagb1oby, b23 = bo1, b3y = bas, byy = by,
bb26 = bos, b537 = boy, D5 = bay,
b b b
bor® = bag, byi” = ba3, bop’ = boo.

3.1.2. Sandwich groups with commutativity graph . Let G, = (a,b, z,y) be a sandwich group where

a,b, z,y are involutions and G has the commutativity graph

z Yy
v =

a b
In [23], it was shown that G has order 220 and class 9. It has the following consistent power-conjugate
presentation.
Generators
e1 = [z,b, [y, a],z,y,[z,0]], e2 = [z,b,[y,al,y,2, [y, d]],
63—[ b,ly,al, z,y, ], ea = [w,b, v, al, y, z,y],

= [z,b, [y, a],z,y], es = [2,b,]y,a],y, 2],

er = [,b,[y,a], 2], es = [2,b,[y,a], y],
eg = [z,b,y,2], €10 = [z, [y, a],y],
enr = [2,b, [y, al], e12 = [z,b,y], e13 =[x, [y, d]],
e = [z, Y],

€15 = [957b]> €16 = [y, a], €T =1, €18 =Y,

€19 = a, ey = b.

Relations

el=el=...=¢e3 =1,

€5 = ezer, €5 = eqen, e’ =eseq, er'’ = eses,

eg'® = egen, €5 = egeq, es'? = erer, et = eres, ex'® = eges,
eg® = egen, eg't = egeq, eg'’ = egeg,

eg't = eger, eyt = eges, eg'® = egesesen, g’ = egereser,

e _ €12 __ e1s __ €20 __
€1y = €10€2, €1y = €10€4, €1y = €10€6E3€1, €1; = €10€8€5€2,

€14 __ €17 __ €18 __
€11 = €11€6€5€4€3, €11 = €11€7, €17 = €11€g,

e13 _ e16 _ err _ e19 _
€]y = €12epe5e4€3, €15 = €12€8, €]y = €12€9, €15’ = €12€]1€s,

€15 els €20 __
€13 = €13€7, €13 = €13€10, €13° = €13€11€7,
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€15 __ €16 __ €19 __ €20 __
€14 = €14€9, €14 = €14€10, €14 = €14€13€10, €14 = €14€12€9,

€16 __ €18 __ €17 __
€15 = €15€11, €15 = €15€12, €15 = €16€13,

els _ €20 _ el _
€17 = €17€14, €17 = €17€15, €18 = €18€16-

3.1.3. Sandwich groups whose commutativity graph have 2 edges. Let G = (a,x,y,z) be a sandwich

group where a, x,y, z are involutions and G has the commutativity graph

xr z
5: L

a Y

We know little about such groups. In the remainder of this section we prove the following “reduction”

theorem.
Theorem 3.4. If [[z,z],[2,a]] =1 and [[2,y],[2,a]] = 1, then G is nilpotent.

Remark 3.5. We used the MAGMA implementation of the nilpotent quotient algorithm to determine
that the largest nilpotent quotient Q of G has order 2% and class 10. If we impose the two relations
of Theorem 3.4, then Q has order 2°% and class 9.

Let N = U2, Zi(G). As G is finitely generated, it suffices to show that G/N is nilpotent. Since
G is finitely generated, G/N has trivial center. Without loss of generality, we can thus assume that
Z(G) = 1. Under this assumption, we will prove that G = 1. Our lengthy proof of this claim concludes
in Proposition 3.25 where we prove that G is nilpotent.

The next two results do not rely on this assumption. The first is particularly useful.
Proposition 3.6. Let u € G where u commutes with each of z,y, [z, 2], [y, 2], and [a,z]. Then u=1.

Proof. We first show that if v € G commutes with each of x,y, z and [z,a], then v = 1. As a first
step, we prove that [v,a] commutes with z,y, z and [z, a]. Since each of a and v commutes with z, y
and [z, a], it is clear that [v, a] commutes with each, so it suffices to show that [v, a] commutes with z.

This follows from
[v,a]* = [v,a’] = [v,a[a, 2]] = [v,[2,ala] = [v, a][v, [2,a]]* = [v,a].

Thus each of v, [v,a] and [v,2 a] commutes with each of x,y and z. However, [v,2 a] commutes also
with a. Thus [v,2a] € Z(G) so [v,2a] = 1. It follows that [v,a] =1, so v = 1.

Next, notice that [u,z] commutes with z,y, [z, 2], [y, 2] and [a,z]. Note that z commutes with
[z,2], ]y, 2] and [a, z], so [u,z] commutes with each of these elements. It thus suffices to show that
[u, z] commutes with z and y. This follows from

T = [u,z[z,a;]] = [u7 [2737]2] = [U7Z] [u7 [va“z = [uv Z])

[u, 2]
[u, 2]Y = [u, 2[2, 4] = [u, [z, y]2] = [u, 2][u, [z, y]]* = [u, 2].
Thus [u, z, z] commutes with x, y and [z, a], but [u, 2, z] also commutes with z. From the first paragraph
we deduce that [u, z,z] = 1. Hence [u, z] commutes with each of x,y, z and [z, a] and thus it follows

again from the first paragraph that [u, z] = 1. The same argument shows that v = 1. O
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Below we use the following power-conjugate presentation for the largest sandwich group of rank 3

generated by involutions; it is an immediate consequence of that given in Section 2.2.

Let ei(z,2%,y) = [2, 2,9, y].

Generators

z1 =e1(z2,2%y), wz2=ei(z,2Y2), x3=-e(y,y*, 1),
zy=[z,2, 29, s =[v.y[x.2]], w6 =[y 2 [y,z]],
[z,2,y], 23 =[z,9,2],

[z,2],  @10=[z9], 21 =[x,y

T2 =T, T13=Y, Ti4=2%.

T

9

Relations

x%:...:$§:17 T3 = Tox1, $%=$17 $§:$37 xg:”':x%4:1’
ry"? = wawowy, xy =wawy, x5 =axsT1, W5 = w500,

rg'? = wexrowy, Tg = w2,

r7° = xrx1, 270 =xrwy, w7t =wrwy, a7 = a7as74,

x7' = wpwy, a7t = wraan,

rg’ = asTawy, ag'0 = wgwax1, g = asTaw1, g’ = wewauy,

g = x3TTaT1, Tg't = TT4Tolq,

xg'® = woxy, wg' =woT5, Ty =Tow7, TYF =T1T6, Tip = TioTs,

T14 __ 13 __ T14 __ T14 __
T = T11XXTLEL5L4L2, L1y~ = T12X11, L5 = T12X9, T3 = T13L10-

Lemma 3.7. v3(([z,y],[2,a])) = 1.

Proof. Notice that 1 = [z,y?] = [z,y]? and 1 = [z, a?] = [2,a]?. So

[[«T7y]; [a7 Z]? [a7 ZH = [[m,y], [Z7a]7 [xay“ = ([a7 Z][xuy])4

and thus it suffices to show that [[x,y], [z, a],[z,a]] € Z2(G) = 1. Calculating in the sandwich group

(x,y,a?), using the presentation above, we see that

[[z,v], [a, 2], [a, 2]] = [z, y, a®, a®] = [x11, X14, T14] = [T8T7TEXT5T4T2, T14] = T2.

Observe that xo commutes with z,y and a?, and also with a. We finish the proof by showing that
[[z,v], a, 2], [a, 2], z] commutes with each of a,z,y and z. We will calculate in the sandwich group
(@,b,¢,Z), where @ = a, b =z, ¢ = 2¥ and T = z. Since it has commutativity graph 3, we can use

the relations satisfied by such a group. We have already seen that [[x,y], [a, 2], [a, z]] commutes with
DOL: https://dx.doi.org/10.30504/JIMS.2023.401476.1124


https://dx.doi.org/10.30504/JIMS.2023.401476.1124

J. Iran. Math. Soc. 4 (2023), no. 2, 207-234 Hadjievangelou et al. 219
[z,a] = [z,a] and = b. We will use this in the following calculation:

[[z,y],[2,al, [z,a]] = [be, [z, a], [z, al

,[z,a]] (commutes with b= x)

= (birbis) 2033 055 (bi7bigbis) 22
= bigb11b2b1.
This element commutes with b = 2 and thus
bibi1baby = (b16b11b2b1)"" = bigbi1babibi,

so by = 1. Hence

[[z,y]. [z, al, [z, al, 2] = [bieb11b2, b1s] = b2
commutes with each of z,z and a. Since [z,y] = [y, x|, we see by symmetry that by also commutes
with y. O

We deduce that by = 1. We analyze some consequences. Consider the elements:

by = [jba’j] [ja’jaéé] _ [z’z[x,y]][za’za[x,y]];

be = [b11, b1s] = [b11,Z] = [b11, 2];

bsbr = [bs, barbas] = [bs, [z, Y]];
all are symmetric in z,y. Since by = by = 1, we deduce that bgb; commutes with each of z,a and
z, and by symmetry also with y; thus bgb; = 1. Recall that 1 = [z,y,a?%, a*] = x9 in (z,y,a%). In

summary:

Lemma 3.8.
(1) zo =1 in (z,y,a”).
(2) by = by =1, bg = by and big = b1y in {(a,z,2Y, 2) and {(a,y,y", z).

From now on, we use the conditions given in the statement of Theorem 3.4. Since [2Y,z%] =
(2,9, [2,a]] = 1, we deduce that (z,2% 2¥,x) is a S-group. We will later work with this subgroup.

First, we prove a crucial lemma.

Lemma 3.9. [z,a,2] = [z,2,4a] and [z,a,y] = [2,y, a].
Proof. Since [z, x,[z,a]] = 1, it follows that [z,z,a] = [¢*, a] commutes with z. Hence
[z, z,a] = [2%,a] = [2%,a])* = [z,a°] = [a®, 2] = [2,q,x].
The latter claim is proved similarly. O
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Lemma 3.10. [z,y,z, 2] = 1.
Proof. We calculate in the S-group (a, b, ¢, z) = (a,z,2Y,2). We know that

by = by =1, bg = bz, big = b11.

Furthermore,

As a consequence,

1= [bio,b12] = b3
1 = [b1o,b2s] = by
1 =[bg,b19] = bebs
1 =[bg,baa] = brbs
1= [bo,boo] — brbs.

The last three identities imply that by = b5 = bg = by = bg. We show that this common element is

trivial. We consider
[27 Z[w,y], za] = [‘faa_jl;é?iﬁ] = [bl?ﬁ b19] = b6'

From the presentation, b§ = - bg” = by = bg, so bg commutes with z. Also bg commutes with
[z,2] = bigba and [z,a] = bigbig. As bg is symmetric in  and y, it commutes with y and [z,y].

Proposition 3.6 implies that bg = 1. Hence
by =bs =bg = by =bg = 1.

Next, consider [z, z[z’y]][z“,z“[%y]] — blgb%" = b11. Observe that b1; commutes with each of x = bar,
[z,z] = bigboo and [z,a] = bigbig. As by is symmetric in = and y, it commutes with y and [z,y].

Proposition 3.6 implies that b1; = 1. Hence
big = b11 = 1.

Finally, we consider [z,y, 2, z] = [z,z[x’y]] = b1s. Observe that b1 commutes with each of z = ba7,
[2,x] = bigboo and [z,a] = bigbig. As by is symmetric in z and y, it commutes with y and [z,y].

Proposition 3.6 implies that b1s = [z,y, 2, 2] = 1. O

Remark 3.11. We know from the presentation for (x,y, z) that vs({z,y, z)) is generated by [z,y, z, 2]
and [z,z,y,y] and [z,y,x, x| and their product is trivial. Also [x,y,z,z] = 1. Hence vy5({(z,y,z)) is

cyclic, and generated by [z,z,y,y] = [z,y,z, z].
Lemma 3.12. (z,y,a?) is nilpotent of class at most 4 and [[a*, z], [a®,y]] = 1.

Proof. As (x,y,a?) is a sandwich group, we know from the presentation of the largest such group that

~v5({x,y,a?)) is generated by [z,y,a?, a?],[a*, x,y,y| and [a®,y, z,x]. The product of these elements is
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trivial and Lemma 3.8 implies that [z,y,a?, a*] = 1. Using Lemma 3.9 and the presentation for the
y-group (Z,a,b,7) = (z*, x,a,y), we deduce that

[azv z,Y, y] = [xz’ a,y, y] = [‘/fa Ba Y, g] = [612) e18] =1.

Hence (z,y, a®) is nilpotent of class at most 4. For the last claim, notice that [a*, z, [a*, y]] commutes
with z by the assumptions of Theorem 3.4 and, as (x, y, a®) is nilpotent of class at most 4, it commutes

with z and y, and it obviously commutes with a. Hence [a*, z, [a*,y]] € Z(G) = 1. O
Lemma 3.13. In the 3-group (a,b,¢,x) = (z, 2%, 2Y, ), the following relations hold:
by = by =b3 =by =b5 =bg = by =bg = b1y =1.

Proof. Observe that 1 = [2%, 2%] = [a®,b] = [, a,b] = 2% 2 from which it follows that 2% = 227z

In particular,

1 = [z, 2%] = by.

As a consequence,

1= [bio,bun] = b
1 = [bio,b1a] = b2
1= [bio,b12] = b3
1= [b1o,b2s] = by
1 =[bg,b1g] = bgby
1 =[bg,b19] = bgbs
1= [bo,boo] = brbs.

From the last three identities, by = b5 = bg = by. We show that this common element is trivial. We

consider t = [z,a,z,[2,y,x,z]]. Calculating first in (z, 2%, 2¥, z),
t = [ab, x, [ac, z, x]] = [bagbar, bis, b1a] = [B22"7byg, b1a] = [baabis, b1a] = bs.

From the presentation, [bs, [z, a]] = [bs, bagbo7] = babs = 1.
We next consider ¢ in the y-group (z,a,b,7) = (2%, z,a,y). We first find some relations in this

group. Using the fact that (z,y, a?) is nilpotent of class at most 4 and Lemma 3.9, we deduce that

1= [azaxv [$ay]ay] = [:L‘Z,a, [m,y],y] = [f’ba [C_L, g]vﬂ] = [6117618] = €s-

As a consequence,

1 =les,e13] = ey;
1 =les,e14] = e
1= [68, 617] = €4.
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We use the facts that [z, a, 2] = [z, x, a] from Lemma 3.9 and [z,y, z,x] = [z, 2,y,y]. Hence

t = [lz,z,al, 229,19

= le1s, ef5']
= leis, e10]

= e3€1.

From the presentation, we deduce that ¢ commutes with y = §y = ejg and * = a = ej9. Both
[z,z,a] and [z, x,y,y] commute with z. Hence t commutes with z and thus with [z,z] and [z,y].
Thus ¢ commutes with each of z,vy, [z, ], [2,y] and [z, a]. Proposition 3.6 implies that ¢t = 1. Hence
bs = 1. O

Lemma 3.14. (x,y, z) is nilpotent of class at most 4 and [[z,z],[z,y]] = 1.

Proof. In the B-group (a,b, ¢, z) = (z,2%, 2, x)

=Y x] = [3%, x] = by,

[2,y, @, 2] = [«

The expressions for both b14 and b1z = [z,y,z, z, [2,a]] = [b14, bagbe7] are symmetric in « and y. We

read from the presentation that:

[b13,[2,a]] = [b13,basbar] = 1;
b1z, z] = [bi3,big] =bs=1;
[bi3, [z,2]] = [b13,[a,x]] = [b13, bigbig] = bsbs = 1.

As by3 is symmetric in z and y, it commutes with y and [z,y], so by Proposition 3.6 it is trivial.
Hence [z,y,x, z] = bi4 commutes with [z, a]. It clearly commutes with each of z,y, [z, z] and [z, ], so
by Proposition 3.6 it is trivial. Therefore (z,y, z) is nilpotent of class at most 4. Hence [z, z, [z, y]]
commutes with each of z,y, [z, x] and [z,y]. As [z,a] commutes with both [z, z] and [z,y] it follows

that [z, x, [z, y]] commutes with [z, a]. Proposition 3.6 implies that [z, z, [z, y]] = 1. O
Lemma 3.15. In the y-group (Z,a,b,y) = (x*, x,a,y) the following relations hold:

e1=ey=e3=e=¢€5=¢€; =€y =eg=e19=1, e;] = ey.
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Proof. We have seen in the proof of Lemma 3.13 that e; = e4 = e = eg = 1. As (x,y, z) is nilpotent

of class at most 4,

[
€14, 19, e18)“1°

= [e13e10, €18]7"°
= g
= ejo.
Also
1 = [e10, e15, e20] = [eze1, e20] = ex;
1 = [e10, e15] = e3;
1 = [e10, e20] = es.
We consider [z, x,a, [z, 2, [z,y]]]. Both [z,z,a] and [z,z, [z,y]] commute with each of z and z, so

[z,2,a,|z, x, |z, y]]] commutes with both. We compute in the v-group (z?%, z,a,y). Note that

[z,x,a, [vav [maym = [xzvav [mzv [x7y]]] = [i'va ['ﬁ [da ?Jm = [6157613] = er.

From the presentation, e; commutes with eso = b = a and ejg = § = y. It follows that e; € Z(G) = 1.
Finally, we consider [z,z,a, [z, z,y]]. By Lemma 3.14 we know that [z, x,y] commutes with z and
as [z,x,a] also commutes with z we see that [z, x,a, [z, z,y]] commutes with z. From the ~-group

presentation, we deduce that

[z,2,a,[2,2,9]] = [27,a,[2%z,y]]
= [z,b,[za,7]]
= [e1s, el e
= [e15,e14€13€16]

= egeqy.
We see that egej; commutes with eqg = b = a, €15 = y =y and e;; = x. Hence egeq; € Z(G) =1. O
Lemma 3.16. In the 3-group (a,b,¢ ) = (a,x, Y, 2) the following relations hold:

b1 =by =b3 =by =bs =bg = by = bs = bg = b1p = b11 = b1z = bis = 1, b15 = b13.

Proof. All equalities were established in the proof of Lemma 3.10 apart from b5 = b13. In the proof of

Lemma 3.15 we show that [z, x,a, [z, 2, [z,y]]] = e7 = 1. We now view it as an element of (a,z,zY, z).
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Our relations already imply that y3((z)¢ ’B@) = 1. This simplifies our computations:

This finishes the proof.

Armed with the last two lemmas, we finish the proof of the reduction theorem via a series

technical lemmas.

Lemma 3.17.

1 = [z,m4a,[z2,[zy]]

= bi7b1ab1ab13b17b15

= bisbs.

(&) [z,0,2,9] = [2,2,0,9] = [z, 7,y a].

Hadjievangelou et al.

of

(b) [Z7 a7 x’ y7 x:l - [Z’ x? a? y7 aj:l = ['27 x? y) a’ x:l - ['Z? x’ y7 x’ a/:l'
Proof. (a) As [z,z,a] = [z,a,x], it suffices to show that [z,z,a,y] = [z,2,y,a]. Calculating in
(z,a,b,9) = (2%, x,a,y), we deduce that
[z,x,y,a] = [i’&,g’i)] = [[i‘vg”i’g?a][avg]va = €12,
and
[Z,a:,a,y] = [‘i‘vi)ag] = [6157618] = €12-
(b) By (a) the first three equalities hold, and thus it only remains to show that [z,z,a,y,z| =
[Z)$)y7357 CL]. Now [Z7x7a7yux] = [6127619] = €11- Also
2,2,y 2,0] = [1a,7,a,b]

= [[z,9]lz,9,4d][a,y],a,]

= [.’f, Y, a7l_)]

= [e14, €19, €20

= [e13, €20

= e11-
This finishes the proof. O
Lemma 3.18. [Zaxv Y, x, [Za GMUH - [Za LY, T, [Z7 a]7y] - [Z, a,x,y,x, [Zvy]] - [Za a,x,Y, T, Zvy]
Proof. Notice that [z, z,y,z] = [2,z, [y, z]] and [z, a, z,y, 2] = [2,a, z, [y, z]]. Calculatingin (a,zx,zY, z),
we deduce that

[Za z, [ya :E]a [Za CLH = [Za a,x, [yax]a Z] = b17b14-
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Hence the 2nd and 4th terms are equal. The Hall-Witt identity implies that

1 = [zay eyl 2y, zd> Yz ey, 2, (2,0, 55
= [a.y [z 2.y, 2))[z 2.y, [2,0], g,
Thus
(3.1) [z, 2y, [2,a,9]] = [z, 2, v, 2, [2,a], y]PY.
Notice that [z, a,y] = [z,y,a]. Using the Hall-Witt identity again, we get
1 = [zy.0 22920222, 2952, 2,9, 2, [2,y], o4

= [Byalz ey 2%z 0y, 2] (2],

where we use the fact that [z, z,y, x, a] commutes with [z, z,y, x|, which can for example be read from

the presentation for (2%, z,a,y). Thus

(3'2) [Z') x? y?':U? [Z,y,a]:l - I:Z7x7y7x7a7 [Z7 y]]a

As [z, z, [y, x], [2, a]] = bi7bi1a commutes with a, and the same is true for y and [z, a], we see from (3.1)
that [z, z,y,x, [z, a,y]] commutes with a. As this element also commutes with z, the conjugation by a
and [z,a] in (3.1) and (3.2) can be dropped and the claimed equalities hold. O

Lemma 3'19' [27 :I/‘, y’ x’ [Z7 a/’ y? "'U:I:I = [Z’ x7 y7 "'U7 [27 a’ y]?x] = [’27 x’ y? I? [Z’ a]’y’ x:l = [’27 a7 :I/‘, y7 x’ [Z7 y’ x:l:l'

Proof. 1t follows from Lemma 3.18 that the 2nd and 3rd terms are equal. We use the Hall-Witt
identity to deduce that

1 = [za,y 25y 2] 5202 2 0y,2]P 20,4, 2, (2,0, 4], 2] 20
= [z,a,y,x,[z,2,y,2]|[2, 2,9, x, |2, a, Y], 2] [z.0.91,
Thus
(3.3) [z, 2,9, 2, [z, a,y, 2] = [z, 2,9, x, [2,a,y], ] Y.
We also deduce that
L = [zy20z5y2)% 20y 2] 2y )20 2,2y, 2, (2, y, 2], )P4
= |20z 22, [2,2,y,2], 2,9, 7],
since [a, [z, z, [y, x]]] commutes with [z, z, [y, z]] in (a,z,2Y, z). Thus
(3.4) [z, z,y,x,[2,y,x,d]]| = [z,2,y,z,a, [z,y, x]]°

From the proof of Lemma 3.18, we see that [z, z,y, x, [z, a, y]] commutes with a. The same is true for
x and [z,a,y| and thus it follows from (3.3) that [z, z,y,z, [z, a,y, z]] commutes with a. Calculating
in the y-group (z,a,b,7) = (y*,y,a,x), we see that

[Z’ y,a,x, [Za y]] = [J_,’, b7 Y, Q_,‘(_L] =ej1e9 = 1.
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Thus [z, z,y,z, [z, a,y, z]] commutes with [z,y] and hence also with [z,y,a] = [z,a,y]. Therefore the
conjugation by a and [z, a,y| can be dropped and the lemma follows from (3.3) and (3.4) and Lemma
3.18. 0

Lemma 3.20' [Z7 x? y7 x? [Z7 a? y’ x? y]] - [27 x? y7 m? [z7 a7 y7 x]? y] - [Z7 a? x? y? -:U, [z7 y7 x? y]]'
Proof. The Hall-Witt identity implies that
1 = [zayzy eyl 2y a2y, 0y, 1,20,y 2], y) P08
= [Z, a,Yy,x,yY, [27 x,Y, .TH [Z, z,Y,T, [27 a,y, xLy][z,a,y,x}’

SO

(3'5) [Z7 x’ y? ;U, [z7 a’? y? x? y]] = [z7 w? y? x? [27 a7 y7 x] Y y] [Z7a7y7x] °

From the proof of Lemma 3.19, we see that [z, z,y,z, [z, a,y, z]] commutes with [z, a,y] and clearly y
commutes with [z, a,y|. It can be read from the presentation for (y*,y, a, x) that [z,y, a, z] = [z, a,y, x]
commutes with [z,a,y] = [2,y,a]. It follows that the RHS, and thus LHS, of (3.5) commutes with

[z,a,y]. Clearly the LHS also commutes with z. Hence it commutes with [z, a,y, z] and

(3.6) [z, 2,9, 2,[2,a,y,2,y]] = [2,2,y,, [z, a,y, 2], y].
Also
L = [zy.zyalzzy )z ey e 2y, 200z 0y, 0, 2y, 2,9), o 00
= l=yzyalzzy 2]z 2y, 2, 2y, 2,4]].
Thus
2,2y, 2, (2,9, 2,y, 0] = [z, 2,9, 7,0, [2,y, 2, y]]".
By the proof of Lemma 3.19, the RHS of (3.6) commutes with a. Hence
(2,2, 9,2, 2,9, 2,y,0]] = [2,2,y, 2,0, [2,y, 2,]].
This finishes the proof. O
Lemma 3.21. [z,z,y, 2, [2,a,y,x,9]] = [2,a,2,y, 2, [2,y,z,y]] = 1.

Proof. From Lemma 3.20,

U= [z,x,y,x, [Z7a>y7x7y]] = [zvaaxayax7 [Z7y7$>y]]~

Each of [z,z,y,2z] and [z,a,y,z,y] commutes with each of x,y and [z,y]. That [z,a,y,2z,y] =

[2,9,a,z,y] commutes with [z,y] can be read from the presentation for (y*,y,a,x). Thus the LHS
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commutes with x,y, and [z,y] and by symmetry the RHS commutes with [z, z]. Thus v commutes

with each of z,y, [z, z] and [z,y]. We now show that u commutes with a:

ua = [Zaa7x7y7x Zvyvxay]a]

= [Z’a7x7y’x7 Z7y7x7y][z7a7y7x7y]]

[
[
= [z,a,2,y,2,[2,a,y,2,9|[2,y,z,y]] (working in (y*,y,a,x))
= [za,zy,2 2y 2 9]z 02,92, (2 0,9, 2, )]0

[

= I:Z’ a? x? y? -CU’ Z7 y7 x? y]]
= u.
In the 3rd last identity we use the fact that (a*,x,y) is nilpotent of class at most 4.
We prove the following claim: If v commutes with each of a,z,y, [z, 2] and [z,y], then the same is

true for [v,[z,al]]. To see this, notice first that as [z, a] commutes with [z, z],[z,y] and a, the same is

true for [v, [z, a]]. It follows that v commutes with [z, a,x] = [z, x, a] and thus

[2,a]

[U7 [Z’a]]x = [Ua [Zaa] [27a’$]] = [Ua [z,a,w][z,a]] = [Uv [Z,(I]H’U, [z,a,:z:ﬂ = [U7 [27a“

and [v, [z, a]] commutes with z. Likewise [v, [z, a]] commutes with y. Thus [v, [z, a]] commutes with
each of a,x,y, [z, 2] and [z,y].

Next, notice that ([z,a]%, [z,a]) < (a,z,2") and thus ([z,a]",[z,a]) is nilpotent, as every sand-
wich group of rank 3 is nilpotent. Using this fact, let m be the smallest positive integer such that
[tym [2,a]] = 1. We claim that m = 1. Notice that [u,,—1 [z, a]] commutes with each of z, vy, [z, a], [z, x]

and [z,y]. Proposition 3.6 implies that [u,,—1[2,a]] = 1. Hence m =1 and u = 1. O
Lemma 3.22. v := [z,2,y, 2, [2,a,y,x]] = 1.

Proof. By Lemmas 3.21 and 3.20, we know that v commutes with y. It also commutes with z (as
[a®,y,x,x] = 1). Observe that [z, z,y, z,a] commutes with [z, z,y, 2| in (27, x,a,y) and [z, 2,y,x,a] =
[2,a,z,y, x| commutes with [z, a,y,z] in (a®, z,y). Hence
vt = [z, 2,9, 2]% [z, 0,9, 2]] = [[2, 2,9, 2, 0]z, 2,9, 2], [2, 0, , 2]] = [2, 2,9, 2, (2,0, , 2] = v,

so v commutes with a. It remains to show that v commutes with z. Lemmas 3.18 and 3.19 imply that

v=[z,z,y,x,[2,a9],2] = [2,a,z,y,, |2y, x].
We read from the presentation for (z*, x,a,y) that

[z,a,2,y,2] = [2,2,a,y, x]
commutes with [z, z] and by Lemma 3.14 this is also true for [z,y]. Hence
(2,0, 2,9, 2, [z, 9] = [2,2, 9,2, (2,0, 4]

commutes with [z, z]. Clearly [z, z,y,z] and [z, a,y] commute with z. Thus

v = [Zaxayaxa [Z,CL, y],ZE[CL‘,ZH = [vaaya$a [Zaa7y]a [Z,.’E],I] = U[vavyama [Z,CL, y]a [Za'x]]x =v.
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Thus v € Z(G) = 1. -
Lemma 3.23. v := [z, 2,y,z,[2,a,y]] = 1.

Proof. Lemmas 3.19 and 3.22 imply that v commutes with z. It also commutes with y and z. By the
proof of Lemma 3.18, it commutes with a. Thus v € Z(G) = 1. O

Lemma 3.24. v := [z, z,y,z,[z,a]] = 1.

Proof. In {(a,x,zY, z) we read that v = by7b14 commutes with a,x and z. From Lemmas 3.23 and 3.18,
it commutes also with y. Thus v € Z(G) = 1. O

Proposition 3.25. G is nilpotent.

Proof. As (x,y,z) is nilpotent of class at most 4, it follows from Lemma 3.24 and Proposition 3.6
that [z,z,y,2] = 1. By symmetry in = and y, we deduce that [z,y,x,y] = 1. We saw earlier that
[z,2,[z,y]] = 1. It follows that (x,y,z) is nilpotent of class at most 3. In particular, calculating in

(a,x,2Y, z), we see that
1= [2737, [va]a [z,a]] = bi7b14.

Hence b17 = b14. From the presentation for a [-group, we see that b1y commutes with bog. Hence
1 = [bi7,beg] = b15. But bis = bi3 so by = 1. Also by7 commutes with a = byg and z = byg, and
x = by7. Recall that b7 = [z, z“[x’y}], so it is symmetric in  and y; thus it commutes with y. Hence
b7 € Z(G) = 1.

We now consider [z, y, z]. Calculating in (a,z,zY, z), we see that [z, v, 2, [z,a]] = bir = 1. As (z,y, 2)
is nilpotent of class at most 3, Proposition 3.6 implies that [z,y, z] = 1. But now [z, y] commutes with

a,z,y,z and thus [z,y] = 1. Hence G is a B-group and thus nilpotent. Il
As a corollary to Theorem 3.4, we deduce the following.
Theorem 3.26. If G = (a,x,y,2) is a 0-group, then (z,2z%,2Y,a) is nilpotent.

Proof. Observe that (a1, x1,y1,21) = (2, 2%, 2Y,a) is also a d-group. Now

22"

[21,a1,21,21] = [a, 2,2, a] = [@** ,a] = [z,2,a,a] = [2%,a,a] = 1.

Similarly, we see that [z1,a1,y1,21] = 1. Theorem 3.4 now implies that (ay, z1,y1, 21) is nilpotent. O

3.1.4. Sandwich groups whose commutativity graph has 1 edge. Let G be the largest sandwich group
generated by 4 involutions where precisely one pair commutes. We used the MAGMA implementation

of the nilpotent quotient algorithm to determine that the largest nilpotent quotient of G has order

2235 and class 11.
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3.2. Rank 5 sandwich groups generated by involutions. Let G be a residually nilpotent sand-
wich group of rank 5 generated by involutions. It remains an open question whether G is finite. As a

step towards its resolution, we report the following.

Theorem 3.27. A residually nilpotent sandwich group of rank 5 generated by involutions is finite if

there are least three commuting pairs among its generators.

We consider all 10 commutativity graphs for such a group G that have 3 or 4 edges. In Table 1 we
list the graphs and upper bounds for the class and orders of the largest 2-quotient of each group.

We proved these claims computationally by studying each of the 10 groups using our implementation
in MAGMA of the p-quotient algorithm [19]. Let @ be the group generated by the involutions a, b, ¢, d, e
which satisfy one of these commutativity graphs. It required too much CPU time to impose the
sandwich condition directly. Instead, we added up to 2500 random instances of this condition as
explicit relations to the presentation for (), and constructed its largest finite 2-quotient. The most
expensive of these computations took 7 days of CPU time using MAGMA 2.27-3 on a computer with a

2.6 GHz processor. Computational evidence suggests that the largest 2-quotient of G and @ coincide.

Commutativity graph | Class bound | log, |G|
a—b,a—c,a—d,a—e 13 T
a—b—c—d—e 17 2643
a—b—c—d—a 16 2831
a—b—c—a,d—ce 16 3145
a—b—c—a—d 16 3324
a—ba—c,a—d—e 16 2636
a—b—c—d 17 10354
a—b—d—a 16 12598
a—ba—ca—d 16 10906
a—b—cd—e 16 9987

TABLE 1. Class and order bounds for the 2-quotients

4. Global nilpotence question for <a>G in locally finite 2-groups
In this section we give an example from [21] of a locally finite 2-group G with a left 3-Engel element
a such that (a)® is not nilpotent. The construction is based on a Lie algebra given in [24]. This result

was generalized in [9] to an infinite family of examples.

4.1. The Lie algebra. Let F be the field of order 2 and consider the 4-dimensional vector space
V =Fx + Fu + Fv + Fw. We equip L with a binary product where

uv=u v-w=w, w-u=v, u-r=0 v-rx=0 w-zr=u
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We then extend the product linearly on V. Observe that V is a Lie algebra with trivial center and
W = Fu+TFv+Fw is a simple ideal. Let E = (ad(z),ad(u),ad(v),ad(w)) < End(V) be the associative

enveloping algebra of V. Now FE is 12-dimensional with basis

e1 = ad(w), es = ad(w)?, e3 = ad(w)3, eq = ad(v),
es = ad(v)ad(w), es=ad(v)ad(w)?, er=ad(u), eg = ad(u)ad(w),
eg = ad(u)ad(w)?, e1o = ad(x)ad(v), e = ad(z)ad(w), ez = ad(z)ad(w)?.

We construct a certain locally nilpotent Lie algebra over F of countably infinite dimension. For ease

of notation, we introduce the following modified union of subsets of N:

AUB, ifAnNB=10
AUB=

0 otherwise.

For each non-empty subset A of N, let W4 be a copy of W. That is, Wy = {z4 : 2 € W} with addition
z4+ta = (z+t)a. We take the direct sum

W= wa.

P#£ACN
We view W* as a Lie algebra by defining a multiplication
za -t = (2t) AuB;
for z4 € W4 and tg € Wp, and then extend this product linearly on W*. The interpretation here is
that zp = 0. Finally, we extend this to a semidirect product with Fx
V*=W*q@Fzx
induced from the action z4 - ¢ = (22)4. Notice that V* has basis
{z} U{ug,va,wa:0#ACN}
and
UA-UB = VA VB = w4 - wp =0,
ug-r =0, va-x=0, wa-x=1us
and
UA - VB = UAUB, VA" WB = WAUB, WA " UB = VAUB-

Every finitely generated subalgebra of V* is contained in some

S = (T, UA ooy WA, VB - ey UByy WOy -+ WC ) -

Since zzx = 0 for all z € V*, it follows that S is nilpotent of class at most 2(r + s + ). Hence V* is
locally nilpotent.

We now construct a group G < GL(V*) containing a := 1+ ad(x) where a is a left 3-Engel element of
G but (a)? is not nilpotent. Let y be one of z,u4,v4,wa. Observe that ad(y)% = 0 so

(1+ad(y))* =1+ 2ad(y) +ad(y)® = 1.
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Thus 1 + ad(y) is an involution in GL(V*). The subgroups
U= (1+ad(uy): ACN), V= (1+ad(va): ACN), W= {(1+ad(ws): ACN)

are elementary abelian of countably infinite rank. Analysis of G := (a,U,V, W) establishes the

following.

Theorem 4.1. The element a is a left 3-Engel element of G. However (a)C is not nilpotent.

5. Global nilpotence question for (z)¢ in locally finite p-groups, for odd p

In Section 4, following [9,21], we gave an example of a locally finite 2-group G with a left 3-Engel

element a such that (a)®

is not nilpotent. We now provide such an example for locally finite p-groups
where p is any odd prime [10]. The odd case is more involved and the construction is quite different
from the p = 2 case. We first describe the pair (G, z) that will provide our example and we show
directly that « is a left 3-Engel element of G. The description of G is not as transparent as in Section
4. To show that ()¢ is not nilpotent requires more work. We construct first a pair (L, z) where L
is a Lie algebra over [, the field of p elements, and Id(z) is not nilpotent. The pair (L, z) can be
seen as the Lie algebra analogue of our group construction. We then build a group H within End(L)
containing 14 ad(z) where (H, 14 ad(z)) is a homomorphic image of (G, z). Since (14 ad(z))¥ is not

G

nilpotent, (x)“ is not nilpotent.

5.1. The group G and Lie algebra L. Let x,a1,a2,... be an infinite list of group variables. Recall
that a simple commutator in z,a1,as,... is a group word defined recursively as follows: z, a1, ao,...

are simple commutators; if u and v are simple commutators, then [u,v] is a simple commutator. A

simple commutator s has multi-weight (m, e1,es,...) in z, a1, as, ..., if x occurs m times and a; occurs
e; times in s. The weight of s is m 4+ e; + ea2 + ---. The following definition is critical.

Definition 5.1. Let s be a simple commutator of multi-weight (m, ey, es,...) in x,a1,as,.... The type
of s ist(s) =e; +ea+...—2m.

Remark 5.2. If u,v are simple commutators in x, a1, as, . . ., then t([u,v]) = t(u)+t(v). In particular,
t([u,a5]) = t(u) + 1 and t([u,z]) = t(u) — 2.

For a fixed odd prime p, let G = (x,a;,aq,...) be the largest group satisfying the following condi-
tions:

(1)

(2)

(3)

(

4) if s # x is a simple commutator in x,aj,ag, ... and |t(s)| > 2, then s = 1.

)G is abelian for all ¢ > 1;

G s metabelian;

P P __ 1.
ac—al—a2 =1,

(a;
(

x)

It is not difficult to see that G is a locally finite p-group. From (4), it is clear that s = 1 unless it is
of the form [z, a;,, aj,, ajy, T, )y, Qjs s - - T, Aoy s Qo]
In [10] it was proved directly that z is a left 3-Engel element of G. To show that ()¢ is not

nilpotent, it suffices to show that the special commutators above, which are not trivial by (4), are
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non-trivial. The structure of G is not transparent enough for us to prove this directly. Instead, we
look at the analogous Lie algebra setting.
We first consider the largest Lie algebra F' = (z,¢1,¢2,...) over F), such that:
(1) Id(¢;) is abelian for i = 1,2,...;
(2) Id(z) is metabelian.
Let B be the following basis for Idp(z):

[[zv 011]7 [27 CI2]> R [Zv CImH

where m > 1, Iy, ..., I, are pairwise disjoint and [z, cr,] > [z, ¢,] < --- < [z,¢r,,]. We define the type

of a Lie commutator by analogy with that of a group commutator.

Definition 5.3. Let s be a simple commutator of multi-weight (m,eq,...,e.) in z,¢1,...,¢.. The

type of s ist(s) =e1 +---+ e, —2m.

Remark 5.4. If ¢ and d are simple commutators, then t([c,d]) = t(c) +t(d). In particular, t([c, x]) =
t(c) — 2 and t([e,a1]) = t(c) + 1.

We construct a Lie algebra L that is a quotient of F' by a certain multi-homogeneous ideal J. Since

F' is multi-graded, L is also multi-graded. Now J is the smallest ideal satisfying the following;:

(3) c € Bisin J if ¢ # z is a commutator of type having absolute value greater than 1;

(4) c € Bisin J if one of Iy, Is, ..., I, has size greater than 2.

By careful analysis, we determine the structure of J and prove that Idy(z) is not nilpotent. From L,
we obtain a group H = (1 + ad(z),1 + ad(c1),1 + ad(c2),...). We deduce that H is a homomorphic
image of G by showing that relations (1)—(4) of G hold in H where z,a,as,... are replaced by
1 +ad(z),1+ad(c1),1+ ad(ca),.... Finally, we show that (1 4 ad(z))¥ is non-nilpotent, so (x)% is

non-nilpotent.

Theorem 5.5. The element = is a left 3-Engel element of G. However (x)C is not nilpotent.
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