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ABSTRACT. If G is a group and H, K are normal subgroups of G, H < K, then K/H is said to be a
G-perfect factor if [K/H,G] = K/H. If G is a nilpotent group, then every non-trivial factor of G is
not G-perfect. Conversely, if G is finite and all non-trivial factors of G are not G-perfect, then G is
nilpotent. We study (infinite) groups with no non-trivial G-perfect factors. We prove that if either G
is a locally generalized radical group with finite section rank, or G has a normal nilpotent subgroup
A such that G/A is a locally finite group with Chernikov Sylow p-subgroups for every prime p, and
G has no non-trivial G-perfect factors, then for every prime p there exists a positive integer sp, such
that (s, (G), the sp-term of the upper central series of G, contains the Sylow p-subgroups of G, and
G/Tor(G) is nilpotent. In particular, G is hypercentral and the hypercentral length of G is at most

w + k, for some positive integer k.

1. Introduction

If G is a group and H, K are normal subgroups of G, H < K, then the group K/H is called a factor
of G. The factor K/H is called perfect (more precisely, G-perfect), if [K/H,G] = K/H. Otherwise,
we will say that the factor is not perfect. Thus H/K not perfect means that [K/H,G] # K/H. The
factor K/H is called central (more precisely, G-central), if [K,G] < H.
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If G is a nilpotent group, then every non-trivial factor of G is not perfect. Moreover, it is easy to
prove that if G is a finite group, such that all of whose non-trivial factors are not perfect, then G is
nilpotent. Therefore the following natural question arises:

What can be said concerning the structure of a group G whose non-trivial factors are not G-perfect?

And, in particular,

When is a group G whose non trivial factors are not G-perfect nilpotent?

If G is a group whose non-trivial factors are not G-perfect, then obviously every quotient of G has
this property. Moreover, every chief factor of G is central; recall that groups G with each chief factor
central are called Z-groups (see [9]). The class of all Z-groups is very wide and has been studied by
Yu.I. Merzljakov, P. Hall and M.I. Kargapolov (see [J]). Notice that there exist Z—groups (and even
hypercentral groups)that have perfect factors. For example, let D be a divisible abelian 2-group. Then
D has an automorphism v, such that v(d) = d~! for each element d € D. Consider the semidirect
product G = D x (b), such that d®* = v(d) = d! for every element d € D. Let a € D, since D is
divisible, there exists an element d € D, such that d*> = a. We have [b,d] = b='d"'bd = d*> = a. Tt
follows that [b, D] = D and therefore [G, D] = D. The group G is not nilpotent, however the series
(1) < (D) < -+ < Qu(D) < Qpy1(D) < --- < D < G is central, hence G is an hypercentral
abelian-by-finite group.

Notice that it is not true that a group whose non-trivial factors are not G-perfect is nilpotent.
In fact such groups can be very far from being nilpotent. Indeed, H. Heineken and A. Mohamed
constructed in the paper [1] a p-group H, where p is a prime, satisfying the following conditions: H
contains a normal elementary abelian p-subgroup A such that H/A is a Priifer p-group and every
proper subgroup S of H is subnormal in H and nilpotent, SA # H, and Z(H) = (1). It is possible to
prove that every non-trivial factor of H is not H-perfect. Another example is the group constructed
by R.I. Grigorchuk in the paper [3]. This is an infinite finitely generated p-group, whose non-trivial
normal subgroups have finite index. It is easy to see that every non-trivial factor of this group is not
G-perfect.

Other examples of groups with no non-trivial G-perfect factors are the following groups, which are
close to be nilpotent. A periodic group G is said to be Sylow-nilpotent if G is locally nilpotent
and every Sylow p-subgroup of G is nilpotent, for every prime p. It is not hard to see that every
Sylow-nilpotent group has no non-trivial G-perfect factors.

Before to state our results, we recall some definitions. A group G is generalized radical, if G
has an ascending series, whose factors are either locally nilpotent or locally finite. Notice that every
generalized radical group has an ascending series of normal, indeed characteristic, subgroups with
locally nilpotent or locally finite factors. Let p be a prime. We say that a group G has finite section
p-rank (sr,(G) =r), if every elementary abelian p-section of G is finite of order at most p", and there
is an elementary abelian p-section A/B of G, such that |A/B| = p". We say that the group G has
finite section rank, if sr,(G) is finite for all primes p. We let w denotes the first infinite ordinal.

Our results are the following.
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Theorem A. Let G be a locally generalized radical group with finite section rank. If G has no non-

trivial G-perfect factors, then G satisfies the following conditions:

(i) for every prime p, there ewists a positive integer sp, such that the sy-center of G, (s, (G),
contains the Sylow p-subgroups of G;
(i) the factor group G/Tor(G) is nilpotent.
In particular, G is hypercentral, and the hypercentral length of G is at most w + k, for some positive

integer k.

Theorem B. Let G be a group, and let A be a normal nilpotent subgroup of G, such that G/A is a
locally finite group, whose Sylow p-subgroups are Chernikov for all prime p. If G has no nontrivial

G-perfect factors, then G satisfies the following conditions:
(i) for every prime p there exists a positive integer s, such that (s, (G) contains the Sylow p-
subgroups of G;
(ii) the factor group G/Tor(G) is nilpotent.
In particular, G is hypercentral, and the hypercentral length of G is at most w + k for some positive

integer k.
Theorem B has some interesting corollaries.

Corollary 1.1. Let G be a periodic group, and let A be a normal nilpotent subgroup of G, such that
G/A is a locally finite group, whose Sylow p-subgroups are Chernikov for all primes p. If G has no
nontrivial G-perfect factors, then G is Sylow-nilpotent.

Corollary 1.2. Let G be a group, and let A be a normal nilpotent subgroup of G such that G/A is
finite. If G has no non-trivial G-perfect factors, then G is nilpotent.

2. Generalized radical groups without non-trivial perfect factors.

In this section we investigate locally generalized radical groups G without non-trivial perfect factors.

We start by studying finite factors and finitely generated abelian factors of groups with this property.

Lemma 2.1. Let G be a group, and let S, K be normal subgroups of G such that K < S and S/K s
finite. If G has no non-trivial G-perfect factors, then S/K is contained in thenth term of the upper

central series of G/ K, for some positive integer n. In particular, S/K is nilpotent.

Proof. Let K = Ko < K1 < --- < Ky;_1 < K; = S be a series of G-invariant subgroups whose
factors are G-chief factors. Since [K;/K;_1,G] is a G-invariant subgroup of K;/K;_1, the hypothesis
[K;/K;j—1,G] # K;/K;_ implies that [K;,G] = K;_;, 1 < j < t. Therefore the above series is
G-central. O

Let G be a group and A be a normal abelian subgroup of G. Define the G-center of A by the
following rule

Ca(A)={a€ A la,g] =1,Yg € G},
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and the upper G-central series of A,
(1) =Ceo(4) < ¢ea(A4) < < (6ald) < Cear1(A) < < (ay(4),

wiiting: Co1(4) = CalA), Crast(4)/Coald) = Ca(A/aa(A)), Car(4) = Usen Cas(4), for all
limit ordinals, (g(A/¢a(A)) = {1}.

Notice that every term of this series is a ZG-submodule.

We say that A is G-hypercentral, if the last term (g (A) of this series coincides with A. We say
that A is G-nilpotent, if A = (g, (A) for some positive integer n.

Lemma 2.2. Let G be a group , and let S, K be normal subgroups of G, such that K < S and S/K
s a finitely generated torsion-free abelian group. If G has no non-trivial G-perfect factors, in the nth

term of the upper central series of G/K, for some positive integer n. In particular, S/K is nilpotent.

Proof. Let r = ro(S/K). For every prime p, the factor (S/K)/(S/K)P is an elementary abelian p-
group of order p". Write S,/K = (S/K)P. By Lemma 2.1, there exists a positive integer ¢, such that
S/S, < G(G/Sp). Since S/Sp has order p”, so t < r. Therefore [S, ,G] < S, , for all prime p.
Therefore [S, G] < (,cp
then (,cp Sp/K = [,ep(S/K)P is trivial. Thus [S, ,G] < K. It follows that S/K < (.(G/K), as
required. O

Sp, where P is the set of all primes. Since S/K is a free abelian group,

Corollary 2.3. Let G be a group, and let S, K be normal subgroups of G, such that K < S and S/K
is a finitely generated abelian group. If G has no non-trivial G-perfect factors, then S/K is contained
in the nth term of the upper central series of G/K, for some positive integer n. In particular, S/K is

nilpotent.
Now interesting informationconcerning some particular normal subgroups , follows.

Corollary 2.4. Let G be a group, and let K be a normal subgroup of G, having a finite series of
G-invariant subgroups, whose factors are either finite groups or finitely generated abelian groups. If G
has no non-trivial G-perfect factors, then K is contained in the nth term of the upper central series

of G, for some positive integer n. In particular, K is G-nilpotent.

Corollary 2.5. Let G be a group, and let K be a normal polycyclic-by-finite subgroup of G. If G has
no non-trivial G-perfect factors, then K is contained in the nth term of the upper central series of G,

for some positive integer n. In particular, K is G-nilpotent.
Now, a useful lemma.

Lemma 2.6. Let G be a group, and let A be a normal abelian subgroup of G, such that A is finitely
generated as ZG-module and G/Cq(A) is a finitely generated nilpotent group. If G has no non-trivial
G-perfect factors, then A is contained in the nth term of the upper central series of G, for some positive

integer n.
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Proof. Let M be a maximal ZG-submodule of A. Since the factor A/M is a G-chief factor, the
hypothesis [A/M,G] # A/M implies that [A,G] = M. Then the factor A/M is G-central. Therefore
A is G-nilpotent (see [7, Corollary 13.3]). O

Using the previous results, we can prove that finitely generated soluble-by-finite groups are nilpo-

tent, if they have no non-trivial G-perfect factors.

Corollary 2.7. Let G be a finitely generated soluble-by-finite group. If G has no non-trivial G-perfect

factors, then G is nilpotent.

Proof. By Lemma 2.1 every finite factor group of G is nilpotent. Hence G is soluble. Let A be a
normal abelian subgroup of G such that G /A is nilpotent. Since a finitely generated nilpotent group is
finitely presented, A is finitely generated as ZG-submodule (see, for example, [, Proposition 8.1.12]).
Then Lemma 2.6 implies that A < (,.(G), for some positive integer r. It follows that G is nilpotent.
The result follows by induction. O

In the next three lemmas, we study normal torsion-free subgroups of finite O-rank in a group
without non-trivial G-perfect factors. Here we say that a group G has finite O-rank (ro(G) =), if G
has an ascending series whose factors are either infinite cyclic or periodic and the number of infinite

cyclic factors is exactly 7.

Lemma 2.8. Let G be a group, and let A be a normal abelian torsion-free subgroup of G, such that
ro(A) is finite and G/Cqg(A) is a finitely generated nilpotent group. If G has no non-trivial G-perfect
factors, then A is contained in the nth term of the upper central series of G, for some positive integer

n.

Proof. Since A has finite O-rank, there exists a finitely generated subgroup B of A, such that A/B
is periodic. Let D = BY. Write S = G/Cg(A) and consider A as a ZS-module. Then D is
a finitely generated ZS-submodule of A, containing a free abelian subgroup C' such that D/C is
periodic and the set II(D/C) is finite (see, for example, [7, Corollary 1.8]). Denote by = the set
of all primes p such that p ¢ II(D/C). If p € m, then C/CP is the Sylow p-subgroup of D/CP.
Then we have D/CP = C/CP x E/CP?, where E/CP is the Sylow p’-subgroup of D/CP. This direct
decomposition shows that (D/CP)? = E/CP. On the other hand, (D/CP)P = (DPCP)/CP = DP/CP, so
that DP/CP = E/CP. It follows that C N DP = CP. Let r = ro(A). For every prime p the factor D/DP
is an elementary abelian p-group of order p". By Lemma 2.1 there exists a positive integer ¢ such that
D/DP < (;(G/DP) Since D/DP has order at most p", we have ¢ < r, thus [D, ,G] < DP. This holds for
every prime p € m, therefore [D, ,G] <[, DP. We have ((),c, DP)NC =, (DPNC) =, C*.
Since C is a free abelian group and the set 7 is infinite, then (), CP = (1). Thus
Noer D = (Nyer D7)/ (Nyen D) A1 C) = (Nyer DV)CC.

Notice that D/C is periodic, so that ﬂpETr DP is periodic. On the other hand, the subgroup D is
torsion-free. It follows that (., DP = (1). Thus [D, ,G] = (1), therefore D < (,(G). Since the
factor A/D is periodic, it is now easy to prove that A < (.(G). O

pem
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Let G be a group and A be an abelian torsion-free normal subgroup of G. Then A is called G-
rationally irreducible, if the factor A/B is periodic for every non-trivial G-invariant subgroup B.
Notice that A is G-rationally irreducible, if and only the QG-module A @), Q is simple.

Lemma 2.9. Let G be a group, and let A be a normal abelian torsion-free subgroup of G such that
ro(A) is finite, A is G-rationally irreducible and G/Cg(A) is a locally nilpotent group of finite 0-rank.
If G has no nontrivial G-perfect factors, then A is contained in the nth term of the upper central series

of G, for some positive integer n.

Proof. Since A has finite 0-rank, there exists a finitely generated subgroup B of A such that A/B is
periodic. Let D = BY. Write S = G/Cg(A), and consider A as a ZS-module. Then D is a finitely
generated ZS-submodule of A. There exists a set 7 of primes such that D # DP for each p € m and the
set P\ 7 is finite where P is the set of all primes (see, for example, [7, Theorem 1.15]). Let r = ro(A).
For every prime p the factor D/DP is an elementary abelian p-group of order at most p”. By Lemma
2.1 there exists a positive integer ¢ such that D/DP < (;(G/DP). Since D/DP has order at most p",
we have t < r. Therefore [D, ,G] < DP. This is true for every prime p € 7, thus [D, ,G] < ﬂper Dpr,
Now, the subgroup C' = ﬂpEﬂ
hence D/C is also periodic. Moreover, the choice of C' implies that the set II(D/C) is infinite. On the
other hand, D/C is a finitely generated ZG-module, then the set II(D/C) is finite. This contradiction
shows that (1, D = (1). Thus [D, ,G] = (1), that is D < (,(G). Since the factor A/D is periodic,
it is now easy to prove that A < (.(G). O

DP is G-invariant. Suppose that it is not trivial, then A/C is periodic,

Corollary 2.10. Let G be a group, A be a normal abelian torsion-free subgroup of G such that ro(A)
is finite and G/Cq(A) is a locally nilpotent group of finite 0-rank. If G has no nontrivial G-perfect
factors, then A is contained in in the nth term of the upper central series of G, for some positive

integer n.

Proof. Since A has finite O-rank, A has a series (1) = Ag < A; <--- < A;_1 < Ay = A of G-invariant
pure subgroups of A whose factors are G-rationally irreducible. The result follows using induction
and Lemma 2.9. U

Now we can prove part (ii) of Theorem A. Recall that, if G is a group, then Tor(G) denotes the

largest normal periodic subgroup of G.

Corollary 2.11. Let G be a locally generalized radical group, with finite 0-rank. If G has no nontrivial
G-perfect factors, then the factor group G/Tor(G) is nilpotent.

Proof. Without loss of generality we may suppose that Tor(G) = (1). Then G has a series (1) <
L < K < G of normal subgroups, such that L is a torsion-free nilpotent subgroup, K/L is a
finitely generated torsion-free abelian group, G/K is a finite group (see, for example, [, Theorem
2.4.13]). By Lemma 2.1, G/K is nilpotent. By Lemma 2.2, there exists a positive integer ¢ such that
K/L < ((G/L). Thus G/L is nilpotent. Let (1) = Cp < C; < --- < C,_1 < C,, = L be the upper

central series of L. Then C4,...,C, are G -invariant. Moreover, the factors C;/C;j_1 are torsion-free,
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1 < j < n (see, for example, [I, Corollary 1.2.9]). Then Corollary 2.10 implies that there exists a
positive integer s, such that L/C),—1 < (;(G/Cy—1). Therefore G/C,,_1 is nilpotent. Using repeatedly
Corollary 2.10, we obtain that G is nilpotent. O

Now we study locally finite normal subgroups in a group with no non-trivial perfect factors. We
start with the following definition.

Let G be a group, and let A be an infinite normal subgroup of G. We say that A is called
G-quasifinite, if A does not contain proper infinite G-invariant subgroups. Obviously, every G-
quasifinite normal subgroup satisfies the minimal condition on G-invariant subgroups (the condition
Min-G). Moreover, either A contains a proper G-invariant subgroup C' such that the factor A/C' is a
G-chief factor, or A is generated by the union of its proper finite G-invariant subgroups. Conversely,
suppose that A satisfies the minimal condition on G-invariant subgroups, and consider the family

M ={B |, B is an infinite G-invariant subgroup of A }.

Then, ordered by inclusion, the family M has a minimal element C', and obviously C, is a

G-quasifinite normal subgroup of G.

Lemma 2.12. Let G be a group, and let K be a normal G-quasifinite subgroup of G. If G has no

non-trivial G-perfect factors, then K is a Priifer p-subgroup, for some prime p. Moreover, K < ((G).

Proof. Put S = [K,G], then S is finite. The inclusion K/S < ((G/S) together with the fact that K/S
is G-quasifinite, imply that K /S is a Priifer p-subgroup for some prime p. Moreover, K is the union of
its proper finite G-invariant subgroups. If H is a finite G-invariant subgroup of K, then its centralizer
C¢(H) has finite index in G. Obviously, K does not contain proper G-invariant subgroups of finite
index. Hence Cq(H)NK = K, then H < {(K). This is true for each finite G-invariant subgroup of K,
hence K = ((K). Therefore K is abelian and then K is a Priifer p-subgroup. Put C' = Cg/(5). Since
S is finite, so G/C' is finite. Let g be an arbitrary element of C. For each element a € K, we have
g tag = ab, where b € S. Then g 2ag? = g (97 ag)g = g (ab)g = (g7 ag)(g tbg) = abb = ab?,
and, by induction, we obtain that g~ "ag” = ab™ for every positive integer n. Hence, if we write
|S| = k, we get that g¥ € Cq(K). Therefore the factor C/C¢(K) is bounded. Since G/C is finite, we
obtain that G/C¢(K) is bounded. By Lemma 2.1 there exists a positive integer n

such that S < (,(G). Then [S, ,G] = (1), hence [K, ,4+1G] = (1). Since K is a divisible subgroup
and G/Cq(K) is periodic, it follows that [K,G] = (1) (see, for example, [9, Lemma 3.13]), i.e. K <
(G). o

Lemma 2.13. Let G be a group, and let K be a mormal Chernikov subgroup of G. If G has no
non-trivial G-perfect factors, then there exists a positive integer n such that K < (,(G). In particular,
K is G-nilpotent. Moreover, if the factor group G/Cq(K) is periodic, then the divisible part of K is

contained in ((G).

Proof. The group K satisfies the minimal condition on subgroups. Let D be the divisible part of K.
Then K has a finite series C = Cy < (Cy < --- < C,, = D < K of G-invariant subgroups, such that
the factors Cj;1/C; are G-quasifinite, 1 < j < n, while the factor K/D is finite. By Lemma 2.12,
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every factor Cj11/Cj is G-central. Then D < (,(G). Since K/D is finite, by Lemma 2.1, there exists
a positive integer ¢ such that K/D < (;(G/D). Therefore K < (,4+(G).

Finally, suppose that G/Cq(K) is periodic. Since [D, ,G] = (1), we obtain [D, G| = (1) (see, for
example, [9, Lemma 3.13]). O

Let G be a group and H be a normal subgroup of G. Write H = ~¢,1(H), and, recursively,
Y,a+1(H) = [VG.a(H), G], for all ordinals o and g (G) = ﬂ/\<,3 Ya\(H), for a limit ordinal 3. The

series
H=~1(H) > >7,aH) >v¢0+1(H) > >75s(H)

is called the lower G-central series of H. The terms of this series are G-invariant subgroups of H.
The last term g s(H) is called the lower G-hypocenter of H, and we have vq s(H) = [va,s(H), G].
If H = GG, we obtain the lower central series of G.

Notice that if the group G has no non-trivial G-perfect factors, then the lower G-hypocenter of

every normal subgroup of G is trivial.

Lemma 2.14. Let G be a group and H be a locally finite normal subgroup of G. If G has no non-
trivial G-perfect factors, then H is locally nilpotent. Moreover, if C/Cq(H) is a locally finite subgroup
of G/Cq(H), then C/Cq(H) is a locally nilpotent 11(H )-group.

Proof. Consider the lower G-central series of H, as we noticed, the lower G-hypocenter of H is trivial,
and H =7¢1(H) >+ 276,0(H) 2 vG,0r1(H) > -+ > ygs(H) = (1).

We will use induction on 4. If § is finite, then the result is obvious. Suppose that § = w is the first
infinite ordinal. Let S be an arbitrary finite subgroup of H. Then there exists a positive integer ¢ such
that SNyg(H) = (1), and so S ~S/(SNvgi(H)) =~ (Sva(H))/ve(H), and these isomorphisms
show that S is nilpotent. Suppose that H/vg o (H) is locally nilpotent for all ordinals o < 6. If ¢ is
not a limit ordinal, then g s—1(H) is contained in the center of G . Then S is central-by-nilpotent,
thus S is nilpotent. Suppose now that J is a limit ordinal. Then there exists an ordinal § < § such
that SN~yg s(H) = (1). Therefore we have S ~ S/(SNvap(H)) =~ (Svas(H))/(va,s(H)), and these
isomorphisms show that S is nilpotent. Hence H is locally nilpotent.

Since H is locally nilpotent, thus H = Drpcry()Hp where H), is the Sylow p-subgroup of H. Let
D/Cq(H)y) be an arbitrary finite subgroup of C/Cq(H)p). Then D/Cp(Hp/vGn(Hp)) is nilpotent for
each positive integer n, by Kaluzhnin theorem (see, for example, [I, Theorem 1.2.22]). Moreover it
is easy to see that D/Cp(Hp/van(Hp)) is a p-group. Since D/Cq(H,) is finite, there exists a pos-
itive integer t such that Cp(Hp/vq,(Hy)) = Cp(Hp/vaw(Hp)). Therefore D/Cp(H,/vGw(Hp))
is a finite p-group. Suppose that Cp(Hp/vcw(Hp)) # (1). Let a be the greatest ordinal such
that Cp(Hp/vq.w(Hp)) = Cp(Hp/vG,o(Hp)). Put Dy = Cp(Hp/vG,a(Hp)). Using again Kaluzh-
nin theorem, we obtain that D1/Cp, (Hp/vG,a+n(Hp)) is a p-group, for each positive integer n. Since
D,/Cq(Hp) is finite, there exists a positive integer k such that Cp,(H,/vga+k(Hp)) =
Cp,(Hp/vG.a+w(Hp)). Then D/Cp,(Hp/va,a+w(Hp)) is a p-group. Since Cp, (Hp/vG a+w(Hp)) is
not trivial, we could repeat the previous arguments. After finitely many steps, we obtain that
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D/Cq(H,y) is a finite p-group. Then C/Cq(H,) is a p-group. Since Cq(H) = (\,en(p) Ca(Hp), ws
obtain that C//Cg(H) is isomorphic to a subgroup of Crperi(zyC/Ca(H,). Since C/Cq(H) is locally
finite and C/Cq(Hp) is a p-group for each p € II(H), we obtain that C'//Cq(H) is a locally nilpotent
II(H)-group. O

Now we can prove Theorem A.

Theorem A. Let G be a locally generalized radical groupwith finite section rank. If G has no non-

trivial G-perfect factors, then the following hold:

(i) for every prime p there exists a number s, such that every Sylow p-subgroup of G is contained
in (s, (G);
(ii) the factor-group G/Tor(G) is nilpotent.
In particular, G is hypercentral, and the hypercentral length of G is at most w + k, for some positive

integer k.

Proof. Let T = Tor(G). Since T is locally finite, Lemma 2.14 shows that T is locally nilpotent.
Let p € II(T) and S, be the Sylow p-subgroup of T. Then S, is a Chernikov subgroup (see, for
example [1, Theorem 4.2.1]). Then Lemma 2.13 shows that there exists a positive integer n, such
that S, < (u(G). Therefore T' < (). By Corollary 2.11 G//T is nilpotent. Hence there exists a
positive integer k such that G = (,+x(G), as required. a

From Theorem A the following corollary follows easily.

Corollary 2.15. Let G be a locally generalized radical group, having finite section rank, and let the
set II(G) is finite. If G has no nontrivial G-perfect factors, then G is nilpotent.

3. Abelian-by-(locally finite) groups with no non-trivial perfect factors.

In this section, we prove Theorem B. We begin with some probably well-known results, that are

interesting in their own right.

Lemma 3.1. Let X be a class of groups, closed by taking subgroups and finite direct products of
subgroups. Let G be a group containing a normal abelian subgroup A, such that G/Ca(A) is finite. If
A contains a subgroup B, with A/B € X, then A contains a G-invariant subgroup C such that C < B
and A/C € X.

Proof. For each element g € G we have A/BY = A9/BY9 ~ A/B, hence A/BY € X. Since the subgroup
Cc(A) has finite index in G, the set {BY | g € G} is finite. Write {BY | g € G} = {B1, -+, Bn}, and
C = BiN---NB,. Using Remaks theorem we obtain an embedding A/C < A/B; X ---x A/B,,. Since
A/Bj € X, for every j € {1,--- ,n} we obtain that A/C € X, as required. O

Lemma 3.2. Let A be an abelian p-group, where p is a prime. If A is not bounded, then A contains

a subgroup B such that A/B is a divisible Chernikov group.
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Proof. Suppose first that A is the direct product of cyclic subgroups. Since A is not bounded, then
A contains a subgroup C such that A/C = Drpen(d,,), where the element d,, has order p” , n € N.
Consider the subgroup B/C = (dnd; ,|n € N). Then the factor group A/B is a Priifer p-group, as
required.

Suppose now that A can not be decomposed into a direct product of cyclic subgroups. In this
case , using for example [2, Theorem 32.3|, we obtain that A contains a subgroup D satisfying the
following conditions: D is a direct product of cyclic subgroups; D is a pure subgroup of A (that is
D™ = DN A", for every n € N); A/D is a divisible group. Therefore, A/D is a direct product of
Priifer p-subgroups (see, for example, [2, Theorem 23.1]), hence A/D has a subgroup B/D such that
A/B is a Priifer p-group, as required. O

Lemma 3.3. Let G be a group, p be a prime, and suppose that G contains a normal abelian p-subgroup
A such that G/Cq(A) is finite. If A contains a G-invariant divisible Chernikov subgroup D, then A

contains a G-invariant subgroup S such that A = SD and the intersection S N D is finite.

Proof. Since D is divisible, there exists a subgroup B of A such that A = D x B (see, for example, [2,
Theorem 21.2]). Then if n = |G/Cg(A)|, using for example Theorem 5.9 of [3], we obtain a G-invariant
subgroup C of A such that (DN C)" = (1) and A™ < DC. In particular, the intersection D N C' is
finite. Hence, DC/C ~ D/(DNC) ~ D. In particular, DC/C' is a divisible subgroup of A/C,
therefore there exists a subgroup E/C such that A/C = (DC/C) x E/C. Since the factor A/DC' is
bounded, so E/C is bounded and (E/C)" = (1). Put n = p*, so we have E/C < Qi(A/C). Also
consider S/C = Q(A/C), then the intersection (S/C)N(DC/C) is finite and A/C = (DC/C)(S/C).
It follows that A = SD. Since both DN C and (S/C) N (DC/C) are finite, thus S N D is finite, as
required. O

Lemma 3.4. Let G be a group, and let A be a normal elementary abelian p-subgroup of G such that

G/Cq(A) is a finite p-group, where p is a prime. Then there exists a positive integer n such that
A < G(G).

Proof. Let |G/Cq(A)| = p™. We use induction on n. Suppose first that n = 1. Then the factor
group G/Cg(A) is cyclic of order p, namely G = Cg(A)(g). For every a € A consider the subgroup
()9 = (a,a?,--- ,a% ). Then (a)' is normal in G and of order at most p?. Moreover g¥ € (({(a, g))
and (a, g)/(gP) is a finite p-group. Then (a, g) is nilpotent of class < p, hence a € (,((a,9)) < G(G).
Therefore A < (,(G).

Suppose now that n > 1. Let z € ((G/Cg(A)) be an element of order p. Arguing as in the first
part of the proof on the group Cg(A)(z), we obtain a series of G-invariant subgroups of A, (1) = Ay <
Ay < <A < A= A, such that Ay = Cu(z), Aj11 /A5 = CA/A].(z), 1<j<t—1, wheret <p.
Since z € Cg(Aj4+1/4;), we have |G/Cq(Aj1/4A;5)| < |G/Cq(A)|, for each j, 0 < j <t —1. Thus we
can apply for each factor A;;1/A; the induction hypothesis and the result follows. O

DOI: https://dx.doi.org/10.30504/JIMS.2023.400933.1123


https://dx.doi.org/10.30504/JIMS.2023.400933.1123

J. Iran. Math. Soc. 4 (2023), no. 2, 79-94 L. A. Kurdachenko, P. Longobardi and M. Maj 89

Corollary 3.5. Let G be a group, and let A be a normal bounded abelian p-subgroup of G, such that
G/Cq(A) is a finite p-group, where p is a prime. Then there exists a positive integer n, such that

A < G(G).

Proof. Since A is bounded, so A = Q;(A), for some positive integer t. We use induction on ¢. If ¢t =1,
then A is an elementary abelian p-subgroup, and the result follows from Lemma 3.4. Suppose now
that ¢ > 1. Set B = 1(A), then B is an elementary abelian p-subgroup and Cg(A) < Cg(B), so that
G/Cg(B) is a finite p-group. By Lemma 3.4 there exists a positive integer k such that B < (x(G). If
A is not contained in (x(G), then A (G)/C(G) = Qs(AC(G)/Ck(G)), where s < t. By the induction
hypothesis, ACt(G)/((G) < Corm(G)/Ck(G), for some positive integer m. Thus A < (i (G), as
required. O

Now we study normal abelian p-subgroups A of a group G with no non-trivial G-perfect factors,
when G/C;(A) is finite.

Lemma 3.6. Let G be a group, and let A be a normal abelian subgroup of G such that G/Cg(A) is
finite. Suppose that A contains a subgroup B such that A/B is a divisible Chernikov group. If G has
no non-trivial G-perfect factors, then A/|G, A] is not bounded.

Proof. We have C' = Coreg(B) = (e BY. So C is a G-invariant subgroup of G and, by Lemma
3.1, A/C is an abelian Chernikov group. Therefore A contains a G-invariant subgroup H such that
C < H, H/C is finite and A/H is a divisible Chernikov group. Without loss of generality we may
suppose that, A/C is a divisible Chernikov group. By Lemma 2.13 we have A/C < ((G/C), thus
[G,A] < C. Since A/C is a divisible Chernikov group, so A/[G, A] is not bounded, as required. [

Proposition 3.7. Let G be a group and suppose that G contains a normal abelian p-subgroup A such
that G/Cq(A) is finite, where p is a prime. If G has no non-trivial G-perfect factors, then the subgroup
(G, A] is bounded.

Proof. If the subgroup A is bounded, the result holds. Assume that A is not bounded, then by Lemma
3.2, there exists a subgroup B of A such that A/B is a divisible Chernikov group. Then Lemma 3.6
implies that A/[G, A] is not bounded. Suppose that the subgroup D = [G, A] is not bounded. Then,
by Lemma 3.2, there exists a subgroup C of D such that D/C is a divisible Chernikov group. Put
E = Coreg(C) = (e C? - Then E is G-invariant and D/E is a Chernikov group, by Lemma
3.1. Therefore D contains a G-invariant subgroup H such that £ < H, H/E is finite and D/H
is a divisible Chernikov group. Without loss of generality we can suppose that D/FE is a divisible
Chernikov group. We have [G/E,A/E] = [G,A]JE/E = DE/E = D/E. Hence [G/E,A/E] is a
divisible Chernikov group. By Lemma 3.3, A/E contains a G-invariant subgroup S/FE such that
A/E = (D/E)(S/E) and the intersection (D/E) N (S/E) is finite. Then A/S ~ (A/E)/(S/E) =
(D/E)(S/E)/(S/E)~ (D/E)/((D/E)N(S/E)) ~ D/E is a divisible Chernikov group. Furthermore,
A/S = (DS)/S =[G, A]S/S = [G/S,A/S]. We obtain a contradiction, since A/S is not G-perfect.
This contradiction shows that the subgroup [G, A] is bounded. O
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Corollary 3.8. Let G be a group, and let A be a be normal abelian p-subgroup of G such that G/Ca(A)
is a Chernikov p-group, where p is a prime. If G has no non-trivial G-perfect factors, then the subgroup
(G, A] is bounded.

Proof. Let D/Cg(A) be the divisible part of G/Ci(A). Then, by Lemma 2.13, D/Cx(A) < ((G/Cg(A))
and G/Cg(A) is nilpotent. Since [G, A] # A, then [D, A] # A. Suppose that C' = [D, A] # (1). Then
again [D,C] = E # C. The factor D/FE is nilpotent and D/A is divisible, then A/E < ((D/E) (see,
for example [5]). But in this case [D, A] < E, and we obtain a contradiction. This contradiction
shows that [D, A] = (1), thus D < Cg(A). In particular, G/Cq(A) is finite. The result follows from
Proposition 3.7. U

We continue our investigation of normal abelian subgroups A of a group G with no non-trivial
G-perfect factors, assuming that G/Cg(A) is a locally finite group whose Sylow p-subgroups are

Chernikov groups, for every prime p.

Lemma 3.9. Let G be a group and let A be a normal abelian p-subgroup, where p is a prime, such
that G/Cq(A) is a locally finite group whose Sylow p-subgroups are Cernikov. If G has no non-trivial
G-perfect factors, then G/Cq(A) is a finite p-group.

Proof. By Lemma 2.14 the factor group G/Cg(A) is a locally nilpotent p-group. In particular, it
is a Chernikov group. Let D/A be the divisible part of G/A. Since [G,A] # A, then [D, A] # A.
Suppose that C' = [D, A] # (1). Then again [D,C] = E # C. The factor D/E is nilpotent and D/A
is divisible, then A/E < ((D/E) (see, for example, [5]). But in this case [D, A] < E, and we obtain a
contradiction. This contradiction shows that [D, A] = (1), thus D < Cg(A). In particular, G/Cq(A)
is finite. g

Corollary 3.10. Let G be a group and let A be a normal abelian p-subgroup of G, where p is a prime,
such that G/Cg(A) is a locally finite group whose Sylow p-subgroups are Chernikov. If G has no

non-trivial G-perfect factors, then there exists a positive integer n such that A < (,(G).

Proof. By Lemma 3.9, G/Cq(A) is a finite p-group. By Corollary 3.8, the subgroup D = [G, 4] is
bounded. Then Corollary 3.5 implies that there exists a positive integer ¢ such that D < (;(G). The
choice of D implies that AG(G)/¢(G) < ((G/¢(G)), hence A < (¢41(G), as required. O

Corollary 3.11. Let G be a group and let A be a normal nilpotent p-subgroup of G, where p is a
prime, such that G/Cq(A) is a locally finite group whose Sylow p-subgroups are Cernikov. If G has

no non-trivial G-perfect factors, then there exists a positive integer n such that A < (,(Q).

Proof. Let (1) = Ag < A1 <--- < A,—1 < A, = A be the upper central series of A. We use induction
on n. If n = 1, then the result follows from Corollary 3.10. Let n > 1 and suppose that 4,,_1 < ((G).
Then A/A,,_1 is a normal abelian p-subgroup of the factor group G/A,_;. Using again Corollary 3.10,
there exists a positive integer k such that A/A,_1 < (x3(G/An-1), Then A < (;,+1(G), as required. [
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Corollary 3.12. Let G be a group and let A be a normal nilpotent p-subgroup of G, where p is a
prime, such that G/A is a Chernikov group. If G has no non-trivial G-perfect factors, then G is

nilpotent

Proof. By Corollary 3.11, there exists a positive integer ¢ such that A < (;(G). By Lemma 2.13 the
factor group G/A is nilpotent. It follows that G itself is nilpotent. 0

Proposition 3.13. Let G be a group and let A be a normal periodic nilpotent subgroup of G, such
that G/A is a locally finite group whose Sylow p-subgroups are Chernikov for all primes p. If G has

no non-trivial G-perfect factors, then G is Sylow-nilpotent.

Proof. The group G is locally finite, thus, by Lemma 2.14, G is locally nilpotent. Corollary 3.12 shows
that every Sylow p-subgroup of G is nilpotent. O

Now we study torsion-free normal abelian subgroups of a group with no non-trivial G-perfect factors.

Proposition 3.14. Let G be a group and let A be a normal abelian torsion-free subgroup of G, such
that G/Cg(A) is a locally finite group whose Sylow p-subgroups are Chernikov, for all primes p. If G
has no non-trivial G-perfect factors, then A < {(Q).

Proof. Lemma 2.14 implies that G/Cg(A) is locally nilpotent. Then G/Cg(A) = DrperSp/A where
Sp/Ca(A) is the Sylow p-subgroup of G/Cg(A) and 7 = n(G/Cg(A)). Let D,/Cg(A) be divisible
part of S,/Cq(A), and Q,/Cq(A) = DryxpSq/Ca(A).

Let M be an arbitrary finite subset of A and let C =< M >&. Then C is a finitely generated
ZH-module, where H = G/Cg(A).

We claim that there exists a positive integer ¢ such that C' < (;(G).

If C has finite 0-rank, this follows from Corollary 2.10. Suppose that C' has infinite 0-rank. There
exists a set p of primes such that, IT\ u is finite and C' # CP for every p € u (see, for example [7, The-
orem 1.15]). Let p € p. Then, by Lemma 2.14, G/Cq(C/CP) is a p-group, that is Cq(C/CP) > Q).
In particular, it is a Chernikov group. Therefore Lemma 3.9 implies that G/Cq(C/CP) is finite, that
is Cq(C/CP) > DpQ,. Hence the group C'/CP is finite. Write C; = C?,Cy = CV,Cpq1 = Ch, n € N.
Since C' is abelian and torsion-free, the map ¢ € C —— ¢? € C is a monomorphism. Therefore the
factors C'/C7 and Cp/Cy are isomorphic. In particular, Cy/Cj is finite, thus C'/C5 is finite. By in-
duction, all factors C/C), are finite, n € N. It follows that Cq(C/Cy) > D,Q,, for every n € N.
Put E = (,cy Cn, then Cq(C/E) > DpQ,, so that Cg(C/E) has finite index. Since C # C1, we
obtain that C,, # Cp41, for all n € N. Therefore the group C/FE is infinite. Let T'/E be the pe-
riodic part of C/E. Since T/E is a pure subgroup of C/E, we have (T/E)? = (T/E) N (C/E)P.
Then (T/E)/(T/EY = (T/E)/(T/E) 0 C/EW) ~ (T/E)(C/EY/(C/EY < (C/E)/(C/EP =
(C/E)/(CPE/FE) ~ C/CPE.

Hence the factor (T/E)/(T/E)P is finite, and T/E = B/E x P/E, where B/E is finite and P/FE is
divisible (see, for example, [6, Lemma 3]). Since C/E is residually finite, we obtain that T/E = B/FE
is finite. Thus C'/T is an infinite torsion-free group. Since G/Cg(C/T) is finite, we obtain that C/T
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is a finitely generated abelian group. It follows that 7" has infinite O-rank, in particular, the subgroup
T is not trivial.

Assume that T is divisible. Consider [T,G] = T1 # T. Suppose that the factor T/ is not
periodic and let T5/T} be the periodic part of T'/Ty. Then T'/T3 is a divisible torsion-free group. Let
g € Cq(C/T). Then, for every ¢ € O, (¢Ts) *cTogTy = cT22Ts, where 2Ty € T/T5. Notice that the
factor group G/Cg(A) is periodic, therefore there exists a positive integer k such that g* € Cg(A).
We have ¢TIy = (¢ %cg®) Ty = (gTs) *cTo(gT)* = cTh(21%)*. Thus (215)* = Ty. Then 2Ty = T, since
T /T is torsion free. Therefore g € C(C/T3), hence Cq(C/T) < Cq(C/Ts). In particular, Cu(C/T?)
has finite index. Then C/T3 is a finitely generated abelian group, since C' is finitely generated as
ZG-module. Since the group 7'/T5 is divisible, we obtain a contradiction. This contradiction shows
that the group T'/T} is periodic. Suppose that there exists a prime g such that Ty = T3 # T;. By
Lemma 3.9 and Corollary 3.5, there exists a positive integer s such that 77 /75 < (;(G/T3). Since
the factor T'/T} is G-central, there exists a positive integer ¢ such that [1'/T3, G| = (1). Since T'/T3
is divisible and G/A is periodic, we obtain that [T//T3,G] = (1) (see, for example, [9, Lemma 3.13]),
hence [G,T] < T3 # T1 = [G,T], and we obtain a contradiction. This contradiction proves that
Ty = Ty, for all primes g, hence the subgroup 7} is also divisible. Suppose that 77 # (1). Then
[T1,G] = Ty # Ty. Assume first that the factor 77 /T} is not periodic and let 75/7y be the periodic
part of T1/Ty. Then T} /T is a divisible torsion-free group. Being divisible, the subgroup 77 /75 has
a complement in 7/T5, hence T/T5 = T1/T5 x Ts/T5 (see, for example, [2, Theorem 21.2]). The
isomorphism Tg/T5 ~ T/T7 shows that Ty/T5 is a periodic divisible subgroup. Then Ty/T5 is the
periodic part of T'/T5 and, in particular, T4 /75 is G-invariant. Let x be an element of G, b an element
of Tg. Since the factor T'/T} is G-central, [xT5,bT5| € Ty /Ts. Since Tg/T5 is G-invariant, we have that
[zT5,bT5] € Tg/T5, then [2T5,0T5) € (Th/T5) N (Ts/T5) = (1). Hence T/T5 < ((G/T5). It follows that
T/Ts < ((G/Ts). Then [G,T] < T # Ty = |G, T], a contradiction. This contradiction shows that the
factor 17 /Ty is periodic. The factors T'/T} and T4 /Ty are G-central, therefore [T'/Ty,2 G] = (1). Since
T/T, is divisible and G/A is periodic we obtain that [T/Ty,G] = (1) (see, for example [9, Lemma
3.13]), thus [G,T] < Ty # Ty = [G,T], and we obtain a contradiction. This contradiction proves that
Ty = (1). Hence T' < ((G) and then the subgroup 7' is torsion-free, a contradiction.

This contradiction shows that the subgroup T is not divisible.

Therefore, there exists a prime ¢ such that 7" # T9. Obviously T'/T? is the periodic part of C/T
and, since T'/T? is bounded, there exists a subgroup R/T? such that C/T9 =T/T? x R/T1 (see, for
example, [2, Theorem 27.5]). The isomorphism R/T'Y ~ C/T shows that R/T is a free abelian group of
finite O-rank. Then R/TY # (R/TY)4. We have (C/T9)? = (R/TY)4, moreover (C/T7)4 = C1T9/T? =
C1/T1. We have (C/T?)/(C/T?)? = (C/T1)/(C1/T1) ~ C/C? and the equality (C/T%)? = (R/TY)4
implies that |C/CY = |T/TY|(R/TY)/(R/T")%| = |T/T?|(C/T)/(C/T)%. Then T < CP implies
C/CP ~ (C/T)/(C?/T). In particular, ¢ # p, moreover T = T?. Write U; = T9, Uy = U}, Up41 = U,
rn = ¢",n € N. Now, T/U, is the periodic part of C),/U,, and, since T/U,, is bounded, there exists
a subgroup R, /U, such that C, /U, = T /U, x R, /U, (see, for example Theorem 27.5 of [2]). Then
R,NT = Uy, n € N. The isomorphism R, /U, ~ C, /T shows that R,, /U, is a free abelian group of
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finite O-rank. Then R, /U, # (R,/Uyn)™. We have (C,,/Uy)™ = (R, /Uy)"™™. On the other hand, the
inclusion T' < (), implies that U, = T™ < CJ~, so that (C,,/Uy,)™ = (C/»U,) /U, = Ci»/U,,. Write
Vo = CJn,n € N. Then C/V,, is a direct product of finitely many cyclic groups, having order either p”
or ¢" and V,,NT = Uy,, n € N. Write W = (1, cy V. Then Cq(C/W) has finite index. Therefore C'/W
is a finitely generated abelian group. We have WNT = ((,,cx Vo) NT = ey (VaNT) = ey Un =Y.
Obviously Uy, # U,41, for each n € N, hence T/Y is infinite. Thus TW/W ~T/(W NT)=T/Y is
a non periodic finitely generated abelian group. Then (TW/W)P # TW/W. On the other hand we
have TP = T, hence (TW/W)P = TW/W, and we obtain a contradiction. This contradiction proves
that 7= (1).

Therefore the subgroup C is finitely generated, and by Lemma 2.2, there exists a positive integer ¢
such that C' < (;(G), as required.

Suppose that C' is not contained in ((G), and Z; = CN{(G), Za = CN{2(G). Then the subgroups
Z1,Z5 are pure in C. Let y € Z5 such that y ¢ Z;. Then there exists an element g such that y9 # y.
We have y9 = yz for some z € Z;. Since G/C;(A) is locally finite, there exists a positive integer m
such that ¢ € Cg(A). DIFdel Then,So y = g~ ™yg™ = yz™, hence 2" =1, and so z = 1, since C' is
torsion-free, and we obtain a contradiction. This contradiction proves the inclusion C' < {(G). The
choice of C implies that A < ((G). O

Corollary 3.15. Let G be a group and A be a normal nilpotent torsion-free subgroup such that
G/Cq(A) is a locally finite group whose Sylow p-subgroup are Chernikov, for all primes p. If G has

no non-trivial G-perfect factors, then there ezists a positive integer t such that A < (;(G).
Now we can prove Theorem B.

Theorem B. Let G be a group and A be a normal nilpotent subgroup of G such that G/A is a locally
finite group whose Sylow p-subgroups are Chernikov for all prime p. If G has no non-trivial G-perfect

factors, then G satisfies the following conditions:

(i) for every prime p there exists a positive integer s, such that (s, (G) contains the Sylow p-
subgroups of G;
(i) the factor group G/Tor(QG) is nilpotent.

In particular, G is hypercentral, and the hypercentral length of G is at most w + k for some positive

integer k.

Proof. Let T = Tor(A), then T' = DrpcryryTp, where T, is the Sylow p -subgroup of T', p € II(T).
By Lemma 2.14, the factor group G/A is locally nilpotent, moreover it is hypercentral. By Corollary
3.11, for each prime p there exists a positive integer m,, such that T}, < (,,(G). Thus T' < (,(G). By
Corollary 3.15, A/T < (;(G/T), for a suitable positive number ¢. Since G/A is hypercentral, then G
is hypercentral. Then the subset R of all elements of G having finite order is a characteristic subgroup
of G. Furthermore, for every prime p the Sylow p-subgroup of R/T is a Chernikov group, and there

exists a positive integer n, such that it is contained in (,,(G/T), by Lemma 2.13. Then, for every
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prime p, there exists a positive integer s, such that the Sylow p-subgroup of R is contained in (s, (G).
Finally, G/R is nilpotent, since AR/R is nilpotent and (G/R)/(AR/R) is periodic.
0
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